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Abstract—Adaptive filtering based feedback cancellation is
a widespread approach to acoustic feedback control. However,
traditional adaptive filtering algorithms have to be modified in
order to work satisfactorily in a closed-loop scenario. In particular,
the undesired signal correlation between the loudspeaker signal
and the source signal in a closed-loop scenario is one of the major
problems to address when using adaptive filters for feedback
cancellation. Slow convergence speed and limited tracking
capabilities are other important limitations to be considered.
Additionally, computationally expensive algorithms as well as long
delays should be avoided, for instance, in hearing aid applications,
because of power constraints, important to extend battery life,
and real-time implementations requirements, respectively. We
present an algorithm combining good decorrelation properties, by
means of the prediction-error method based signal prewhitening,
fast convergence, good tracking behavior, and low computational
complexity by means of the frequency-domain Kalman filter, and
low delay by means of a partitioned-block implementation.
Index Terms—Adaptive feedback cancellation (AFC), acoustic feedback control, frequency-domain adaptive filter (FDAF),
Kalman filter, prediction-error method (PEM).

I. INTRODUCTION
COUSTIC feedback control is of critical importance in
several systems dealing with acoustic signals, such as public address (PA) systems and HAs. A lack of acoustic feedback
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Fig. 1.

General AFC scenario.

control can lead to system instabilities causing annoying artifacts and sound degradation. Mainly in the last three decades,
several methods have been developed to cope with the problem
of acoustic feedback [1]. An important class of such methods is characterized by the use of adaptive filters and, more
specifically, by the use of the adaptive filters to model the unknown feedback path. adaptive feedback cancellation (AFC) is
the usual name by which these methods are identified. An illustration of a typical acoustic feedback scenario including an
AFC approach is shown in Fig. 1; the adaptive filter F̂ (q, t)
represents the estimated feedback path model which should,
ideally, perfectly match the true feedback path Ft (q, t), in order
to reduce the feedback artifact. F̂ (q, t) and Ft (q, t) are assumed
linear and possibly time-varying and will be further defined in
Section II. Here, t is the discrete time index and q −1 is the delay operator, i.e., q −k u(t) = u(t − k), which allows a compact
definition of the different TFs and will be used throughout the
paper. The nature of the problem can be seen by noticing that
the microphone signal y(t) is not only composed of the source
signal v(t), i.e., the desired signal to be amplified and sent to
the loudspeaker, but also of the undesired interference x(t),
originating from the presence of the acoustic feedback, i.e.,
y(t) = x(t) + v(t). A similar situation also characterizes the
standard acoustic echo scenario; what differentiates the acoustic feedback scenario from the acoustic echo scenario is the
presence of the forward path transfer function G(q, t), turning
the system into a closed-loop system, and introducing a signal
correlation between the loudspeaker signal u(t) and the source
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signal v(t). This correlation makes the estimation of the feedback path more problematic than in the acoustic echo scenario
and, as a consequence, employing a standard adaptive filtering
algorithm, e. g. the normalized least mean squares (NLMS),
returns a biased estimate of Ft (q, t) [2], [3], thus limiting the
cancellation properties of F̂ (q, t). Additionally, system instabilities can be induced by the closed-loop, leading to a series
of acoustic artifacts such as howling. In order to reduce these
problems and obtain a reliable estimate, a procedure for decorrelating v(t) and u(t) should be included.
Different approaches have been proposed in the literature to
reduce the signal correlation in the acoustic feedback scenario,
and thus produce better estimates of the feedback path transfer function (TF), such as the introduction of an external probe
noise [4], [5], modifications of the forward path TF by means
of nonlinear processing [6], [7], time-varying processing [6],
[8] and added delays [9], two-microphones strategies [10], and,
more recently, the use of a prewhitening filter used for decorrelation [11]–[15]. The latter approach relies on the use of an
appropriate model for the disturbance of the identification procedure which, in the AFC context, is represented by the source
signal v(t).
The prewhitening filter-based AFC has been shown to be
advantageous since it provides limited perceptual distortions,
unlike the other aforementioned approaches [1], [16]. However,
the need for a source signal model introduces a new challenge
from the identification point of view, since the unknown source
signal v(t) is usually a nonstationary speech or audio signal.
Nonstationarity implies that the source signal model for v(t)
must be concurrently estimated alongside the estimation of the
feedback path model. Therefore, the identifiability conditionss
(ICs) of the system, which now counts two models to be identified, are inevitably changed [3], [17].
The application of the prediction-error method (PEM) to
prewhitening filter-based AFC has been widely studied [3],
[17]–[21], resulting in several different algorithms, e. g. the
PEM-based adaptive filtering with row operations (PEMAFROW), as well as interesting results regarding model identifiability. In the time-invariant case, with a true source signal
generation system Ht (q) defined by an autoregressive (AR)
process with a white noise excitation signal e(t), see Fig. 2,
Spriet et al. [3] have proved that identifiability can be achieved
if sufficient delay is included in the forward path or in the feedback cancellation path, as well as if a time-varying or nonlinear
processing forward path TF is considered. This identifiability
analysis has subsequently been extended to a wider range of
source signal models [17].
The AFC has been also formulated in the frequency domain, i.e., as a frequency-domain adaptive filter (FDAF), and
combined with a time-domain prewhitening filter, i.e., the PEMbased frequency-domain adaptive filter (PEM-FDAF) [19], [22].
More recently, a PEM-based prewhitening filter has been used
in combination with a frequency-domain Kalman filter (FDKF)
applied to a state-space structure, leading to the so-called PEMbased frequency-domain Kalman filter (PEM-FDKF) [18], to
achieve better convergence and tracking properties compared to
the PEM-FDAF [22], [23]. An advantage of the PEM-FDKF

