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RobustAdaptive BeamformingUsing Worst-Case
Performancéptimization:A Solutionto the Signal
MismatchProblem
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Abstract—Adaptive beamforming methods are known to
degradeif someof underlying assumptionson the environment,
sources,or sensor array becomeviolated. In particular, if the
desired signal is present in training snapshots, the adaptive
array performance may be quite sensitive even to slight mis-
matchesbetweenthe presumedand actual signal steering vectors
(spatial signatures). Such mismatchescan occur as a result of
environmental nonstationarities, look direction errors, imperfect
array calibration, distorted antennashape,aswell as distortions
causedby medium inhomogeneities,near—far mismatch, source
spreading, and local scattering. The similar type of performance
degradation can occur when the signal steering vector is known
exactly but the training samplesizeis small.

In this paper, we develop a new approach to robust adaptive
beamforming in the presenceof an arbitrary unknown signal
steering vector mismatch. Our approach is based on the opti-
mization of worst-caseperformance. It turns out that the natural
formulation of this adaptive beamforming problem involves
minimization of a quadratic function subject to infinitely many
nonconvex quadratic constraints. We show that this (originally
intractable) problem can be reformulated in a convexform asthe
so-calledsecond-ordercone(SOC) program and solvedefficiently
(in polynomial time) using the well-established interior point
method. It is also shown that the proposedtechnique can be in-
terpreted in terms of diagonal loading where the optimal value of
the diagonal loading factor is computed basedon the known level
of uncertainty of the signal steeringvector. Computer simulations
with severalfrequently encounteredtypesof signal steeringvector
mismatchesshow better performance of our robust beamformer
ascomparedwith existing adaptive beamforming algorithms.

Index Terms—Optimal diagonal loading, robust adaptive
beamforming, second-ordercone programming, signal mismatch
problem, worst-caseperformance optimization.

|. INTRODUCTION

N recentdecadesadaptivebeamforminghasbeenwidely

usedin wirelesscommunicationsmicrophonearrayspeech
processing,radar, sonar, medical imaging, radio astronomy,
andotherareasA traditionalapproacho thedesignof adaptive
beamformersassumeghat the desiredsignal componentsare
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not presentin training data[1]. In this case,severalrapidly
convergingechniquedavebeendeveloped1]-[5] thatareap-
plicableto problemswith smalltrainingsamplesize.Although
the assumptiorof signal-freetraining snapshotsnay be true
in someareag(suchasradar),therearenumerousapplications
wheretheobservationarealways‘contaminated’by thesignal
component.Such applications,for example,include mobile
communications passivesource location, microphonearray
speectprocessingmedicalimaging,andradioastronomylt is
well knownthatevenin theidealcasewherethesignalsteering
vectoris exactlyknown, the presenceof the signal of interest
in training datacell may dramaticallyreducethe convergence
ratesof adaptivebeamformingalgorithmsascomparedvith the
signal-freetraining datacase[6]. This may causea substantial
degradationof the performanceof adaptive beamforming
techniguesn situationsof smalltraining samplesize.

Whenadaptivearraysare appliedto practicalproblems the
performanceadegradatiorof adaptivebeamformingtechniques
maybecomesvenmorepronouncedhanin theaforementioned
idealcasebecaussomeof underlyingassumptionsntheenvi-
ronment,sourcespr sensomrraycanbe violatedandthis may
causea mismatchbetweenthe nominal (presumedpndactual
signalsteeringvectors Adaptivearraytechniquesreknownto
beverysensitiveevento slightmismatchesf suchtypethatcan
easilyoccurin practicalsituationsasa consequencef look di-
rectionandsignalpointingerrors[7], [8] orimperfectarraycal-
ibrationanddistortedantennashapg9]. Othercommoncauses
of modelmismatchincludearraymanifold mismodelingdueto
sourcewavefrontdistortionsgresultingfrom environmentainho-
mogeneitie$10], [11], near—faproblem[12], sourcespreading
andlocal scattering13]-[16], aswell asothereffects[17]. In
suchcasesrobustapproacheso adaptivebeamformingarere-
quired[17]-[19].

There are several existing approachego robust adaptive
beamforming. The most common is the so-called linearly
constrainedminimum variance (LCMV) beamformerwhich
provides robustnessagainst uncertainty in the signal look
direction. Recently, severalother techniquesaddressingthis
type of mismatchhavebeendevelopedsee[19] andreferences
therein). However, the applicability of these techniquesis
limited by scenarioswith look direction mismatcheonly. If
any othertypesof steeringvectormismatchbecomedominant
(e.g., mismatchesdue to array perturbationsarray manifold
mismodelingwavefrontdistortions,or sourcdocal scattering),
thesemethodscannotbe expectedo provide sufficientrobust-
nessimprovementg17].
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Severabtherapproacheareknownto beableto partly over-
comethe problemof arbitrarysteeringvectormismatchesThe
mostpopularof themare the quadraticallyconstrainecoeam-
former (whoseimplementatioris basedon the so-calleddiag-
onal loading of the samplecovariancematrix [4], [18], [20])
andthe eigenspace-basdreamformer6], [21]. However,the
main shortcomingof the formerapproacthis thatit is not clear
how to obtainthe optimal value of the diagonalloadingfactor
basedon the known level of uncertaintyof the signalsteering
vector,whereaghe latter approachis essentiallyineffective at
low signal-to-noiseatios (SNRs)andwhenthe dimensionof
the signal-plus-interferencsubspaceés high! This, unfortu-
nately, makesit difficult to apply the eigenspace-basdabam-
formerto wirelesscommunicationsvherethe dimensionof the
signal-plus-interferenceubspacemay be uncertainand rela-
tively highdueto theeffectsof signallocal scattering13]—[16].

