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Abstract—Over the past several years, there has been renewed
interest in modeling electrical machines using phase (abc) vari-
ables. This paper considers modeling induction machines using
phase variables in a voltage-behind-reactance (VBR) formulation.
Specifically, three VBR models are proposed wherein the rotor
electrical subsystem is modeled using flux linkages as state vari-
ables expressed in the qd reference frame. The stator electrical
dynamics are represented in abc phase coordinates that enable di-
rect interface of the machine model to an external network. Such
a direct interface is advantageous when the machine is fed from
a power electronic converter and/or when the modeling is carried
out using circuit-based simulators. Computer studies of an induc-
tion machine demonstrate that the proposed VBR models achieve a
740% improvement in computational efficiency as compared with
the traditional coupled-circuit phase-domain model.

Index Terms—Coupled-circuit (CC) model, dynamic simulation,
induction machine, qd model, voltage-behind-reactance (VBR)
model.

I. INTRODUCTION

THE MODELING of induction machines dates back to the
early years of the 20th century [1]–[3]. Depending on the

objective of studies and the required level of fidelity, the mod-
eling approaches may be roughly divided into three categories:
finite element (or difference) method [4]; equivalent magnetic
circuit approach [5], [6]; and coupled electric circuit approach.
This paper mainly considers the last approach, which leads to a
relatively small number of equations. In particular, this paper fo-
cuses on the so-called general purpose models that are available
in numerous simulation languages as built-in library compo-
nents and by far the most commonly used by engineers and
researchers in industry or academia (or at least attempted first,
prior to constructing custom models). From this point of view,
improving numerical accuracy and efficiency of such models
even by a fraction may result in very significant savings of the
engineering time worldwide.

Among the many methods developed, a key concept has been
to transform physical (abc) variables of the machine into ficti-
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tious (qd) variables using rotating reference frames, e.g., station-
ary, rotor, or synchronous. The arbitrary reference frame (ARF)
theory proposed in [7] generalized the qd modeling approach
by showing that one can assign an appropriate reference speed
ω to transform machine physical variables to a particular refer-
ence frame. The ARF provides a direct means of obtaining the
machine equations in the aforementioned frames of reference.

The advantages of the qd induction machine models include
the following: 1) the time-varying inductances between stator
and rotor windings are eliminated; 2) the flux linkage equations
are decoupled; 3) zero sequence quantities disappear for bal-
anced operation and may be removed to reduce the number of
state equations [8]; 4) the design of controls for machine drive
systems can be conveniently developed in a reference frame in
which variables become constant in the steady state [9]; and
5) the average-value modeling of machine-converter systems is
simplified when expressing the machine in terms of qd vari-
ables [10]–[14].

Despite the many important advantages of using reference
frame transformations when modeling systems that contain
more than just a single machine, the qd model requires an in-
terface with the external components or power electronics cir-
cuits. In many instances, the external components are modeled
in abc physical variables (coordinates). Therefore, an interface
is formed by the transformation (and inverse transformation),
which poses an algebraic constraint.

For circuit- and/or nodal-analysis-based simulation lan-
guages, it is not easy to interface the qd equivalent circuits
of the machine with the external network. Therefore, in sim-
ulation programs such as Electromagnetic Transients Program
(EMTP) [15], prediction methods are often used [16], which re-
duce the simulation accuracy and efficiency by requiring small
time steps and/or iterations. Interested reader may find more
detailed discussions of the challenges associated with interfac-
ing the qd model in [17]–[20], wherein the loss of stability and
numerical accuracy have been documented.

In the state-variable languages, such as the widely used
packages SimPowerSystem (SPS) [21] and Piece-wise
Linear Electrical Circuit Simulation (PLECS) [22], the qd
models are typically represented as voltage-controlled current
sources [22], [23]. Therefore, such built-in qd models may not
be directly interfaced with external circuits terminating with
inductive branches, in which case, fictitious snubbers are often
used to create the necessary voltages and enable the inter-
face [21]–[24]. Discretizing the machine models separately from
the main system-circuit is possible to avoid algebraic loops. For
example, [21] permits discretizing the machine models using
the Forward Euler method, while the external circuit may be
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discretized using a fixed-step trapezoidal (Tustin) integration
rule.