Fig. 2.
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Complete AFC algorithm with prediction-error method (PEM) stage.

is the inherent optimal choice of the step-size parameter [24]
which usually needs to be fixed as design parameter of the
PEM-FDAF algorithm or adaptively estimated using variable
step-size algorithms [14], [23], [25].
In this paper, we provide the complete derivation of the
PEM-FDKF algorithm, which was not included in [18], together with a complexity analysis and a study of the ICs for
the closed-loop identification. Additionally, we propose an extension of the PEM-FDKF by means of a partitioned-block
(PB) frequency-domain implementation, referred to as the PEMbased partitioned-block frequency-domain Kalman filter (PEMPBFDKF), allowing to reduce the algorithmic delay, as needed
in, e. g., hearing aid (HA) applications. The paper is organized as
follows. In Section II, we review the PEM for direct closed-loop
system identification. In Section III, we introduce the PEMFDKF, providing a complete derivation of the algorithm. In
Section IV, we study the ICs, allowing to obtain a unique and
unbiased model estimate for both the feedback path and the
source signal generation system. In Section V, we present the
extension of the PEM-FDKF relying on partitioned-block (PB)
processing, the PEM-PBFDKF. In Section VI, we provide a
computational complexity and memory requirements comparison of the proposed algorithms. In Section VII, we illustrate
the performance of the proposed algorithms in terms of convergence speed, added stability and sound quality by means
of simulation results. Finally, the conclusions are drawn in
Section VIII.
II. PREDICTION ERROR METHOD IDENTIFICATION
The PEM is widely used in direct closed-loop system identification [2], [3]. For the case illustrated in Fig. 2, the PEM can
be used to provide a direct closed-loop identification [2], [26] of
both the true feedback path Ft (q, t) and the true source signal
generation system Ht (q, t). Throughout the paper, we use the
following notation system: a symbol with the subscript t refers
to the true system, a regular symbol refers to the model, and a
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symbol with a hat refers to the model estimate; e. g., Ft (q, t) is
the true feedback path, F (q, t) is the feedback path model, and
F̂ (q, t) is the feedback path model estimate.
Assuming F (q, t) and H(q, t) to be parametric difference
equation models, and defining a new model J(q, t) satisfying
the equation J(q, t)H(q, t) = 1 for later use, we introduce the
parameter vectors θ(t), f (t), and j(t):
θ(t) = [f T (t) jT (t)]T
f (t) = [f0 (t)

f1 (t)

j(t) = [1 j1 (t)

(1)
...

fn F −1 (t)]T

jn J −1 (t)]T ,

...

(2)
(3)

where nθ = nF + nJ . Assuming the true system is contained
in the model set [26], the true system can be described using the
true values of f (t), i.e., ft (t), as

(4a)
Ft (q, t) = F (q, t)f (t)=f t (t)
= ft,0 (t) + ft,1 (t)q −1 + . . . + ft,n F −1 (t)q −n F +1
(4b)
and thus
y(t) = Ft (q, t)u(t) + Ht (q, t)e(t).

(5)

Similarly to (4), the true value of j(t), i.e., jt (t), can be used to
write Jt (q, t) = J(q, t)j(t)=j t (t) , with Jt (q, t)Ht (q, t) = 1.
We can now define the prediction error (PE) using the onestep ahead predictor for y(t), ȳ[t|f (t), j(t)], as
ε[t, θ(t)] = y(t) − ȳ[t|θ(t)]

(6a)

= J(q, t) [y(t) − F (q, t)u(t)] ,

(6b)

and find the true values of the parameter vectors f (t) and j(t),
by minimizing the variance of the PE
min
θ(t)

E{ε2 [t, θ(t)]},

(7)

where E{·} denotes statistical expectation and the measured
ε[t, θ(t)] is considered to be a realization of the PE, deriving
from a realization of the white noise excitation e(t), being the
only random variable in this scenario.
The ICs, i.e., the conditions that allow to uniquely estimate
Ft (q, t) and Jt (q, t), have been derived in literature [3] by converting the nonlinear PEM cost function (7) into a linear cost
function, by means of the transformation:
A(q, t) = J(q, t)

(8)

B(q, t) = −J(q, t)F (q, t)

(9)

with A(q, t) and B(q, t) parameterized by
ξ(t) = [aT (t)

bT (t)]T

a(t) = [1 a1 (t)

...

(10)
an A (t)]T

(11)

bn B (t)]T ,

(12)

ε[t, ξ(t)] = A(q, t)y(t) + B(q, t)u(t).