In this papen(alsose€g[22]-[24]), we developanewpowerful
approachto robustadaptivebeamformingin the presenceof
an arbitraryunknownsteeringvectormismatch.Our approach
is basedon the optimization of worst-caseperformance.lt
turnsout thatthe naturalformulation of this probleminvolves
minimizationof a quadratidfunctionsubjectto infinitely many
nonconvexquadraticconstraintsand thereforeis NP-hard to
solve.Howeverwe showthatthisrobustadaptivebeamforming
problem can be reformulatedas a convexsecond-ordecone
(SOC) program and solved efficiently (in polynomial time)
via the well-establishednterior point method(see[27]-[29]).
This result is somewhatsurprising from the optimization
theory standpointandis basedon a procedurethat transforms
a semi-infinite nonconvex quadratically constrainedhomo-
geneousquadratic minimization problem to a convex SOC
program We showthatour beamformercanbeinterpretecasa
diagonalloadingapproach in which the optimal value of the
diagonalloadingfactoris computechasedon the knownupper
boundon the normof the signalsteeringvectormismatch.

Computersimulationswith severalfrequently encountered
typesof signalsteeringrectormismatcheshowavisible perfor-
mancegain of the proposedbeamformerover othertraditional
androbustadaptivebeamformingechniques.

Ourpapelis organizedasfollows. Somebackgrounaf adap-
tive beamformings presentedh Sectionll, whereseverapop-
ularrobustadaptivdbeamformindechniquesreoverviewedIn
Sectionlll, we first describea newformulationof robustadap-
tive beamformingoasedon the optimizationof worst-caseer-
formance.Then,we establishthe diagonalloadingbasednter-
pretationof our robustadaptivebeamformingproblemandcon-
vertit to a convexSOCproblemthat canbe efficiently solved
usingthewell-establishedhterior point algorithms.SectionlV
presentsour simulationresultswherethe performanceof the
proposedmethodis comparedwith the existing algorithmsin
situationswith differenttypesof the signalsteeringvectormis-
match.SectionV containsour concludingremarks.

1Additionally, this dimensionmustbe exactlyknownin this technique.

2In optimizationtheory,NP-hardproblemsepresenaclassof extremelydif-
ficult problemsthathaveno known polynomial-timesolutions[25].

3very recently, anotherrobustworst-caseoptimization-basedeamformer
(which also belongsto the classof diagonalloading techniques)has been
independenthformulated;see[26].
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Il. BACKGROUND

Theoutputof a narrowbandeamformeis givenby

y(k) = w'z(k)
where is the time index, z(k) = [z1(k),...,zp (k)T €
CcMx1 is the complex vector of array observations,
w = [wy,...,wy]T € CM*L is the complex vector of

beamformemweights, M is the numberof array sensorsand

()T and(-)# standfor thetranspos@ndHermitiantranspose,
respectively. The observation (training snapshot)vector is

givenby

(k) =s(k) + i(k) + n(k)

=s(k)a+i(k) + n(k) Q)

wheres(k), i(k), andn(k) arethedesiredsignal,interference,
and noise componentsrespectively.Here, s(k) is the signal
waveform,anda is thesignalsteeringvector.Theweightvector
canbe found from the maximumof the signal-to-interference-
plus-noiseratio (SINR) [5]

02 H_ |2
SINR = % )
where
Riy,=F {(i(k') +n(k)) (i(k) + n(k'))H} 3)

is the M x M interference-plus-noiseovariancematrix, and
o2 is the signal power. It is easyto find the solution for the
weight vectorby maintaininga distortionlessesponsdoward
thedesiredsignalandminimizing the outputinterference-plus-

noisepower[5]. Hence themaximizationof (2) is equivalento
[5]

'll)H

(4)

From (4), the following well-known solutioncanbe found for
the optimalweightvector([5]:

mui}n w” R ,w subjectto a=1.

Wopt, = @ R Jrln a (5)
wherea = (a,HR,L-_Jrlna)_l is the normalizationconstanthat
doesnot affect the output SINR (2) and, therefore,will be
omittedin theinterestof brevity. The solution(5) is commonly
referredto as the minimum variancedistortionlessresponse
(MVDR) beamformef5], [30].

In practicalapplicationstheexactinterference-plus-noism-
variancematrix R; ,, is unavailableTherefore the sampleco-
variancematrix

| XN
b _ H
R= 7;:1 z(n)z" (n) (6)

is usednsteacbf (3) (se€1]). Here,N isthenumberof training
shapshotgalsotermedhetraining samplesize) In thiscase(4)
shouldbe rewrittenas

,wH

Il:ll‘i]Il w” Rw subjectto a=1. @)
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The solution to this problemis commonlyreferredto asthe
samplematrix inversion(SMI) algorithm,whoseweightvector
(after omitting the immaterial constantae = l/aHRfla) is
givenby [1]

A—1
WsMI — R a.