To simplify the machine model–network interface, several
authors have suggested using the coupled-circuit (CC) phase-
domain machine models [25]–[27], wherein the stator and rotor
circuits are represented in abc phase coordinates. Using such an
approach enables a direct connection between a machine and
an external circuit. However, this approach comes at the cost
of using a time-varying inductance matrix, which complicates
the model and reduces its simulation efficiency. A hybrid ap-
proach that uses both abc phase variables for the stator circuit
and qd stationary reference frame for the rotor circuit was pro-
posed in [28]–[30]. Although the resulting machine inductance
matrix does not depend on rotor position, these models use
structural coupling between the stator and rotor and do not have
a convenient equivalent-circuit representation. Therefore, it is a
challenge to integrate these models with the external network
systems using commonly available simulation languages.

A voltage-behind-reactance (VBR) model formulation was
proposed for synchronous machines in [31] and [32] that also
achieves the direct interface sought by the CC phase-domain
model. As documented in [19], the VBR-based models are also
very convenient for implementation in various nodal analysis-
and circuit-based simulation packages and offer advantages in
terms of numerical accuracy and efficiency.

This paper makes the following contributions in the area of
modeling and numerical analysis of electrical machines:

1) We show that it is possible to extend the VBR formulation
to a full-order induction machine model. In this formula-
tion, the stator is expressed in abc direct-phase coordinates
as three-phase dependent subtransient emf sources behind
an RL circuit, and the rotor is expressed in transformed qd
coordinates using fluxes as the independent variables.

2) It is also shown that the resulting VBR model can be
expressed in several different forms, wherein, depending
on the need, the RL circuit may be coupled or decoupled
with an option of including the zero sequence wherever
appropriate.

3) The proposed VBR model formulation enables a very
straightforward and efficient interconnection of the sta-
tor RL circuit with the external circuit network, which
is an advantage over all previously developed induction
machine models.

4) The computer studies and eigenvalue analysis demonstrate
that the proposed VBR machine model is computationally
more efficient and accurate than the traditional CC model
(that is typically used to achieve the direct interface) and/or
or the classical qd model when it is interfaced using ficti-
tious snubbers.

II. COUPLED-CIRCUIT MACHINE MODEL

To better understand the proposed advanced models, and
for consistency purposes, CC model is reviewed here. With-
out the loss of generality, this paper assumes a three-phase,
wye-connected, induction machine [9], whose cross-sectional
view is shown in Fig. 1.

Fig. 1. Basic structure of an induction machine model.

Fig. 2. CC model of induction machine.

The stator and rotor windings are assumed to be symmetric,
sinusoidally distributed with resistance denoted by rs and rr ,
respectively. The positive direction of the magnetic axes corre-
sponds to the direction of flux linkages induced by the positive
phase currents. The induction machine may be represented in
terms of coupled electric circuits, shown in Fig. 2. In this paper,
motor convention is used, which assumes that positive stator
and rotor currents flow into the machine when positive phase
voltages are applied, as depicted in Fig. 2. For convenience,
all rotor variables and parameters are referred to the stator side
using an appropriate turns ratio.

The corresponding voltage equation may be expressed in ma-
trix form as[

vabcs

vabcr

]
=

[
rs

rr

] [
iabcs

iabcr

]
+ p

[
λabcs

λabcr

]
(1)

where the stator and rotor diagonal resistance matrices are 3 ×
3 and denoted by rs , rr , respectively. The operator p denotes
d/dt. The corresponding flux linkage equation is[

λλabcs

λλabcr

]
=

[
Ls Lsr

LT
sr Lr

] [
iabcs

iqdr

]
(2)

where the stator and rotor self-inductance matrices are Ls and
Lr , respectively, and are constant due to machine symmetry.
The expressions for Ls and Lr can be found in [9] and are not
included here due to space limitations. The mutual inductance
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matrix has the following form:

Lsr=Lms
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(3)
The developed electromagnetic torque may be expressed in

direct physical machine variables as

Te =
(

P

2

)
(iabcs)

T ∂

∂θr
[Lsr ] iabcr . (4)

III. QD MACHINE MODEL IN ARF

The CC induction machine model is often transformed into
the qd arbitrary reference frame [9], where the flux linkages be-
come decoupled. For convenient derivation of the VBR models,
the qd model is included here in decoupled form. In particular,
the voltage equations in the ARF are given as

vqs = rsiqs + ωλds + pλqs (5)

vds = rsids − ωλqs + pλds (6)

v0s = rsi0s + pλ0s (7)

vqr = rr iqr + (ω − ωr )λdr + pλqr (8)

vdr = rr idr − (ω − ωr )λqr + pλdr (9)

v0r = rr i0r + pλ0r . (10)