(13)

b(t) = [b0 (t)

b1 (t)

...

allowing to rewrite (6b) as

and (7) as the constrained optimization problem
min

E{ε2 [t, ξ(t)]}

(14a)

subject to

A(q, t) is a divisor of B(q, t),

(14b)

ξ(t)

where the constraint follows from (8) and (9). The first tap
parameter of A(q, t) is always set to 1, i.e., A(q, t) = 1 +
q −1 Ā(q, t), in order to avoid the trivial solution A(q, t) =
B(q, t) = 0 in (14). The PE definition in (13) is used in the
first part of Section IV, where we provide the ICs for the optimization problem leading to the proposed PEM-FDKF. Unlike
in the derivation in [3], here A(q, t) and B(q, t) are considered
to be time-varying quantities. Later in Section IV, we use again
the PE definition in (6b) from the derivation [it will also be clear
that the constraint (14b) may be removed] as the solution of
(14a) alone satisfies the constraint (14b) and hence the solution
of (14a) is also equal to the solution of (7).
In the next section, describing the algorithmic derivation of
the PEM-FDKF, we also use (6b) to describe ε[t, θ(t)]. Following the PEM, the optimization in (7), w.r.t. f (t) and j(t),
is carried out in an alternating fashion [21], i.e., estimating, at
each iteration, in a first step the coefficients of J(q, t) with fixed
estimates for F (q, t) and in a second step the coefficients of
F (q, t) with fixed estimates for J(q, t).
III. THE PEM-BASED FREQUENCY DOMAIN KALMAN FILTER
(PEM-FDKF)
The PEM-FDKF algorithm [18] is an extension of the
algorithm proposed by Enzner and Vary [24] for acoustic echo
cancellation (AEC). It relies on a dynamical model for the feedback path and a model for the recorded microphone signal to
define a state-space representation to which the Kalman filter
procedure can be applied. The simple frequency-domain dynamical model chosen for the feedback path employs a firstorder Markov model as an abstraction of the true feedback path
dynamics. Similar models have also been proposed in the timedomain [27]–[29]; however, the use of a block-wise procedure
has an impact on the calculation of the model time constant. The
main change introduced to the algorithm by Enzner and Vary
consists of the decorrelation stage, by means of a PEM-based
prewhitening filter already seen in the PEM-FDAF [23], [30],
[31]. In this way, the frequency-domain Kalman filter (FDKF)
framework can be successfully applied to AFC, leading to the
PEM-FDKF.
The two main advantages of a frequency-domain approach
are the lower computational complexity and the good decorrelation properties of the discrete Fourier transform (DFT) [19],
[32], [33]. In HA applications, where short filters are usually employed, the computational complexity advantage is smaller than
in PA applications, but it can be still relevant, as we will show
in Section VI, especially if the DFT calculations are shared by
other processing stages of the HA. In addition to these two advantages, the formulation of the problem based on a state-space
representation allows to optimally estimate the FDAF stepsize
as part of the Kalman filter procedure [24], [34], leading to a
significantly improved convergence [18].

BERNARDI et al.: AFC USING A PARTITIONED-BLOCK FREQUENCY-DOMAIN KALMAN FILTER APPROACH

It should be emphasized that this approach employs the implicit assumption that Ft (q, t) and Ht (q, t) are slowly timevarying [with Ft (q, t) varying more slowly than Ht (q, t)], since
these are modeled by F (q, κ) and H(q, κ), where κ ∈ Z is the
time frame index, which hence can only vary at the frame rate
[24], [35]. Therefore, we will assume time invariance of Ft (q, t)
and Ht (q, t) over each frame, i.e., effectively over each frame
shift of R samples, and use the notation Ft (q, κ) and Ht (q, κ).
Similarly, Jt (q, κ) is defined such that Jt (q, κ)Ht (q, κ) = 1.
The discrete frequency index l will be used, together with
the frame index κ, to describe the time-frequency components
of the different variables. The first introduced variable is the
M -samples loudspeaker signal for frame κ,
u(κ) = [u(κR − M + 1)

u(κR)]T ,

...

(15)

where R denotes the frame shift.
Assuming the true value Jt (q, κ) to be available, the prefiltered version of the loudspeaker signal for frame κ is
uJ t (κ) = [Jt (q, κ)u(κR − M + 1) . . . Jt (q, κ)u(κR)]T
= [uJ t (κR − M + 1)

...

uJ t (κR)]T .

(16)

The frequency-domain version of the prefiltered loudspeaker
signal is then given in matrix form as
UJ t (κ) = diag {FM uJ t (κ)} ,

(17)

where FM is the unitary DFT matrix of size M × M , i.e.,
H
F−1
M = FM , and the diag{·} operator either maps an M × 1
vector to the diagonal of an M × M diagonal matrix, or maps
an M × M matrix to the M × 1 vector given by its diagonal.
The dimension parameters R and M should be chosen properly, taking into consideration the length of the true feedback
path or an estimate thereof. A common choice is R = nF̂ (assuming nF̂ = nF ) and M = 2R [23], [32]; if the algorithmic
delay, equal to 2R − 1, is not acceptable, a PB solution (also
known as multidelay filter) [22], [33], [37] can be chosen, see
Section V.
With R = nF̂ , the frequency-domain version of the true feedback path parameter vector ft (κ) is
Ft (κ) = G10
M × R FR ft (κ)
01
= FM WM
× R ft (κ).