(8)

Whenthe signalcomponentis presenin the training datacell
(cf. (), the useof the samplecovariancematrix (6) in place
of thetrueinterference-plus-noisgovariancenatrix (3) affects
theperformanceftheSMI algorithmdramatically[6]. It iswell
knownsincethe classicpaper1] thatin the caseof signal-free
training samplesthe use of weight vector (8) providesrapid
convergencef theoutputSINR to its optimal value
SINR,,c = 02 a” R a 9)
so that the averageperformancdossesrelativeto (9) areless
than3 dB if N > 2M. However,thisis no longertrueif the
trainingsnapshotare“contaminated’by thesignalcomponent.
It wasshownin [6] thatin thelattercasethe convergencéo (9)
becomesnuchslowerandgenerallyrequiresN > M.
Anotheressentiashortcomingof the SMI algorithmis that
it doesnot providesufficientrobustnesagainsta mismatchbe-
tweenthe presumedandactualsignalsteeringvectorsa anda.
Here,a denotegheactualsteeringvectorthatcharacterizethe
spatialsignatureof the signal.In the mismatchedtase

a=a+A+a (10)

whereA is anunknowncomplexvectorthatdescribesheeffect
of steeringvectordistortions.As aresult,the SMI beamformer
tendsto “interpret” thesignalcomponenté arrayobservations
as an interferenceand tries to suppresgshesecomponentdy
meanf adaptivenulling insteadof maintainingdistortionless
respons@owarda (see[6] and[17]).

In themismatchedatase(2) and(9) shouldberewrittenas

sinr— 7 1wl 11)
- wHR  ,w
and
SINR,,« = o2 a" R; ! a (12)

respectivelySeverarobustmodificationsof the SMI algorithm
havebeendevelopedo improveits performancen the above-
mentionedcaseswith signal steeringvector mismatchesand
smalltraining samplesize.Oneof the mostpopularrobustap-
proachess the so-calledoadedSMI (LSMI) algorithm,which
is basednthediagonaloadingof thesamplecovariancenatrix
[4], [18]. Theessencef this approachs to replacethe conven-
tional samplecovariancematrix R by the so-calleddiagonally
loadedcovariancematrix

Ru=¢I+R (13)

in the SMI algorithm(8). Here, ¢ is a diagonalloadingfactor,
andI is theidentity matrix. Using (13), we canwrite the LSMI
weightvectorin the following form [4]:

A—1 A
WI,SMI = Rdl a = (fI + R)_la. (14)
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The main problemof the LSMI methodis how to chosethe
diagonalloadingfactor £. Cox et al. [18] proposedo usethe
so-calledvhitenoisegainconstraintto obtainreasonablgalues
of this parameterUnfortunately,it is not clearhowto relatethe
parameter®f the white noisegain constraintandthe level of
uncertaintyof the signalsteeringvector.Furthermoretherela-
tionshipbetweenhediagonaloadingfactorandtheparameters
of thewhitenoisegainconstraints notsimple,andto satisfythis
constrainta multistepiterative procedureas requiredto adjust
thediagonalloadingfactor[18]. Eachstepof thisiterativepro-
ceduranvolvesanupdateof theinverseof thediagonallyloaded
covariancanatrix,andasaresult,thetotal computationatom-
plexity of adaptivebeamformingwith thewhite noisegaincon-
straintmay be higherthanthat of the SMI algorithm.Because
of this, the diagonalloadingfactoris usuallychoserin amore
ad hocway, typically about1002, whereo? is the noisepower
in a singlesensor.

Another popularapproachto robustadaptivebeamforming
in the generalcaseof an arbitrary mismatchis the so-called
eigenspace-basbegamformef6], [21] whosekeyideaisto use,
insteadof the presumedsteeringvectora, the projectionof a
onto the samplesignal-plus-interferenceubspaceThe eigen-
decompositiorof (6) yields

R=EAE? + GTGY

wherethe matrix E € ¢M*(+1) containsthe J + 1 signal-
plus-interferencesubspaceigenvectorsf R, andthediagonal
matrix A € C¢/tUx(J+1) containsthe correspondingigen-
valuesof R. Similarly, thematrix G € ¢M*(=7-1) contains
the M — J — 1 noise-subspaceigenvectoref R, whereaghe
diagonaimatrixI' € C(M—7=1)x(M=J=1) js pyilt from thecor-
respondingeigenvaluesHere, J is the numberof interfering
sourceg(or, mathematicallythe rank of the interferencesub-
space)whichis assumedo beknown.Theweightvectorof the
eigenspace-basdmstamformeis givenby

L1

Weig =R v (15)

where

v=Pga, Pp=EE" (16)
arethe projectedsteeringvectorandthe orthogonalprojection
matrix ontothe signal-plus-interferenceubspacerespectively.
Inserting(16) into (15), thelatterequationcanberewrittenas
Weig = EAT'E"a. (17)
The eigenspace-basdzbamformeris known to be one of the
mostpowerfulrobusttechniquespplicableo arbitrarysteering
vectormismatchcase[21]. However,an essentiashortcoming
of this approachis that it is limited to high SNR casesbe-
causeat low SNR the estimationof the projectionmatrix onto
thesignal-plus-interferenceubspacéreaksdownbecausef a
high probability of subspaceswaps[31], [32]. Moreover,the
eigenspace-basdieamformeris efficient only if the dimen-
sionof the signal-plus-interferenceubspacés low andknown
exactly. This makesit difficult to apply the eigenspace-based
beamformetto wirelesscommunicationsvherethe dimension
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of the signal-plus-interferencsubspacenay be uncertainand
relatively high dueto the effectsof sourcescattering13]-[16].

