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Abstract—An efficient method for signal scaling and sampling
rate conversion is presented. The method is particularly suitable
for the sampling rate conversion ratios, or equivalently signal
scaling ratios, close to unity, such as 24/25. Within the scope
of the present work, the rate changes around unity is called
as “gentle” changes. The implementation of gentle rate changes
through conventional techniques (cascade application of upsampling and downsampling) is not feasible in many applications. An
efficiently implementable solution, typically requiring less than 5
multiplications per output sample, is described as a remedy for
such applications.
Index Terms—Signal Scaling, Sampling Rate Change, Fractional Delay

I. I NTRODUCTION
A time-varying filtering scheme for signal scaling, which is
also applicable to the sampling rate conversion, is presented.
The main goal is to produce the samples of the scaled signal,
xβ [n] = x(βt)|t=nT , by digitally processing the samples of
x(t), that is x[n] = x(t)|t=nT . The problem of producing
xβ [n] from x[n] can also be interpreted as the change of
sampling rate from T to βT . Our main interest is the case
of β ≈ 1, such as β = 24/25, which is called as a “gentle”
change in the context of the present study. If we follow the
conventional techniques, such gentle changes require quite
demanding implementations. For example, the rate change of
24/25 requires upsampling by 25 units followed by downsampling by 24 units. Our goal is to describe a computationally
attractive scheme to realize gentle rate changes.
The signal scaling problem with β ≈ 1 may arise due to the
deviation of the clocks running the analog-to-digital-converters
(A/D) or digital-to-analog-converters (D/A). In the processing
chain, the master clock of the converters may inadvertently
“run faster” than the nominal speed. This may lead to a
shorter than desired time period between samples. Specifically,
if the oscillator has a frequency drift of 1000 ppm (parts per
million),
the actual
sampling period can lie in the interval of
]
[ 999
1001
T,
T
where
T is the nominal sampling period. The
1000
1000
textbook solution to correct the sampling rate deviation, which
is the cascade application of upsampling and downsampling,
is not a feasible approach for such conversion ratios.
Another application area requiring gentle corrections in the
sampling rate is the compensation of the wideband Doppler
effect in sonar systems. As noted in [1, p.52], the time
dilation/compression on the order of 1 ± 0.001 can deteriorate
the processing of the received echo. A proper signal design for
the reduction of this undesired effect is suggested in [1]. Here,

we suggest an alternative approach that scales the received
sonar echo so that the dilation/compression due to the Doppler
effect can be efficiently compensated.
The principle of the suggested method has been first given
in the context of audio format conversion from CD (sampled
at 44.1 kHz) to DAT (sampled at 48 kHz), [2]. Some earlier
studies also study the application of fractional delay filters
for the sampling rate conversion, [3], [4]. Most recently, Blok
has described several fractional delay filtering schemes for the
solution of the same problem, [5]. The main contribution of the
present work can be stated as the recognition of the importance
of fractional delay based systems for a gentle change in the
signal scale and the description of a highly efficient discrete
Newton series based implementation for the realization of
fractional delay filters, [6].
II. P RELIMINARIES
The signal x(t) and its scaled version xβ (t) = x(βt)
are assumed to be sampled with the sampling period T , i.e.
x[n] = x(t)|t=nT and xβ [n] = x(βt)|t=nT . Note that the
signal xβ [n] can also be considered as the samples of x(t)
with the sampling period βT , that is xβ [n] = x(βt)|t=nT =
x(t)|t=n(βT ) . Hence, the process of generating xβ [n] from
x[n] can be interpreted as either the change of sampling rate
from T to βT or the change of signal scale from 1 to β.
For some applications mentioned in the introduction, the
desired sampling rate change (or the scale factor) can be
close to unity, β ≈ 1. The presented scheme is specifically
developed for such applications. The working principle of the
scheme can be described by writing β = 1 − α, with |α| ≪ 1,
and then re-expressing the scaling relation as follows:
xβ (t) = x(βt) = x(t − αt).