(18a)
(18b)

01
The rectangular matrices G10
M × R and WM × R are used to obtain the M × 1 frequency-domain version of the R × 1 vector
ft (κ). The smaller of the two matrix dimensions R always indicates the dimension of the identity matrix IR × R appearing in the
matrix definitions. The simplified definitions of these matrices,
considering the standard case M = 2R, are shown in Table I
along with the other matrices needed to compactly describe
the algorithm in the frequency-domain as defined by Benesty
et al. [36]. Despite the two classes of definitions for frequencydomain quantities, e. g. using (18a) or (18b), we will only use
the class of definitions including the linearization matrices G···× ·
in the rest of the paper.
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Finally, we introduce the R-samples prefiltered microphone
signal and the source excitation signal for frame κ, i.e.,
yJ t (κ) = [Jt (q, κ)y(κR − R + 1) . . . Jt (q, κ)y(κR)]T
= [yJ t (κR − R + 1) . . . yJ t (κR)]T
e(κ) = [e(κR − R + 1) . . . e(κR)]T ,

(19)
(20)

and their frequency-domain versions:
H
YJ t (κ) = (G01
R × M ) FR yJ t (κ)

(21)

H
E(κ) = (G01
R × M ) FR e(κ).

(22)

The quantities introduced so far can be combined into a statespace representation using the frequency-domain Markov model
for the feedback path Ft (κ) as a state equation and the linear
model for the frequency-domain prefiltered microphone signal
YJ t (κ) as a measurement equation:
Ft (κ + 1) = αt Ft (κ) + Nt (κ)
YJ t (κ) = CJ t (κ)Ft (κ) + E(κ)

(23a)
(23b)

where CJ t (κ) = G01
M × M UJ t (κ) includes the linear transformation to be applied to UJ t (κ) to linearize the circular convolution between uJ t (κ) and ft (κ), cf. Table I, Nt (κ) is the
process noise describing the unpredictability of the feedback
path dynamics and αt is the transition factor accounting for
the time-variability of the feedback path [24]. The total number of linear convolution samples resulting from the circular
convolution, given the chosen signal dimension parameters, is
M − R + 1 = R + 1 [32]. However, we retain only R samples
to match the frame shift and simplify the notation, as commonly
done in the literature [24], [32], [36], [38].
Assuming Jt (q, κ) is indeed available, the use of prefiltered
variables in (23b) guarantees the decorrelation between the
prefiltered loudspeaker signal uJ t (κ) and the source excitation signal e(κ) in the measurement equation, thus achieving
the necessary requirements to employ a Kalman filter for the
estimation of Ft (κ). The linear minimum mean-square error
(MMSE) estimate of the state vector Ft (κ) corresponds to the
solution of a Bayesian optimization problem [39, ch. 13], and
is given by the well-known set of equations referred to as the
(block) Kalman filter:

−1
H
K(κ) = P(κ)CH
J t (κ) CJ t (κ)P(κ)CJ t (κ) + ΨEE (κ)
(24a)
F̂+ (κ) = F̂(κ) + K(κ)[YJ t (κ) − CJ t (κ)F̂(κ)]

(24b)

P+ (κ) = [IM × M − K(κ)CJ t (κ)] P(κ)

(24c)

F̂(κ + 1) = αt · F̂+ (κ)

(24d)

P(κ + 1) = αt2 · P+ (κ) + ΨN t N t (κ),

(24e)

where K(κ) is the frequency-domain Kalman gain, the superscript + indicates a posteriori estimates and, finally, ΨEE (κ)
and ΨN t N t (κ) are the covariance matrices of E(κ) and Nt (κ)
[24], [35], respectively, assumed to be known.
For implementation purposes, we drop some of the assumptions initially made for the state space model, similarly to what
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TABLE I
DEFINITIONS OF THE CONSTRAINT AND LINEARIZATION MATRICES USED IN THE PAPER, AS DEFINED IN BENESTY et al. [36]
Constraint rectangular matrix
01
WR
×M =

01
WM
×R =




0R × R
IR × R
0R × R

IR × R



Constraint square matrix



01
WM
×M =

01
WM
×M =




Linearization rectangular matrix

0R × R
0R × R

0R × R
IR × R

IR × R
0R × R

0R × R
0R × R




−1
01
G 0R1× M = F R W R
× M FM

−1
01
G 1M0 × R = F M W M
× R FR

Linearization square matrix
G 0M1 × M

= (G 0R1× M )H G 0R1× M
−1
01
= FM W M
× M FM

G 1M0 × M = G 1M0 × R (G 1M0 × R )H
−1
01
= FM W M
× M FM

is done in the PEM-FDAF in order to carry out the optimization
in an alternating fashion [22]:
1) The prefiltering operation is performed by means of the
ˆ κ), instead of the true Jt (q, κ); therefore,
estimated J(q,
the prefiltered variables will be, from now on, indicated
using the subscript Ĵ , instead of J t . Following a common
assumption found in literature [22], [40], [41], the system Ht (q, κ) generating the source signal v(t) is assumed
to be time-varying, monic, inversely stable, and AR. The
Jt (q, κ) is then estimated as the linear prediction filter
for the time-domain error signal frame, i.e., d[κ|f̂ (κ)] =