In this section,we developa new adaptivebeamformethat
is robustagainstan arbitrary signal steeringvector mismatch
and small training samplesize. Our approachs basedon the
worst-cas@erformanceptimization We beginwith theformu-
lation of therobustadaptivebeamformingproblemandthende-
velopaconvexoptimization-base@nplementatiorof ouradap-
tive beamformeusingSOCprogramming.

NEW APPROACHTO ROBUSTBEAMFORMING

A. Formulation

We assumethat in practical applications,the norm of the
steeringvector distortion A can be bounded[33] by some
known constant > 0:

Al <e. (18)
Then,theactualsignalsteeringvectorbelongsto the set
Ale) 2 {clc=a+e, [le] <<} . (19)

Indeed,if e = A, then,accordingto (10), ¢ = a. Sincea can
beanyvectorin (19), weimposea constrainthatfor all vectors

thatbelongto A(¢), the absolutevalué of the arrayresponse

shouldnot be smallerthanone,i.e.,

lwfe|>1  forall ce Afe). (20)
Using (20), therobustformulationof adaptivebeamformercan
bewritten asthefollowing constrainedninimizationproblem:
min w? Rw subjectto [w¢| > 1foralle € A(e).  (21)
Note that (21) representsa modified version of (7). The
main modification of (7) is that instead of requiring fixed
distortionlessresponseoward the single steeringvectora, in
(21), suchdistortionlessresponsdas maintainedby meansof
inequalityconstraints for a continuumof all possiblesteering
vectorsgiven by the set.A(e). Hence,the constraintsin (21)
guaranteghatthedistortionlesgesponsavill be maintainedn

theworstcase i.e., for the particularvectore thatcorresponds

to thesmallestvalueof |w” ¢|. Therefore suchadesignshould
improve the beamformerrobustnessagainstsignal steering
vector mismatcheghat satisfy (18) becausean this case,the
mismatched/ectora belongsto the set.A(e).

For eachchoiceof ¢ € A(e), the condition [wf¢| > 1
represents nonlinearand nonconvexconstrainton w. Since
thereis aninfinite numberof vectorse in A(e), thereis anin-
finite numberof suchconstraintsHence (21) is a semi-infinite

4Notethatthis correspondso amuchmoregeneraklassof mismatcheshan
consideredn [34], wherethe boundson the mismatchvector itself are used
ratherthanthaton the norm of this vector.

SAn importantissuethatis beyondour presentonsideratioris howto control
the phaseof the beamresponseThis issuemay be critical when,for example,
adaptivebeamformindhasto beperformedverfrequencysubbandsvhoseout-
putsmustbe coherentlyintegrated.

6Constraintsin the form of inequality (sometimegeferredto as soft con-
straint9 areusedin otheradaptivebeamformingechniquesswell [35]-[37].
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nonconvexquadraticprogram.It is well known that the gen-
eral nonconvexquadraticallyconstrainedquadraticprogram-
ming problemis NP-hardand, thus, intractable.However,as
we will shownext,dueto the specialstructureof the objective
functionandthe constraintsthe problem(21) canbe reformu-
lated,surprisingly,asa convexSOCprogramand,thus,solved
efficiently (in polynomialtime) via thewell establishedhterior
point method.
Let usfirst convertthesemi-infinitenonconvexconstraintgo

asingleconstrainthatcorrespond$o theworst-caseonstraint
from (20). In particular,(21) canbeequivalentlydescribedcas

min w”? Rw subjecto  min |wfc|>1. (22)
w ceAle)

Accordingto (19), we canrewritethe constrainiof (22) as

min |wa +wfe| > 1
ecD(e)

wherethesetD(¢) is definedas
D(e) 2 {e||lel| < e}

Applying the triangle and Cauchy—Schwarimnequalitiesalong
with theinequality|le|| < e, we havethat

lw”a+w"e| > |w”a| - |w”e| > |w”a| —c|lw|. (23)
Moreover,it is easyto verify that
lwa +we| = |lwa| — ¢||w]| (24)

if ¢ is smallenough(i.e.,if |lw”a| > ¢|lw||) andif

_ W iv
[[]l

where
¢ = angle{w"a} .

Note that we requirethat jw"a| > ¢||w||, as otherwise,the
white noisegain of the robustbeamformemay be insufficient
[18].

Then,combining(23) and(24), we concludethat

min

lwe] = lw'al| - el
CEA(e)

and therefore,the semi-infinite nonconvexquadraticallycon-
strainedproblem(22) canbewritten asthefollowing quadratic
minimizationproblemwith a singlenonlinearconstraint:

win w’Rw  subjecto  |w'a| —¢|w||>1. (25)
Thenonlinearconstrainin (25)is still nonconvexdueto theab-
solutevalue operationon the left-handside. An importantob-
servationis thatthe costfunctionin (25) is unchangedvhenw
undergoesnarbitraryphaseotation.Thereforejf wq is anop-
timal solutionto (25), we canalwaysrotate,without affecting
theobjectivefunctionvalue thephaseof w, sothatw a isreal.