The flux linkage equations are expressed as

λqs = Llsiqs + λmq (11)

λds = Llsids + λmd (12)

λ0s = Llsi0s (13)

λqr = Llr iqr + λmq (14)

λdr = Llr idr + λmd (15)

λ0r = Llr i0r (16)

where magnetizing fluxes are defined as

λmq = Lm (iqs + iqr ) (17)

λmd = Lm (ids + idr ) (18)

and

Lm =
3
2
Lms. (19)

The developed electromagnetic torque in terms of trans-
formed qd variables is given as

Te =
3P

4
(λdsiqs − λqsids) . (20)

IV. VOLTAGE-BEHIND-REACTANCE MODELS IN ARF

To derive the VBR model, it is necessary to formulate the
stator voltage equation so that it appears similar to that of
RL-branches, whereas the contribution due to the rotor subsys-
tem is expressed in terms of dependent voltage sources. Since
for an induction machine such model formulation is not unique,
several models have been derived that may be of practical use,
depending on the application.

A. Voltage-Behind-Reactance Model I

Derivation of the first model is performed by first solving (14)
and (15) for currents and substituting the result into (17) and
(18). The magnetizing fluxes are then expressed as

λmq = L′′
m

(
iqs +

λqr

Llr

)
(21)

λmd = L′′
m

(
ids +

λdr

Llr

)
(22)

where

L′′
m =

(
1

Lm
+

1
Llr

)−1

. (23)

Substituting (21) and (22) into (11) and (12), respectively, the
stator flux linkage equations may be rewritten as

λqs = L′′iqs + λ′′
q (24)

λds = L′′ids + λ′′
d (25)

where the subtransient inductance is defined by

L′′ = Lls + L′′
m . (26)

The subtransient flux linkages are defined as

λ′′
q = L′′

m

λqr

Llr
(27)

λ
′′

d = L
′′

m

λdr

Llr
. (28)

Substituting (24) and (25) into (5) and (6), respectively, the
stator voltage equations may be represented as

vqs = rsiqs + ωL′′ids + pL′′iqs + ωλ′′
d + pλ′′

q (29)

vds = rsids − ωL′′iqs + pL′′ids − ωλ′′
q + pλ′′

d . (30)

The rotor currents are derived from (14) and (15) and are
given by

iqr =
1

Llr
(λqr − λmq ) (31)

idr =
1

Llr
(λdr − λmd) . (32)

From (8), (9) and (31), (32), the rotor voltage equations may
be rewritten as the following state equations

pλqr = − rr

Llr
(λqr − λmq ) − (ω − ωr ) λdr + vqr (33)

pλdr = − rr

Llr
(λdr − λmd) + (ω − ωr ) λqr + vdr . (34)



WANG et al.: MODELING OF INDUCTION MACHINES USING A VBR FORMULATION 385

The terms pλ′′
q and pλ′′

d in the respective stator voltage equa-
tions (29) and (30) may be eliminated by taking the derivatives
of (27) and (28) and substituting (33) and (34) into the resulting
equations. After some algebraic manipulations, the stator volt-
age equations (29) and (30) may be rewritten in the following
form

vqs = r′′iqs + ωL′′ids + pL′′iqs + e′′q (35)

vds = r′′ids − ωL′′iqs + pL′′ids + e′′d (36)

where

r′′ = rs +
L′′2

m

L2
lr

rr (37)

and

e′′q = ωrλ
′′
d +

L′′
m rr

L2
lr

(λ′′
q − λqr ) +

L′′
m

Llr
vqr (38)

e′′d = −ωrλ
′′
q +

L′′
m rr

L2
lr

(λ′′
d − λdr ) +

L′′
m

Llr
vdr . (39)

The stator voltage equations (7), (35), and (36) may now be
transformed back into the abc phase coordinates by applying
inverse arbitrary reference transformation (Ks)−1 . This final
step gives the voltage equation in VBR form as

vabcs = r′′abcs iabcs + L′′
abcspiabcs + e′′abcs (40)

where

e′′abcs = [Ks ]−1 [ e′′q e′′d 0 ]T . (41)

Here, the resistance matrix is given by

r′′abcs =


 rS rM rM

rM rS rM

rM rM rS


 (42)

where

rS = rs + ra (43)

rM = −ra

2
(44)

ra =
2
3

L′′2
m

L2
lr

rr . (45)

The new inductance matrix is

L′′
abcs =




LS LM LM

LM LS LM

LM LM LS


 (46)

where

LS = Lls + La (47)

LM = −La

2
(48)

La =
2
3
L′′

m . (49)

Note that, in (40), subtransient resistance matrix (42) and
inductance matrix (46) are constant due to machine symme-
try, and are independent of any reference frame. These are

very desirable properties that make the VBR model more effi-
cient than the CC model. Thus, equations (10), (33), (34), (38),
(39), and (40) define the so-called VBR model formulation I
(VBR-I).