T
d[κR − R + 1|f̂ (κ)] . . . d[κR|f̂ (κ)]
at the current

estimated using the procedures described in [35], [38],
[43], assuming that the feedback path is slowly time
varying.
3) Given the assumed low correlation between different frequency components of the estimation error [24], the matrix P(κ) is a nearly diagonal matrix; the diagonalilty is
enforced by initalizing P(0) ∝ IM × M .
The last three approximations are used to write the following
simplified expressions:

and the previous frame, i.e., [dT [κ|f̂ (κ)] dT [κ −
1|f̂ (κ − 1)]]T , using the Levinson-Durbin algorithm [42,
pp. 254-264] and represented by ĵ(κ).
2) The use of estimated prewhitening filter parameters motivates the replacement of [YJ t (κ) − CJ t (κ)F̂(κ)] in (24b)
by the frequency-domain PE frame E[κ, Θ̂(κ)], related to
the time-domain PE frame ε[κ, θ̂(κ)] via

T
ε[κ, θ̂(κ)] = ε[κR − R + 1, θ̂(κ)] . . . ε[κR, θ̂(κ)]

(28)

(25)
H
E[κ, Θ̂(κ)] = (G01
R × M ) FR ε[κ, θ̂(κ)]

(26)

with Θ̂(κ) containing the frequency-domain versions of
f̂ (κ) and ĵ(κ) [cf. (46) to (50)]. Furthermore, we add
the linearization constraint G10
M × M (cf. Table I) in (24b)
[cf. (31b)], similarly to what is done in the FDAF, given
the improved sound quality provided by a constrained
FDAF version [32]. Naturally, such a constraint causes a
computational complexity increase.
Additionally, we use the approximations introduced by
Enzner and Vary [24], in order to address both the problem of
high computational complexity and the possible ill-posedness
of the solution, via diagonal operations, as follows:
1) The linearization square matrix G01
M × M in the definition
of CĴ (κ) is approximated by a diagonal matrix, allowing
to write G01
M × M ≈ (R/M )IM × M and, less intuitively,
01
H
Δ(G
G01
M ×M
M × M ) ≈ (R/M )Δ, if Δ is a diagonal
matrix [36, ch. 8].
2) The covariance matrices ΨEE (κ) and ΨN t N t (κ) are
replaced by the estimates ΨÊ Ê (κ) and ΨN̂ N̂ (κ), respectively, which are assumed to be diagonal [24]. These
are related to the corresponding time-varying power
spectral densities ΦÊ Ê (κ) and ΦN̂ N̂ (κ), adaptively

R
· UĴ (κ)
M
R
· UĴ (κ)P(κ)UH
(κ) ≈
(κ)
CĴ (κ)P(κ)CH
Ĵ
Ĵ
M
CĴ (κ) ≈

(27)

ΨÊ Ê (κ) ≈ R · diag{ΦÊ Ê (κ)}

(29)

ΨN̂ N̂ (κ) ≈ M · diag{ΦN̂ N̂ (κ)}.

(30)

With the approximations discussed so far, the complete set of
equations describing the PEM-FDKF update is as follows:

K(κ) = P(κ)UH
(κ) UĴ (κ)P(κ)UH
(κ)
Ĵ
Ĵ
−1
+ M · diag{ΦÊ Ê (κ)}
(31a)
F̂+ (κ) = F̂(κ) + G10
M × M K(κ)E[κ, Θ̂(κ)]


R
K(κ)UĴ (κ) P(κ)
P+ (κ) = IM × M −
M

(31b)
(31c)

F̂(κ + 1) = α · F̂+ (κ)

(31d)

P(κ + 1) = α2 · P+ (κ) + M · diag{ΦN̂ N̂ (κ)}.

(31e)

IV. PEM-FDKF IDENTIFIABILITY CONDITIONS
The ICs for the optimization problem solved by the PEMFDKF will be derived in three steps, as follows.
The first step, providing ICs for (7) and (14), is similar to
the derivation in [3], but now introducing time variability in the
signal models. The following expressions for y(t) and u(t) hold
(cf. Fig. 2):
y(t) = Ft (q, t)u(t) + v(t)


u(t) = G(q) y(t) − F̂ (q, t)u(t) ,

(32)
(33)

where G(q) = q −d G Ḡ(q) and dG ≥ 1, i.e., the forward path has
to have at least a one-sample delay to avoid a delay-less loop.
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Using (32) and (33), the PE in (13) can be rewritten as
ε[t, ξ(t)] = A(q, t)v(t) + [A(q, t)Ft (q, t) + B(q, t)] × u(t)
= A(q, t)v(t) + [A(q, t)Ft (q, t) + B(q, t)]


× q −d G Ḡ(q) y(t) − F̂ (q, t)u(t) .