Thus,we can,withoutanylossof generalitychoosaw suchthat

(26)
(27)

Re{wHa} >0
Im {wHa} =0.
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Using this observationand employing (26) and (27) as addi-
tional constraintsthe constraintin (25) canbewritten as

wa > el|w| + 1. (28)

From(28)alongwith (27),it follows thatRe{wa} > 0. Since
the constraint(26) is takeninto accountby (27) and(28), there
is no needto addthis constraintto the minimization problem
(25). Therefore this problemcanbe rewrittenas

n’}li]anRw subjectto wa > e|lw|| + 1

Im {wHa,} =0. (29)
Notethatthe problem(29) hasmuchsimplerformulationthan
(21) andis convex

B. Relationshipto the LSMI Beamformer

To clarify the problem(29) more,notethatthe constraintin
(22) is equivalentto

(30)

min |we| =1
CceA(e)

or, in otherwords, (29) correspondgo maximizationof the
worst-caseoutput SINR. The equivalenceof the equality con-
straint(30) andthe inequality constraintin (22) canbe easily
provedby contradictionasfollows. If theyarenotequivalento
eachother,thenthe minimum of the objectivefunctionin (22)
is achievedwhenx 2 minee 4() [we| > 1. However,re-
placingw with w//x, we candecreas¢he objectivefunction
w¥ Rw by thefactorof x > 1, whereashe constraintin (22)
will bestill satisfied.Thiscontradictgheoriginal statementhat
theobjectivefunctionis minimizedwhenx > 1. Thereforethe
minimum of the objectivefunctionis achievedat x = 1, and
this provesthattheinequalityconstraintin (29) is equivalento
the equality constraintwa = ¢|jw|| + 1. Thereforew a is
real-valuedandpositive,andtheconstrainim {w”a} = 0 can
beignored.Usingthesefacts,we canrewrite the problem(29)
as

2, H

n’}li]anRw subjecto |wfa — 1% = 2wfw. (31)

Thesolutionto (31) canbe foundby minimizing the function

H(w,)\) = w” Rw
H,  H

+22ww — waaw + wa + aw - 1)

where )\ is a Lagrange multiplier. Taking the gradient of
H(w, \) andequatingit to zerogives

R -1
w=—\ (R+ eI — /\aa,H) a.
Applying the matrix inversionlemmato thelatterequationwe
obtain
B A
Xafl (R+ \e2D)la—1
which showsthat the proposedobustbeamformebelongsto
the classof diagonalloadingtechniques.

Note,howeverthatit is noteasyto use(32) directly for com-
putingthe optimal weightvectorbecausét is not clearhow to

(R+ Xe2I)~! (32)
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obtainthe Lagrangemultiplier A in a closedform [26]. There-
fore, to solve (29), an efficient SOC programming-basedp-
proachis developedn the nextsection.

C. SOCImplementation

Thenextstepinvolvesdevelopinga SOCformulationof (29).
Note thatalthoughwe haveshownin the previoussectionthat
theinequalityconstraintin (29) canbereplacedy equality,we
will usethis constraintin its original inequalityform, whichis
suitablefor the SOCimplementation.

Firstof all, we convertthequadratiobjectivefunctionof (29)
to alinearone.Let

R=U"U (33)
bethe Choleskyfactorizationof R. Using(33), we canconvert
the objectivefunction of (29) into

w Rw = ||Uw|?. (34)
Apparentlyminimizing ||Uw|| is equivalento minimizing (34).
Hence,introducinga new scalarnon-negativevariabler anda
new constraint/|Uw|| < 7, we canconvert(29) into the fol-
lowing problem:

minT subjectto [|[Uw| < 7
T, W

ellw| < wfa -1

Im {'wHa,} =0. (35)

To facilitate the solutionof (35), we needto convertit to areal-
valuedform. Introducing

w 2 [Re{w} 7, Im{w}"]"
[Refa}”, Im{a}T]"
[

||l>

a2 [Im{a}”, —Refa}7]"
g & [Re(U} —Im{u}
= |Im{U} Re{U}

we rewrite (35) in termsof real-valuedvectorsandmatricesas
min7  subjectto ||Uw| <t
W

ellw|| <w’a—1

o
w a=0.

(36)

Let usdefine

d £ [1,07]" gREMFDx1
y é [T, ﬁ)T]T ER<2M+1)><1
f é [0T7_170T]T ER(4]\J+3)X1
1 oT
0 U
FT 2 |lo a7 | ep@adM+3)x@M+1)
0 I
0 aT

where0 is thevectorof zerosof aconformabledimensionWith
thesenotations(36) canbefurthertransformedo thefollowing
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canonicabualform? of the SOCprogrammingproblem(which
is equivalentto (8) in [29]):
nbin d"y subjectto

f+ FTy e SOCMT! »x SOCGMH! x {0} (37)
wherey is thevectorof variablesSOG*/ ™! is thesecond-order
coneof the dimension2M + 1, which correspondso the ith
inequalityconstraintin (36) (: = 1,2), and{0} is the so-called

zero conethat determineghe hyperplanedue to the equality
constrainaw’ @ = 0. More specifically

soGM T £ {p, € R*M* | p; > |Ipil}
{0} £ {parsys € R | pansys = 0}

i=1,2

where
AT ~T T
= [pl y P2 7]’4]\1-{-3]

T T
v T Ty T T~
[mu U wTa -1, e, a]

AT
PaMm+3 =W a.