Since in the VBR model formulation, there is no direct need
to calculate the stator flux linkages λqs and λds , the developed
electromagnetic torque may be expressed using the magnetizing
fluxes as [9]

Te =
3P

4
(λmdiqs − λmq ids) (50)

B. Voltage-Behind-Reactance Model II

The VBR-I contains a full resistance matrix (42), which may
be difficult to implement in some simulation languages. As
shown in [32], the model may be further simplified by using the
diagonal stator resistance matrix rs and moving the rotor resis-
tance terms multiplied by stator currents iqs and ids in (35) and
(36), respectively, back into e′′q and e′′d . This formulation con-
stitutes the second VBR model II (VBR-II), which is expressed
as

vabcs = rs iabcs + L′′
abcspiabcs + v′′

abcs . (51)

Here, other equations are the same as in VBR-I, except that
the back emf v′′

abcs is defined as

v′′
abcs = [Ks ]−1 [ v′′

q v′′
d 0 ]T (52)

where

v′′
q = ωrλ

′′
d +

L′′
m rr

L2
lr

(λ′′
q − λqr ) +

L′′
m

Llr
vqr +

L′′2
m rr

L2
lr

iqs (53)

v′′
d = −ωrλ

′′
q +

L′′
m rr

L2
lr

(λ′′
d − λdr ) +

L′′
m

Llr
vdr +

L′′2
m rr

L2
lr

ids . (54)

Thus, the need for a mutual resistance matrix has been avoided
[32].

C. Voltage-Behind-Reactance Model III

In both previous formulations, the stator inductive branches
are coupled. A further simplification may be achieved if the
stator inductance matrix (46) and resistance matrix (42) (in
VBR-I) are made diagonal. The diagonalization may be carried
out by first relating the stator current and zero-sequence current
as [33]

ias + ibs + ics = 3i0s (55)

pias + pibs + pics = 3pi0s . (56)

Here, we use (55) and (56) to reconsider the VBR-I formula-
tion. The off-diagonal terms in the subtransient resistance and
inductance matrices in (40) may be eliminated by expressing the
stator currents associated with the off-diagonal entries in terms
of the zero sequence current and the remaining phase (diagonal)
current. After algebraic manipulations, (40) can be rewritten
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as

vabcs =




rD 0 0
0 rD 0
0 0 rD


 iabcs +




LD 0 0
0 LD 0
0 0 LD


 piabcs

+ e′′abcs +


3rM




i0s

i0s

i0s


 + 3LM




pi0s

pi0s

pi0s





 (57)

where

rD = rS − rM (58)

and

LD = LS − LM . (59)

The voltage equation for the stator zero sequence is

v0s = rsi0s + Llspi0s (60)

which gives the following state equation

pi0s =
1

Lls
(v0s − rsi0s) . (61)

Substituting (61) into (57), the VBR model formulation III
(VBR-III) has the following form

vabcs =




rD 0 0
0 rD 0
0 0 rD


 iabcs +




LD 0 0
0 LD 0
0 0 LD


 piabcs

+ e′′abcs +
(

3rM − 3LM rs

Lls

) 


i0s

i0s

i0s


 +

3LM

Lls




v0s

v0s

v0s




(62)

while other equations are the same as in VBR-I.
The same diagonalization procedure may be carried out

with VBR-II to get its diagonal version, herein referred to as
VBR-IV. However, it is not included here because the model
structure of VBR-IV is very similar to VBR-III and no new fea-
tures are added. As can be seen in (62), VBR-III has diagonal
resistance and inductance matrices. A circuit-block diagram of
the final VBR-III model is shown in Fig. 3. It should be noted
that in this formulation, the RL circuit branches are decoupled
from each other and have constant parameters. This feature pro-
vides a direct interface of the stator circuit with the external
network, which makes it simpler to implement the induction
machine in circuit-based simulation packages.