(34)

The PE ε[t, ξ(t)] can be expressed as a function of v(t) only,
by using (32) and (33) repeatedly, in (34), i.e.,
ε[t, ξ(t)] = A(q, t)v(t) + Z(q, t)Ḡ(q)v(t − dG )
∞

−1

Fr (q, t − idG )

Ḡ (q)

+ Z(q, t)
=2

i=1

× v(t − dG )

(35)

where
Fr (q, t) = Ft (q, t) − F̂ (q, t)

(36)

Z(q, t) = A(q, t)Ft (q, t) + B(q, t).

(37)

As is done for the time-invariant case in [3], we consider the
sufficient order condition for A(q, t) and B(q, t), i.e., nA ≥ nJ
and nB ≥ nJ + nF − 1, and the causality of Ḡ(q), Ft (q, t),
Jt (q, t) and F̂ (q, t) and study the conditions under which the
minimization in (14a) leads to the unique solution
A(q, t) = Jt (q, t)

(38)

B(q, t) = −Jt (q, t)Ft (q, t).

(39)

This solution satisfies (14b), hence making this constraint indeed
redundant.
The unique desired solution can be derived if at least one of
the following conditions, similar to the conditions found in the
time-invariant case [3], is fulfilled:
C1: The forward path delay dG satisfies dG ≥ nA ;
C2: The cancellation path delay dF , where B(q, t) =
q −d F B̄(q, t) and hence Ft (q, t) = q −d F F̄t (q, t), satisfies dG + dF ≥ nA ;
C3: The TF Ḡ(q) is nonlinear.
The proofs resemble those in [3], with the difference that
the assumed time variability of the signal models does not allow to compactly rewrite (35). Specifically, the first condition,
C1, turns the minimization in (14) into a linear prediction of
v(t), i.e., A(q, t) = Jt (q, t), given that a0 (t) = 1. Additionally,
since nA ≥ nJ , the equation Z(q, t) = 0 must hold, leading
to B(q, t) = −Jt (q, t)Ft (q, t). The second condition, C2, can
be proved similarly, by including B(q, t) = q −d F B̄(q, t), and
hence Ft (q, t) = q −d F F̄t (q, t), in (35), i.e.,


ε[t, ξ(t)] = A(q, t)v(t) + q −d G −d F A(q, t)F̄t (q, t) + B̄(q, t)


× Ḡ(q) y(t) − F̂ (q, t)u(t) .
(40)
If dG + dF ≥ nA , the unique solution of (40) is given by (38)
and (39). The last condition, C3, can be understood considering
that a nonlinear Ḡ(q) introduces additional decorrelation between the first and the other terms in (35), thus decoupling these
terms in the minimization of (7). Such decoupled minimization

1789

yields, again, the values of A(q, t) and B(q, t) in (38) and (39).
Following these results, which hold for any time-varying behavior of Jt (q, t) and Ft (q, t) fulfilling the initial assumptions
as well as the ICs, we can go back to the simplified notation
of the unconstrained optimization problem in (7), parameterized in θ(t). Under the same ICs, the minimization in (7) then
leads to the solution J(q, t) = Jt (q, t) and F (q, t) = Ft (q, t)
[the equivalent of (38) and (39)].
The second step describes the transition from the current optimization problem (7) to a new optimization problem including
the specific model (23), for which then the Kalman filter (alternating with the Levinson-Durbin algorithm) is seen to provide a
suitable algorithm, and derive the ICs for this new optimization
problem. We start by expressing (7) as a length-R frame-based
expression, through the frame index κ. Assuming time invariance of Ft (q, t) and Ht (q, t) over each frame, the sample-based
estimation of the parameter vector θ(t) is replaced by the framebased estimation of the parameter vector θ(κ), found by solving
at each κ
min
θ(κ)

E{ε[κ, θ(κ)]2ζ −1 (κ) },

(41)

√
where zW = zH Wz = W1/2 z 2 is the weighted norm
of z induced by the positive definite matrix W, and ζ −1 (κ) =
ζ −1 (κ)IR × R will be used to compensate for power variations
in the excitation signal e(κ). ε[κ, θ(κ)] is the length-R PE
frame obtained from (6b) assuming the parameter vector θ(κ)
is constant in t = κR − R + 1, . . . , κR. Under the same timeinvariance assumption, it has been pointed out in [32] that
minimizing the frame-based cost function vs. the sample-based
cost function leads to the same mean-square error performance;
therefore, the same ICs hold for the (41) and (7).
We now assume a frame-based state-space model for the
true system using a simple Markov model to describe the state
(i.e., the true feedback path) dynamics [12], and the linear model
for the time-domain prefiltered microphone signal frame yJ t (t)
as the measurement equation:
ft (κ + 1) = αt ft (κ) + nt (κ)
yJ t (κ) = Ft (q, κ)uJ t (κ) + e(κ),

(42a)
(42b)

cf. (16), (19) and (20), and we describe the random variables of (42) as nt (κ) ∼ N (0, Λt (κ)), e(κ) ∼ N (0, Σt (κ))
and ft (0) ∼ N (μf t (0) , Πt (0)), where N (·, ·) indicates a normal distribution with specified mean and covariance.
The Kalman filter corresponding to the state-space model (42)
effectively solves the optimization problem [44]–[46]
min

{f (n ), n(n )}κn = 0

1
f (0) − μf t (0)
2

2
Π −1
t (0)

κ−1

+

1
n(n)2Λ −1
t (n )
2 n =0

+

1
ε[n, θ(n)]2Σ −1
t (n )
2 n =0

(43a)

f (n + 1) = αt f (n) + n(n).