Notethataftersolvingthe optimizationproblem(37), theonly
parametersf interestin thevectorof variableg aregivenby its
subvectomw. Theresultingweightvectorof our robustadaptive
beamformeiis given by
Weob = [, ..., W0ar]" + jldarsn, ..., w2a] 7 (38)

In summarywe convertedthe robustbeamformingproblem
(21) to the canonicalSOC problem (37). Note that although
these problems are mathematicallyequivalent, the original
problem(21) is computationallyintractable whereaghe SOC
problem (37) can be easily solved using standardand highly
efficient interior point methodsoftwaretools, e.g., [29]. For
example, using the primal-dual potential reduction method
[27], thecomplexityof our beamformeis O(M?) periteration
[28], and the algorithm convergestypically in lessthan ten
iterations(a well-known andacceptedact in the optimization
community). Therefore,the overall complexity of our beam-
former is O(M?). This is the sameorder of complexity as
that of the SMI algorithm.However,the SMI algorithmhasa
computationabdvantagen the on-line mode wherethe RLS
algorithmcanbe usedto updatethe SMI beamformemeights
with the computationatomplexity O(M?) per updatingstep.
Theweightvectorof our beamformercannotbe easilyupdated
but hasto be recomputedn eachstep.

7Both dualandprimal forms of SOCprogrammingproblemscanbe alterna-
tively usedwhenapplyingthe SeDuMisoftwareof [29].
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Fig. 1. OutputSINR versustrainingsamplesize V; first example.

IV. SIMULATIONS

In our simulations,we assumea uniform linear array with
M 10 omnidirectionalsensorsspacedhalf a wavelength
apart.For eachscenario,200 simulationruns are usedto ob-
tain eachsimulatedpoint. In all exampleswe assumédwo in-
terfering sourceswith planewavefrontsand the directionsof
arrival (DOAs) 30° and50°, respectivelyln all simulationsthe
interference-to-noiseatio (INR) in a single sensolis equalto
30dB, andthessignalis alwayspresenin thetrainingdatacell.
Fourmethodsarecomparedn termsof themeanoutputSINR:
theproposedobustbeamforme(38),the SMI beamforme(8),
the LSMI beamformei(14) with ad hoc choiceof the diagonal
load? andtheeigenspace-basdédamforme(17). Theoptimal
SINR (12)is alsoshownin all figures.The SeDuMiconvexop-
timization MATLAB toolbox [29] hasbeenusedto compute
the weight vector of our robustbeamformeithat employsthe
constant: = 3 throughoutthe simulations(exceptone simu-
lation in the first example,wheree is varied; seeFig. 3), as-
sumingthat the nominal steeringvectoris normalizedso that
aa = M (= 10). The diagonalloadingfactor¢ = 1002 is
takenin the LSMI beamformerFurthermorediagonalloading
with the sameparameteis appliedto our robusttechniqueas
well butonly in the casewhenthe samplecovariancenatrix is
low rank(i.e.,in thecasewhenN < M).

A. Examplel: ExactlyKnownSignalSteeringvector

In this example,we simulatea scenariowhere the actual
spatialsignatureof the signalis known exactly.Note thateven
in this ideal case the presenceof the signal of interestin the
training data cell may substantiallyreducethe convergence
ratesof adaptivebeamformingalgorithmsas comparedwith
the signal-freetraining datacase|6].

In thisexamplethe plane-wavesignalis assumedo impinge
onthearrayfrom 6, = 3°. Fig. 1 compare$our aforementioned
methodsin termsof the meanoutputarray SINR (11) versus
the numberof training snapshotsvV for thefixed single-sensor

8This beamformeis hereaftereferredio asthe ad hocLSMI technique.
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SNR= —10dB. Fig. 2 displaysthe performancef thesetech- 15
niquesversusthe SNRfor thefixed trainingdatasize N = 30.
Fig. 3 showstheperformancef themethodgestedversus: for 10
N = 100 andSNR= —10dB. Additionally, the beampatterns
of our beamformerandthe ad hoc LSMI algorithmarecom- 51
paredin Fig. 4 for N = 40 andSNR= —10dB. a}
s o
. . . . (%]
B. Example2: SignalLook Direction Mismatch 5
g -5
. . . . =
In theseconcexample ascenariawith thesignallook direc- 3
tion mismatchs consideredWe assumehatboththepresumed  -10g
andactualsignalspatialsignaturesare planewavesimpinging o - - OPTIMAL SINR
from the DOAs 3 and5°, respectivelyThis correspondso a 2° 1sbo T g&?‘;‘%iﬁp‘é%&%f BEAMFORMER
mismatchin the signallook direction. ’/9 -4 - LSMI BEAMFORMER
Fig.5showsheperformancefthemethodgestedriersushe  _,, ‘ -5 EIGENSPACE-BASED BEAMFORMER
numberof training snapshotsV for the fixed SNR= —10 dB. 20 -1 10 R (OB) 0 5

The performanceof thesealgorithmsversusthe SNR for the
fixed trainingdatasize N = 30 is shownin Fig. 6. Fig.6. OutputSINR versusSNR;secondexample.
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Fig. 7. OutputSINR versustraining samplesize V; third example.