The VBR-III formulation depicted in Fig. 3 can be readily
simplified if one assumes the wye-connected stator windings
with a floating neutral, which is very common. In this case, the
zero sequence variables simply disappear from (62) and Fig. 3,
but the back emf e′′abcs remains the same as in VBR-I, (38), (39),
and (41).

Fig. 3. Proposed VBR model formulation.

V. COMPUTER STUDIES

All previously described models were implemented using
MATLAB/Simulink [34]. Two types of qd model were used. The
first one was a proper state-variable model implemented using
standard/basic Simulink blocks. The resulting model/subsystem
requires voltages as inputs and currents as outputs and has
no circuit interface. The second qd machine model was the
built-in SPS model [24]. SPS is a circuits-based simulation
toolbox widely used for power- and power-electronic-systems
transient simulations using Matlab/Simulink environment. The
VBR models and the CC model were implemented using the
circuit-based approach described in [35] and the toolbox [36].
In general, similar to a synchronous machine ( [31], see Section
V), the CC model could be implemented using either currents
or the flux linkages as the state variables. However, if the stator
circuit is to be interfaced with the external network where the
currents are used as the independent variables, then machine
currents must be considered as the state variables.

An induction machine with parameters summarized in Ap-
pendix B is considered here for simulating a no-load startup
transient. Since the focus of this section is on component level,
in the studies presented here, the machine is directly fed from
an ideal balance three-phase voltage source. To evaluate the ac-
curacy and efficiency of all models considered in this paper, the
simulation studies were carried out using variable- as well as
fixed-time-step integration methods.

A. Variable-Step Method

To make a fair comparison among the models, the same solver,
ODE15s, was used for each model. To ensure smooth and accu-
rate solution, the relative and absolute error tolerances were set
to 10−4 and 10−6 , respectively. Also, the maximum and mini-
mum time-step limits were set to 10−3 and 10−10 s, respectively,
while the initial step was set to 10−5s.

The transient responses produced by the qd models, three
types of VBR models, and the CC model using the variable-step
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Fig. 4. Simulation results for six models using variable-step method.

TABLE I
SIMULATION EFFICIENCY COMPARISONS

integration method are depicted in Fig. 4. Due to space limita-
tions, only the rotor current iar , the speed ωr , and the electro-
magnetic torque Te are shown. As can be seen in Fig. 4, all re-
sponses are visibly indistinguishable from each other. This result
confirms that all models are consistent and equivalent, provided
sufficiently small error tolerances and/or integration step size.

Assuming the same simulation accuracy for each model, the
numerical efficiency of the models relative to each other may
be evaluated by considering two factors: 1) the total number of
integration steps taken to complete the study and 2) the com-
putational load/cost per time step. The studies were run on a
personal computer with an AMD 2200 processor using standard
(not compiled, non-real-time) Simulink. The total CPU times,
number of integration steps, and CPU times per step required to
complete the study of Fig. 4 are summarized in Table I.

As can be seen in Table I, the bare-bones qd model, imple-
mented in Simulink directly without circuit interface, has the
fastest simulation speed (0.062 s) and the lowest computational
cost requiring only 744 steps. The time-varying inductance ma-
trix L(t) and the pLabc term in the CC model (see Appendix
A) leads to a significant increase in the CPU time per step
(218.8 µs) as compared with the qd model (83.3 µs). In addi-
tion, the CC model requires significantly more time steps (5283)
to achieve the same accuracy. The SPS machine model, when

Fig. 5. Rotor current ia r with time step of 1 ms.

fed by ideal voltage sources, preserves the advantage of the qd
model and takes small number of time steps (1105), although
some computational overhead exist in SPS that cause its model
run slower (0.313 s) than the bare-bones Simulink qd model
(0.062 s).

At the same time, all three VBR models performed very
similarly to each other, which is expected since these models are
algebraically equivalent, with only structural differences. The
VBR models required more steps (1036–1082) and CPU time
(0.157 s) than the bare-bones qd model, but generally performed
by a factor of 2 faster than the SPS model (0.313 s). The proposed
VBR models also demonstrated about 7.4 times improvement
as compared with the CC model in terms of the overall CPU
time required for the given study.