(1)

It is possible to interpret αt in (1) as the amount of delay
(or advance, if α < 0) of signal x(t) at time t. Here, delay
is an increasing function of time and if it can be properly
realized for all t, the scaled signal can be generated. In terms
of sampled data, the delay of αt seconds corresponds to αt/T
samples of delay. The delay value is typically not integer
valued and fractional delay filters is required for its realization.
Figure 1 illustrates the approach for α = 1/3. The presented
value for α corresponds to the scale change of β = 1 − α =
2/3 or the sampling rate change of 1/β = 3/2. From Figure 1,
it can be noted that the n’th output sample (y[n]) has a time
delay of n × 1/3 samples from the n’th input sample (x[n]).
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Fig. 2. Filtering scheme for the implementation of the resampling process
shown in Figure 1. The multiplier values are given in Table I.
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Fig. 1. Resampling for the sampling rate change of 1/β = 1/(1 − α) or
the signal scaling of β = 1 − α for α = 1/3.

The dotted line in Figure 1 is the result of linear interpolation. By evaluating, the linear interpolation result at an
increasing delay of D[n] = αn samples from the n’th input
sample, the scaled output can be generated. Even though, this
interpretation (output being the fractionally delayed version
of input) is valid; we prefer to interpret the output as the
resampled version of input. Our goal is to generalize the
resampling operation with linear interpolator as illustrated
in Figure 1 to arbitrary order polynomial interpolation and
present an efficient mechanism for its realization. In this
section, a fairly detailed description of the linear interpolation
case is provided to assist the discussion of the general case.
It can be noted from Figure 1 that each output sample
is generated by processing two closest samples around the
output sample. For example, y[1] is generated from x[0] and
x[1]; upon the arrival of x[2], the next output sample y[2]
is generated from x[1] and x[2] and so on. The illustrated
system is to increase the sampling rate change by 3/2; hence,
the system should produce more than one output sample per
input sample on the average. The increase in the rate can be
noted by studying the output sample y[4]. It should be noted
that the required delay for y[4] is 4/3 samples, exceeding the
unit delay for the first time. The sample y[4] is generated from
the input samples of x[2] and x[3] which are two neighboring
input samples. It should also be noted that the same set of
input samples (x[2] and x[3]) is also used for the generation
of y[3]. Hence, the set of samples x[2] and x[3] is utilized
twice for the generation of two output samples and this leads
to the increase in the sampling rate. It should also be noted
that the case described for y[4] occurs repeatedly whenever
the output sample has a delay exceeding a full integer value.
Figure 2 shows a possible implementation for the realization
of the fractional delays depicted in Figure 1. The delay of
D[n] = αn (α = 1/3) and the multiplier w[n], appearing in
the filtering diagram in Figure 2, are listed in Table I. The table
is presented to emphasize the time-varying and asynchronous
nature of the scheme. It should be noted that when D[n]
exceeds a full integer delay; the samples in the buffers, which
are shown with dark squares, are not shifted; hence the same

n
0
1
2
3
4
5
6
7
..
.

D[n]
0
1/3
2/3
3/3
4/3
5/3
6/3
7/3
..
.

OF THE SCHEME SHOWN IN

w[n]
0
1/3
2/3
3/3
1/3
2/3
3/3
1/3
..
.

F IGURE 1

buffer contents
x[0], x[-1]=0
x[1], x[0] (updated)
x[2], x[1] (updated)
x[3], x[2] (updated)
x[3], x[2] (not updated)
x[4], x[3] (updated)
x[4], x[3] (updated)
x[4], x[3] (not updated)
..
.