(43b)

κ

subject to
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This formulation combines the different optimization problems in (41) for successive frames n = 0, . . . , κ into a single
optimization framework, with the constraint (43b) defining the
time evolution of f (n), and three terms characterizing the cost
function:
1) A regularization term depending on f (0) and on the ma
T

trix Πt (0) = E{ f (0) − μf t (0) f (0) − μf t (0) }, with
μf t (0) an initial guess of the initial state f (0);
2) A term depending on the unknown state noise process
n(n), with n(n) being a new variable to optimize, and on
Λt (n) = E{n(n)n(n)T };
3) A term depending on the PE ε[n, θ(n)], similar to the
term in (41), where the expectation on the single frame is
replaced by a summation over the different frames, and
ζ −1 (κ) in (41) is replaced by the matrix Σt (n) [44], [47].
With (43) effectively f (n) is estimated under the assumption
that j(n) is known [as j(n) is included in θ(n) in the third
term of (43a)]. If j(n) = jt (n), then the Kalman filter (subject
to technical full-rank conditions) provides the unique MMSE
estimate of ft (κ), which itself (subject to the above ICs) is
included in the unique minimizer of the third term of (43a) with
the expectation reintroduced.
When the Kalman Filter operations [to estimate f (n)] are alternated with the Levinson-Durbin algorithm [to estimate j(n)],
as in Section III, the optimization problem that is effectively
solved is
1
2
f (0) − μf t (0) Π −1 (0)
min κ
t
2
{θ(n ), n(n )}n = 0
κ−1

+

1
n(n)2Λ −1
t (n )
2 n =0

+

1
ε[n, θ(n)]2Σ −1
t (n )
2 n =0

(44a)

f (n + 1) = αt f (n) + n(n).

(44b)

The alternation minimization then provides a (possibly subT
optimal) estimate of θ t (κ) = [ftT (κ) jT
t (κ)] , which itself (subject to the above ICs) is included in the unique minimizer of
the third term of (44a) with the expectation reintroduced. If
the Kalman filter is applied with j(n) = jt (n), then (subject to
technical full-rank conditions) it provides the unique MMSE
estimate of ft (κ). Similarly, if the Levinson-Durbin algorithm
is applied with f (n) = ft (n) it provides the unique MMSE estimate of jt (κ).
The third step is that of formulating the optimization problem
in the frequency domain, i.e.,
min

{Θ (n ),N (n )}κn = 0

1
F(0) − μF t (0)
2

2
P −1
t (0)

κ−1

+

1
N(n)2L −1
t (n )
2 n =0

+

1
E[n, Θ(n)]2S −1
t (n )
2 n =0

κ

subject to

F(n + 1) = αt F(n) + N(n).

10
H
f (n) = F−1
R (GM × R ) F(n)

F(n) = G10
M × R FR f (n)
10
H
j(n) = F−1
n J (GM × n J ) J(n)

(46)
(47)
(48)

J(n) = G10
M × n J Fn J j(n)

(49)

Θ(n) = [FT (n)

(50)

JT (n)]T

10
H
n(n) = F−1
R (GM × R ) N(n),

N(n) = G10
M × R FR n(n).

(51)
(52)

Here we have assumed that f (n), j(n) and n(n) have lengths R,
nJ and R, respectively, while all the frequency-domain variables
have length M .
In addition to the transformations (47), (49) and (52), the four
steps necessary to rewrite (45) as (44) are the following:
1) The frequency-domain and time-domain feedback path
model and process noise are related via (47) and (52);
substituting (47) and (52) in (45b) and premultiplying
10
H
with F−1
R (GM × R ) leads to (44b).
2) The first term of (45a) can be rewritten in terms of f (0)
and Π−1
t (0) using (47) and the following relation:
H
−1
−1
−1
10
H
(G10
M × R ) Pt (0) = FR Πt (0)FR (GM × R ) ,
(53)

κ

subject to

We will now show that the ICs of the frequency-domain problem in (45) correspond to those derived for the frame-based
time-domain problem in (44). To this end, we introduce some
suitable variable transformations in the optimization problem;
namely, the different frequency-domain variables are related to
their time-domain counterparts using different constraint matrices defined in Table I [36], as follows:

resulting in the first term of (44a).
3) The second term of (45a) can be rewritten in terms of
n(n) and Λ−1
t (n) using (52) and the following relation:
H −1
−1
−1
10
H
(G10
M × R ) Lt (n) = FR Λt (n)FR (GM × R ) ,
(54)

resulting in the second term of (44a).
4) The third term of (45a) can be rewritten in terms of
ε[n, θ(n)] and Σ−1
t (n), using the following relations:
H
E[n, Θ(n)] = (G01
R × M ) FR ε[n, θ(n)]

(55)

−1
−1
−1 10
G01
R × M St (n) = FR Σt (n)FR G RM,

(56)

resulting in the third term of (44a).
Overall, the transformations (47), (49) and (52) to (56) can
be used to link the frequency-domain problem and solutions in
(45) to the frame-based time-domain problem and solutions in
(44). Thus the ICs C1 to C3 and the considerations drawn for the
frame-based time-domain problem (44) hold for the frequencydomain problem (45), too.