B. Fixed-Step Method

To further compare the numerical properties of the different
models, the same case study is simulated with the fixed time-
step integration method. To have a benchmark for comparing
the simulation accuracy, a reference solution was obtained us-
ing the qd model with the fixed-step fourth-order Runge–Kutta
integration method and a very small time step of 1 µs. The study
was repeated for all considered models using the same fourth-
order Runge–Kutta method, but with a much larger time step of
1 ms. The simulation results are shown in Figs. 5–7, where it
can be seen that all models predict a similar response. However,
it now becomes noticeable that the CC model (dotted line) is the
farthest from the reference solution (solid line). A detailed view
of the rotor current plot is shown in Fig. 8, wherein the plot is
magnified to clearly show this difference.

Without the loss of generality, the rotor current trajectory is
considered here to further quantify the numerical accuracy, since
the other variables show a similar trend. The cumulative relative
error between the reference solution ĩar and a given numerical
solution iar , as defined in terms of 2-norm [37], is evaluated as

ε(h) =
‖̃iar − iar‖2

‖̃iar‖2
× 100% (63)

for different time steps h.
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Fig. 6. Rotor rotating speed ωr with time step of 1 ms.

Fig. 7. Electromagnetic torque Te with time step of 1 ms.

Fig. 8. Detailed view of rotor current ia r with time step of 1 ms.

The simulation was run using time steps of 0.1, 0.5, and
1 ms. The calculated errors for the different models are shown
in Fig. 9. As shown in Figs. 8 and 9, the bare-bones qd model
and the SPS qd model produce exactly the same simulation
results (shown in dashed line), and gave the smallest errors as
compared with the other models. This is expected since the SPS
uses the qd model internally, and the external circuit was just
the ideal voltage sources. All of the VBR models (dash/dotted
line) demonstrated identical results and accuracy, as all these
models use similar state-space equations and differ only in the

Fig. 9. Numerical error propagation of ia r .

form of stator branches. The least accurate performance was
demonstrated by the CC model (dotted line).

VI. EIGENSYSTEM ANALYSIS

The qd models, the CC model, and the VBR models are all
equivalent in the continuous time domain since these models
are derived from each other without approximations. However,
as demonstrated in Section V, the numerical properties of these
models are quite different when the corresponding differential
equations are discretized using an integration rule. In general,
for nonlinear time-varying systems, the choice of state variables
and/or the model structure may result in different eigenvalues of
the system. The eigenvalues may influence the propagation of
local errors, and therefore, affect the simulation accuracy when
the differential equations are integrated numerically [38].

To gain some qualitative information and understanding of
the numerical properties of the machine models described here,
one may consider the state equations formed by the electrical
circuit (see Fig. 2) of the machine [31]. In particular, if the
rotor speed is assumed to be constant, the machine’s nonlin-
ear equations become linear, which allows one to express the
corresponding system matrices. The resulting system matrices
of various machine models are summarized in Appendix A,
based on which the eigenvalues can be readily calculated. Al-
ternatively, the respective models can be numerically linearized
using a standard Matlab subroutine. Regardless of the approach,
one should bear in mind that the eigenvalues of the induction
machine model change quite significantly with speed [9, Ch. 8].
For comparison, the eigenvalues of all models were computed
at an operating point close to steady state at no load (operating
point corresponding to t = 0.6 s in the study shown in Fig. 4).
The resulting eigenvalues are summarized in Table II.

In general, the negative real part of the eigenvalues is desir-
able for better damping, whereas positive eigenvalues tend to
increase the local errors [39]. From this viewpoint, the qd model
is well structured, since all of its eigenvalues are relatively far
to the left side of the complex plane, as can be seen in Table II.
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TABLE II
EIGENVALUES OF MACHINE MODELS

However, the CC model uses currents as state variables and
has positive eigenvalues, which increases propagation of local
errors, and therefore, reduces the simulation accuracy. A simi-
lar observation regarding the synchronous machine models has
been made in [31].

An important observation can be made regarding the bare-
bones qd model and the SPS qd model. In particular, the eigen-
values of these two models are identical, which also explains
their identical simulation results in the previous studies. How-
ever, it should be noted that the SPS qd model ignores the stator
and rotor zero sequence modes and that the two associated
eigenvalues −217.5 and −408 are not present here.

Similar observation may be made for VBR models. Struc-
turally, all three VBR models result in stator circuits (with con-
stant stator inductances and resistances) that use currents as the
independent variables, whereas the rotor subsystem uses flux
linkages as the independent variables. Since these models are
using the same set of state variables, their eigenvalues are iden-
tical, as shown in Table II. More importantly, the VBR models
have negative eigenvalues, and therefore, their numerical prop-
erties are similar to those of the qd model, as was confirmed in
Section V.