buffer content is utilized twice to produce two output samples.
This occurs at n = 4 and n = 7, where D[n] exceeds a full
integer delay, as noted in Table I.
In this section, the case of upsampling (α > 0) is presented
through an example having α = 1/3. For α < 0, the system
becomes to a downsampling system. For the downsampling
case, in analogy with the upsampling case, some buffer
contents are discarded and are not used to produce an output.
This leads to a reduction in the rate. We do not present further
details of this case; but a detailed MATLAB implementation
of the proposed scheme, efficiently implementing N th order
polynomial interpolation and handling both upsampling and
downsampling cases, is given in [7].
III. P ROPOSED I MPLEMENTATION
The proposed scheme generalizes the scheme described
in the earlier section to higher order interpolators. Figure 3
illustrates the suggested scheme for α = 1/3. As before, the
first two samples are generated through the linear interpolator
(shown with dotted lines) having the delays 0 and 1/3,
respectively. As shown in Figure 3, the next output sample,
y[2], is generated by combining the closest two input samples
on each side of y[2], instead of using one sample on each side
as in the linear interpolator. The output sample is generated
by finding the unique 3rd order polynomial passing through
4 input points in the neighborhood of y[2]. The method of
interpolation by fitting an N th degree polynomial to N + 1
data inputs is called as the Lagrange interpolation, [8, p.81].
The Lagrange interpolation can be implemented in various
ways. One of most efficient implementation is through the
Newton series expansion, [6]. The Newton series implementation has the complexity of O(N ) multiplications and additions
per output sample for the N th degree interpolation.
The Newton series is the discrete time equivalent of Taylor
series. The backward difference operator ∆, ∆{f [n]} =
f [n] − f [n − 1], in analogy with the derivative operator, and
the M th degree factorial polynomial
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Proposed structure for the sampling rate change / signal scaling.

{
[M ]

x

=

1,
M =0
,
x(x + 1) . . . (x + M − 1), M ≥ 1

(2)

in analogy with xM , are defined to introduce the Newton series. The presented definitions lead to the fact that
d M
∆{x[M ] } = M x[M −1] , in analogy with dx
x = M xM −1 .
Given these, Newton series can be defined as follows, [6]:
x
e(k − D) =

N
−1
∑
i=0

N : even

(4)

The term N 2−2 in (4) corresponds to the bulk delay due to
the usage of N/2 input points on the right side of the output
sample. (The bulk delay is required for the causality of the
implementation.) The term of αn in (4) corresponds to the
time varying delay. When N = 2, the equation (4) reduces
to the definition given in the previous section for the linear
interpolator.
Following the formulation of (3), the filter coefficients wi [n]
i = {0, . . . , N − 1} can be explicitly written as follows:
))[i]
( (
N −2
1
+ rem(αn, 1)
−
(5)
di [n] =
i!
2

7

5

N −2
+ αn,
2

∆i {x[k]}

(−D)[i]
i!

(3)

It can be noted from (3) that x
e(k − D) = x[k − D] for D =
{0, 1, . . . , N − 1}. This fact can be most easily verified by
applying ∆ operator on both sides of (3) and evaluating the
result at D = 0, as described in [6]. It should be noted that the
polynomial x
e(k−D) is the Lagrange interpolation polynomial;
since it passes through N + 1 consecutive data samples of
{x[k − N ], . . . , x[k]}.
The main advantage of Newton series formulation is the
ease of its digital implementation. Figure 4 shows the proposed
Newton Series based implementation which exactly follows
the analytical relation given in (3). The implementation shown
has N multipliers and N first order differencing blocks, shown
with 1 − z −1 . The value of the multiplier at the output of ith
differencing block at the time instant of n is denoted by wi [n].
The time-varying nature of the filtering scheme is evident from
the implementation.
The weights wi [n] can be specified as follows. As before,
D[n] represents the value of the desired delay at the sample n.
The proposed N point (N − 1’th order) Lagrange interpolator
scheme uses the nearest N/2 input samples on each side of
the output sample for the interpolation. The delay at the time
instant n can be written as follows:

The term of (N − 2)/2 + rem(αn, 1) corresponds to the effective fractional delay. The function rem(·, 1) represents the noninteger (fractional) part of the argument. More specifically,
rem(·, A) corresponds to the remainder operation when the
argument is divided by A + ϵ for an arbitrary small positive
ϵ, i.e. the range of rem(·, A) is [0, A].
The appearance of rem(·, 1) in (5) is due to the timevariation of the delay. When the delay D[n] exceeds a full
integer value, the buffer contents are not updated. By choosing
not to update the buffer contents for such instances, the
additional unit sample increase in the delay is integrated
into the system. The remaining part of the delay after the
integration of its integral part becomes rem(αn, 1).
The described operation can be most easily seen from
Table I. At the sample of n = 4, the desired delay is 4/3
samples. To implement this delay, the buffer contents for n = 3
is used to the produce the 4th output sample and the required
fractional delay becomes 4/3 − 1 = 1/3 (which is identical to
the multiplier w[n]) for the linear interpolation scheme (also
see Figure 1).
The present discussion is focused on the case of upsampling
(α > 0) with even number of input points (N : even) for the
interpolation. Both restrictions can be easily lifted as follows:
Case of Odd N: The description given above assumes the
number of points utilized in the Lagrange interpolator is even.
The approach and the filtering scheme given in Figure 4 can
be used as it is also for the odd values of N by adopting
D[n] = N 2−3 + αn instead of (4). This choice corresponds to
usage of N 2−1 samples on the right side of output sample and
N +1
samples on the left side of the output sample. (There can
2
be other alternatives.) The bulk delay in (5) for the calculation
of multiplication coefficients becomes N 2−3 . This applies to
both upsampling and downsampling cases.
Case of Downsampling (α < 0): The downsampling case
follows quite easily from the given discussion. One important
change is the change in the argument of rem(·, 1) appearing
in (5) from αn to (1 + α)n. For further details, readers are
invited to examine the detailed MATLAB code given for both
downsampling and upsampling cases, [7].
IV. N UMERICAL R ESULTS
In all three sets of experiments presented in this section,
the input is taken as x[n] = cos(ωn). The output produced by
the scheme is compared with the desired output of xβ [n] =

4

cos(βωn) in the root mean square (RMS) sense for various
values of signal frequency (ω) and the scaling factor (β).
Figure 5 shows the output produced by the scheme for
ω = π/4 and β = 4/5; stated differently, the input
x[n] = cos(π/4n) is resampled such that the output is
xβ [n] = cos(π/5n). Figure 5 shows the scheme output for
linear (N = 2) and cubic interpolation (N = 4). It can be
noted that the case of N = 4 is almost identical to the true
output for the given ω and β values.
Scaling x[n] = cos(π/4 n) by β = 4/5

Figure 7 shows the error for β = 0.9 when the frequency
of the input cos(ωn) is varied. As ω → π, the polynomial
interpolation ceases to be useful; since rapid oscillations can
not be faithfully approximated by a small degree polynomial.
It can be noted from Figure 7 that the presented scheme works
well for |ω| ≤ π/2. Hence, it is possible to conclude that the
suggested method can be applied for a wide range of β, not
only for β ≈ 1, if the input is at least two times oversampled.
If this condition is not satisfied, the designer implementing a
gentle rate change may choose to upsample the input by 2 and
then apply the suggested method.
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Figure 6 shows the RMS error when the input cos(π/4n)
is scaled by β ∈ [0.5, 1.5] using different order Lagrange
interpolators. Given range for β corresponds to the range
of sampling rate change from 2/3 (downsampling) to 2
(upsampling). This range is beyond the main motivation for the
presented scheme; but we can note that the scheme presents
a good performance for a fairly large range of β values for
the frequency of ω = π/4. It should be noted that the case
of β = 1 corresponds to the case of no sampling rate change
for which no error is incurred. In addition,√the RMS value for
cos(π/4βn) (desired output), which is 1/ 2, is also indicated
as signal RMS in Figure 6 for comparison purposes.
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V. C ONCLUSIONS
A scheme to digitally scale the sampled input or to change
its sampling rate is suggested. The scheme requires very few
operations (N multiplications for N th order interpolation) per
output sample and yields a satisfactory performance for a wide
range of input frequency and scaling factor. We believe that
the main application of the presented scheme would be in the
change of sampling rate around unity, such as β = 24/25, for
which the conventional technique of upsampling followed by
downsampling is not a feasible approach.
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