C. Example3: SignalSpatial SignatureMismatchDueto
CoherentLocal Scattering

Ourthird examplecorrespondso thescenariovherethe spa-
tial signatureof thedesiredsignalis distortedby local scattering
effects.In thisexamplethepresumedignalspatialsignaturds
aplanewaveimpingingonthearrayfrom 3°, whereagheactual
spatialsignaturds formedby five signalpathsandis givenby

4
a=a+) Vb0, (39)
=1

wherea correspondso thedirectpath,wherea®(6;) (: = 1, 2,
3,4) correspondo thecoherentlyscattereghaths We modelthe
ith pathb(6;) asaaplanewaveimpingingonthearrayfrom the
directiond,. Theparameter$,, i = 1, 2, 3, 4 areindependently
drawnin eachsimulationrun from a uniform randomgenerator
with mean= 3° andstandardieviation= 2°. The parameters
Vi, 1 = 1,2, 3, 4 represenpathphaseghatareindependently
anduniformly drawnfromtheinterval[0, 27] in eachsimulation
run. Notethatf; andy; (: = 1, 2, 3, 4) chang&rom runto run
while remainingfrozen from snapshoto snapshotThis case
correspondso the so-calledcoherentscattering14].

Fig. 7 displaysthe performancef the methodgestedversus
the numberof training snapshotsV for thefixed single-sensor
SNR= —10dB. Notethatthe SNRin this exampleis defined
by takinginto accountall signalpaths.

Theperformancef thesamemethods/ersugshe SNRfor the
fixed trainingdatasize N = 30 is displayedn Fig. 8.

D. Exampled: SignalSpatial SignatureMismatchDueto
IncoherentLocal Scattering

In thisexamplewe assuméncoherentocal scatteringof the
desiredsignal. The signalis assumedo havea time-varying
spatialsignaturethatis differentfor eachdatasnapshotandis
modeledas
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Fig. 8. OutputSINR versusSNR; third example.

wheres; (k) arei.i.d. zero-mearomplexGaussiamandonvari-
ablesindependenthdrawnfrom arandomgeneratorAs in the
previousexample,the DOAs 6;, i = 1, 2, 3, 4 areindepen-
dently drawnin eachsimulationrun from a uniform random
generatowith mean= 3° andstandardeviation= 2°. Note
thatthe DOAs 6; changefrom runto runwhile remainingfixed
from snapshoto snapshotAt the sametime, the randomvari-
abless; (k) changeboth from run to run and from snapshot
to snapshotThis corresponddo the caseof incoherentiocal
scattering[15], wherethe signal covariancematrix R, is no
longerarank-onematrix, and(11) for the outputSINR should
be rewrittenin a moregeneralform [17]

wZR.w
INR= —————. 4
S wi R, ,w (40)
Theratio (40) is maximizedby [17]
wopt = ,P{R;_lnRs} (41)

whereP{-} is the operatorthat computeghe principal eigen-
vectorof amatrix. Notethatsolution(41)is of alittle practical
usebecausé mostapplicationsthematrix R, is unknown,and
no reasonabl@stimateof it is available.

Fig. 9 displaysthe performancef the methodgestedversus
the numberof training snapshotsV with the fixed SNR =
—10 dB. As in the previousexample,the SNR is definedby
takinginto accountall signalpaths.

The performanceof the samemethodsversusthe SNR for
thefixed trainingdatasize N = 30 is displayedn Fig. 10. We
stresghatthe optimal SINR for Figs.9 and10is computecdas

H

wopt

stopt

SINR,p =

H p.
Wopt Iz’L-i-anOPt

wherew, is givenby (41).

E. Example5: Near—FarSignalSpatialSignatureMismatch

In thefifth example we modelthe so-callednear-farspatial
signaturemismatchof the desiredsignal.In this example the
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presumedspatial signatureof the signalis a planewaveim-  phasedistortionsof the desiredsignalwavefront[11], [39]. In

pingingonthearrayfrom thenormaldirection0°, whereasghe  eachsimulation run, eachof thesephasedistortions (which

actualspatialsignaturecorrespondso the sourcelocatedin the  remainsfixed for all snapshots)s independentlydrawnfrom a
nearfield of the antennaat a distanceD? /A = (M — 1)’A\/4  Gaussiamandomgeneratomith varianceequalto 0.04.

from the geometricalcenterof the array, where D = (M — Fig. 13 showsthe performancef the methodstestedversus
1)A/2 is thelengthof arrayaperture’. The sourceis assumed  for thefixed SNR= —10dB. Theperformancef thesetech-

to belocatedon theline which is drawnfrom this geometrical niquesversusthe SNRfor the fixed training datasize N = 30
centerpointin thenormaldirectionto the arrayaperture. is shownin Fig. 14.