VII. DISCUSSION

The induction-machine models discussed in this paper may
find their use depending on the modeling environment and appli-
cation. For example, in differential-equation- or state-variable-
based simulators (wherever there is no need to have a circuit
interface), the machines may be considered as proper subsys-
tems described by their corresponding equations. For these sim-
ulators, the qd model is perhaps the most accurate and sim-
plest to use. However, for circuit-based simulation language,
the machine stator windings must be made available for the
interface with the external network. The CC phase-domain ma-
chine models are often used to fulfill this requirement; however,
they are computationally more expensive and less accurate. The
VBR models derived in this paper provide a good compromise
among the models and offer very good structural as well numer-
ical properties. Moreover, the final formulation VBR-III results
in a decoupled (diagonal inductance and resistance matrices)
time-invariant stator circuit, which allows a direct and simple
interface of the stator branches with an external network.

To demonstrate the advantages of the VBR model over the
qd model in terms of the model interface with the external net-
work, it is sufficient to include small inductive impedance in the
source, as shown in Fig. 10. Without the loss of generality, we

Fig. 10. Induction machine is fed from a voltage source with inductive
impedance: artificial shunt resistors are used to interface the model.

conduct studies using the SPS and the proposed VBR model.
The same machine as in Section V is used here, except that the
voltage source has series inductance of 10−3 H in each phase.
In the state-variable languages, the typical qd model is viewed
and interfaced as a voltage-controlled current source (voltage
input and current output). Therefore, the direct connection of
machine terminals with inductive braches (or current sources)
is not possible as it creates difficulties for forming the system’s
state space equations [21]–[24]. An approach that is often con-
sidered and suggested to the users for interfacing the machine
models [22], [23] is to use an artificial shunt snubber circuit
(very large resistors and/or small capacitors), which makes it
possible to calculate the voltages at the interconnection point of
the machine model and the external circuit, and therefore, com-
pletes the interface. In the studies presented here, to enable the
SPS model interface, a shunt resistive branch was connected, as
shown in Fig. 10. In general, the values of such artificial snub-
bers are chosen large enough as to minimize their effect on the
simulation accuracy. However, when the VBR model is used,
the stator RL branches are directly included into the external
circuit network (see Fig. 3), and no artificial components are
required.

The same startup transient study is performed for this case
using the SPS qd model with snubber resistors of 103 Ω and the
proposed VBR-III model. The same variable-step ODE solver
and integration parameters (error tolerances and time-step lim-
its) as in Section V-A are used here. The predicted responses are
overlapped with the reference solution and shown in Figs. 11
and 12. Due to space limitation, only the rotor current iar is
shown here. The reference solution are obtained using the bare-
bone qd model with the fixed-step fourth-order Runge–Kutta
integration method and a very small time step of 1 µs. In gen-
eral, the transient trend is very similar to that shown in Section
V (see Figs. 4 and 5), and the difference among the models is
not noticed. This has been achieved by using relatively large
values for the snubber resistors in the SPS model. However, the
magnified plot of iar shown in Fig. 12 demonstrates that the
SPS model actually converges to a different solution, which is
shifted from the reference.

Another important observation that can be made based on
Fig. 12 is that the SPS qd model uses significantly more time
steps than the VBR model. To give the reader a better idea, the
CPU times and the number of steps taken by the two models are
summarized in Table III, where a very significant difference (an
order of magnitude) can be seen.



390 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 23, NO. 2, JUNE 2008

Fig. 11. Rotor current ia r with variable-step method.

Fig. 12. Magnified portion of rotor current ia r in Fig. 11.

TABLE III
SIMULATION EFFICIENCY COMPARISONS

The presence of fictitious resistors also changes the network
topology, as well as increases the total number of state variables
due to the source inductance. Moreover, the resulting equations
become very stiff, which can be noted by evaluating the eigen-
values summarized in Table IV, where it is shown that the SPS
model now has three additional eigenvalues with very large mag-
nitude on the order of 106 . At the same time, for the VBR model,
the source inductances do not increase the numbers of the eigen-
values and/or affect the stiffness. It may be noted that the VBR
model in Table III does not include the eigenvalues correspond-
ing to stator and rotor zero sequences, as it does in Table II. For
discussion in this section and consistency with the SPS model,
here the zero sequence was not included in the VBR model.