The performanceof the methodstestedversusthe number
of training snapshotsV for thefixed SNR= —10dB is shown G. Discussion
in Fig. 11. Fig. 12 showsthe performanceof thesetechniques

. - ) Our simulation figures clearly demonstratehat in all ex-
versusthe SNRfor thefixed trainingdatasize N = 30.

amples,the proposedrobustbeamformerconsistentlyenjoys
the best performanceamong the methods tested. Indeed,
our new method outperformsthe SMI, ad hoc LSMI, and
) o ) eigenspace-basdseamformersachievinga performancehat
In ourlastexamplee simulatethesituationwhenthesignal s consistentlycloseto the optimal SINR for all valuesof SNR.
spatialsignatureis distortedby wave propagatioreffectsin an  TheadhocLSMI algorithmis anothewell-performingmethod
inhomogeneousnedium. We assumeindependent-increment gsjts performances comparablevith thatof our robustbeam-
SFarfield conditionrequireghatthedistancebetweerthesourceandantenna formerin a partof the exampledested.This canbe explained
remainsmuchlargerthan D2/ [38]. by thefact discoveredn Sectionlll thatourbeamformej be-

F. Example6: Signal Spatial SignatureMismatchDueto
WavefrontDistortion
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longsto the classof diagonalloadingtechniquesHowever,our
algorithmperformsbetterthanthe ad hoc LSMI methodin the
fourth exampleat all SNRs(Figs.9 and10) andin the second,
third, fifth, andsixthexamplesathigh SNRs(Figs.6, 8, 12and
14). Note that in theseexamplesthe aforementionegerfor-
mancegainsof our beamformeras comparedwith the ad hoc
LSMI methodcanachieve2 dB. Clearly, this improvementn

performances due to a more properchoice of the diagonal
loadingfactorin our beamformemscomparedvith thead hoc
LSMI beamformer.

The performanceof the SMI and eigenspace-basdukam-
formersis muchworsethanthat of the proposedbeamformer
andthe ad hoc LSMI beamformereitherat high SNRs(asin
the caseof SMI beamformerFigs.2, 6, 8, 12,and14) or atlow
SNRs(asin thecaseof eigenspace-basé@amformerthesame
figures). Moreover,in the fourth example the SMI algorithm
showspoorperformancetall valuesof the SNR (seeFig. 10).

IEEE TRANSACTIONSON SIGNAL PROCESSINGYOL. 51,NO. 2, FEBRUARY 2017

beamformerat low SNRsis causedy the subspaceswapef-
fect[31], [32], whereaghe aforementionegerformancdosses
of the SMI algorithmat high SNRsaredueto thefact thatin-
creasingheamountof thesignalcomponenin thetrainingdata
is known to lead to a substantialdegradatiof? of the output
SINR of SMI-typebeamformer$6]. Furthermorefrom Figs.1,
5,7,9,11,and13, it follows thatthe proposedalgorithmen-
joysmuchfasterconvergenceatethanthe SMI andeigenspace-
basedalgorithms.It is worth noting that evenin the situation
without any steeringvectormismatch(Examplel, Figs.1 and
2),the proposedechniquenassubstantiallybetterperformance
andfasterconvergenceatethanthe SMI andeigenspace-based
beamformers.

Fig. 3 demonstratethatthe proposedeamformeis insensi-
tive to the choiceof the parametek, wheread=ig. 4 showsthat
the beampatternsf the proposedbeamformerand the LSMI
beamformeareverysimilarto eachother.Thiscanbeexplained
by the above-mentionedhct that the proposedbeamformeiis
equivalentto the LSMI beamformemwhosediagonalloading
factoris optimally matchedto the known level of the steering
vectordistortion.

V. CONCLUSIONS

A new adaptivebeamformerwith an improved robustness
againstan arbitrary unknownsignal steeringvector mismatch
has beenproposed.Our techniqueoptimizesthe worst-case
performanceby minimizing the outputinterference-plus-noise
power while maintaining a distortionlessresponsefor the
worst-case (mismatched)signal steering vector. A convex
formulationfor sucha robustadaptivebeamformingproblem
is derivedusing second-ordeconeprogramminglt is shown
thatthe proposeheamformercanbeinterpretedasa diagonal
loading approachwhose optimal diagonal loading factor is
preciselycomputedbasedon the knownlevel of uncertaintyin
the signal steeringvector. Computersimulationswith several
frequently encounteredypes of signal steeringvector mis-
matchshowbetterperformancef the proposeeamformens
comparedwith severalpopularrobustadaptivebeamforming
algorithms.

In additionto the offeredperformancémprovementselative
to existing methods the proposedbeamformerenjoyssimple
implementation.The order of computationalcomplexity of
this algorithmis comparablewith that of the SMI technique.
It can be efficiently implementedusing currently available
convexoptimizationsoftwaretoolboxesbasedn interior point
algorithms.

ACKNOWLEDGMENT

The authorswish to thank the anonymousreviewersfor
their helpful commentsand suggestionswhich led to the
understandingf therelationshipbetweerour beamformeand
the diagonalloadingmethod.

10This degradatioroccursbecausehe signalcomponentcontaminatesthe
trainingobservationgwhichin theidealcasemustcontaintheinterferenceand

Note thatthe performanceéoreakdownof the eigenspace-basednoisecomponentonly).
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