The affects of the snubber circuits on the simulation accuracy
and efficiency may be further investigated by varying the values
of resistors from 10 to 105 Ω. Without the loss of generality, here
we again consider the relative errors for rotor current iar , which

TABLE IV
EIGENVALUES OF MACHINE MODELS

Fig. 13. Relative errors and stiffness of the SPS model for different snubber
resistances.

Fig. 14. Numbers of time steps required by the SPS model for different snub-
ber resistances.

are calculated for the SPS model according to (63) and are plot-
ted in Fig. 13. The magnitude of the largest negative eigenvalue
is also plotted in Fig. 13 for the same range of snubber resistance.
As can be seen here that it is possible to use very large resistors
and achieve a high accuracy of such interface bring the errors
below few percent. However, such improvement in accuracy
comes at a price of making the system very stiff numerically.

The result of increasing numerical stiffness is that the ODE
solver requires smaller and smaller time steps to satisfy the
absolute and relative tolerances, which slows down the overall
simulation. To give the reader a better idea, the number of time
steps taken by the SPS model to complete the same transient
study for the same range of snubber resistors is summarized in
Fig. 14. As can be seen in Figs. 13 and 14, to achieve the solution
within 1% of the reference solution, the SPS model requires the
subbers of 105 Ω, which makes the system very stiff and bring
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the number of time steps to the range of 105 . At the same time,
as evident from Fig. 9, the VBR model can achieve an even
better accuracy with time steps as large as 1 ms requiring 600
steps total.

VIII. CONCLUSION

This paper presents a VBR induction machine model that
can be of great benefit in applications where a direct interface
of the stator phase branches with an external network circuit
is required. Traditionally, in such applications, the CC phase-
domain models are used, which results in significant increase in
computational cost due to time-varying inductances. A method
of interfacing the qd machine models with external inductive
circuits in state-variable languages often requires artificial snub-
bers that also increase computational burden. However, the pro-
posed VBR model, in addition to achieving the required direct
interface of the stator circuit, also provides an improved numer-
ical accuracy with greatly reduced computational overhead.

APPENDIX A

The system state matrices of the qd model with flux linkages
as state variables are represented as

Aqd = −
(
RL−1

qd0 + W
)

(A1)

where

R = diag[rs, rs , rs , rr , rr , rr ] (A2)

Lqd0 =




Lls+ Lm 0 0 Lm 0 0

0 Lls+ Lm 0 0 Lm 0

0 0 Lls 0 0 0

Lm 0 0 Llr + Lm 0 0

0 Lm 0 0 Llr + Lm 0

0 0 0 0 0 Llr




(A3)

W =




0 ω 0 0 0 0
−ω 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 ω − ωr 0
0 0 0 −(ω − ωr ) 0 0
0 0 0 0 0 0




. (A4)

The system state matrix of the CC model with currents as
state variables may be expressed as

Acc = −L−1
abc (R + pLabc) (A5)

where

Labc =

[
Ls Lsr

LT
sr Lr

]
. (A6)

For the VBR models, the state matrix is

Avbr =

[
−L′′−1

abcsr
′′
abcs −L′′−1

abcsM1

B2 B1

]
(A7)

where

M1 = K−1
s




L′′
m rr

L2
lr

(
L′′

m

Llr
− 1

)
ωrL

′′
m

Llr
0

−ωrL
′′
m

Llr

L′′
m rr

L2
lr

(
L′′

m

Llr
− 1

)
0

0 0 0




(A8)

M2 =




L′′
m

Llr
0 0

0
L′′

m

Llr
0

0 0 0


 (A9)

B1 =




rr

Llr

(
L′′

m

Llr
− 1

)
− (ω − ωr ) 0

ω − ωr
rr

Llr

(
L′′

m

Llr
− 1

)
0

0 0 − rr

Llr




(A10)

B2 =




rrL
′′
m

Llr
0 0

0
rrL

′′
m

Llr
0

0 0 0


Ks . (A11)

APPENDIX B

Induction machine parameters [9]: 3 hp, 220 V, 1710 r/min,
4 poles, 60 Hz, rs = 0.435 Ω, Xls = 0.754 Ω, Xm = 26.13 Ω,
rr = 0.816 Ω, Xlr = 0.754 Ω, J = 0.089 kgm2 .
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