(45a)

V. THE PEM-BASED PARTITIONED-BLOCK FREQUENCY
DOMAIN KALMAN FILTER (PEM-PBFDKF)

(45b)

Even though the use of FDAF algorithms has been shown to
be beneficial compared to time-domain algorithms for several

BERNARDI et al.: AFC USING A PARTITIONED-BLOCK FREQUENCY-DOMAIN KALMAN FILTER APPROACH

aspects, an important issue that might limit the applicability of
FDAF algorithms is the use of excessive filter lengths. Highorder filters, motivated by long echo or feedback paths and/or
high sampling frequencies, can lead to algorithmic noise [43].
Additionally, high-order filters increase the algorithmic delay,
potentially making real-time solutions unfeasible. Even though
the feedback path of a HA is usually relatively short, the very low
delay requirements generally make FDAF algorithms unsuitable
for HA applications.
A way to overcome this problem involves the use of a PB
structure, i.e., the so-called partitioned-block frequency-domain
adaptive filter (PBFDAF) [33], [37]. The PBFDAF requires the
division of the feedback path model into P partitions of length
L ≤ R = nF , thus allowing to lower the algorithmic delay from
2nF − 1 to 2L − 1 [22]. The PBFDAF has been successfully
applied in both AEC [34], [48] and AFC [22], [49], [50]. Specifically, for AFC, the PBFDAF has been combined with a PEMbased prewhitening filter, giving rise to the (PEM-PBFDAF)
[22], [23]. More recently, a state-space version of the PBFDAF
algorithm for AEC has been proposed [38], [43], which will be
referred to as partitioned-block frequency-domain Kalman filter
(PBFDKF) in the following.
In this section, we propose a modified version of the PBFDKF
including the same decorrelation stage employed for the FDKF
presented in Section III, by means of a PEM-based prewhitening, i.e., the PEM-PBFDKF.
We first define the partitioned version of the time-domain M samples loudspeaker signal and the L-samples true feedback
path, at frame κ for block p = 0, . . . , P − 1, as follows
up (κ) = [u(κR − pL − M + 1) . . . u(κR − pL)]T (57)
ft,p (κ) = [ft (pL, κ)

...

ft (pL + L − 1, κ)]T .

(58)

The partitioned signal vectors can be defined in a similar
way to the non-partitioned ones, adding the specific block index; in the following definitions, we are always considering
the time frame κ for block p. The time- and frequency-domain
version of the prefiltered loudspeaker signal can be defined as
follows:
T

uJ t ,p (κ) = [uJ t (κR − pL − M + 1) . . . uJ t (κR − pL)]
(59)
UJ t ,p (κ) = diag {FM uJ t ,p (κ)} ,

(60)

with the constraint M ≥ R + L − 1, to ensure proper operations [22]. The partitioned-block frequency-domain (PBFD)
representation of the true feedback path can be defined, similarly to (18a), as follows:
Ft,p (κ) = G10
M × L FL ft,p (κ).

(61)

Finally, the time- and frequency-domain versions of the prefiltered microphone signal and source signal frame can be defined as follows, with V = M − L:
yJ t (κ) = [yJ t (κR − V + 1) . . . yJ t (κR)]T
H
YJ t (κ) = (G01
V × M ) FV yJ t (κ)
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e(κ) = [e(κR − V + 1) . . . e(κR)]T
H
E(κ) = (G01
V × M ) FV e(κ).

(64)
(65)

As in the non-partitioned case, one of the M − L + 1 = V + 1
samples from the fast frequency-domain linear convolution is
dropped to simplify the notation, resulting in a V -samples length
for both yJ t (κ) and e(κ) [38]. A common choice [33], [36],
[38] for the parameters is L = V = M/2, recalling that now
L = nF /P . The frame shift R and the signal block length V
can be related via R = V /γ, where γ is the overlapping factor,
usually chosen to be an integer [33].
The resulting PB state-space model is the following:
Ft,p (κ + 1) = αt Ft,p (κ) + Nt,p (κ),

p = 0, . . . , P − 1
(66a)

P −1

YJ t (κ) =

CJ t ,p (κ)Ft,p (κ) + E(κ)

(66b)

p=0

where CJ t ,p (κ) = G01
M × M UJ t ,p (κ) is used to linearize the pth
circular convolution between the partitions uJ t ,p (κ) and ft,p (κ),
similarly to the non-partitioned case. The partitioning of the state
equation (66a) requires the definition of Nt,p (κ), i.e., the process noise for the pth partition; the transition factor αt , however,
is still partition invariant [38], [43].
As for the non-partitioned case, we can apply Kalman filter
to the model defined in (66) to obtain the linear MMSE estimate
of the state Ft,p (κ); a set of equations very similar to (24) can
be written as follows, for each partition p = 0, . . . , P − 1:

H
Kp (κ) = Pp (κ)CH
J t ,p (κ) CJ t ,p (κ)Pp (κ)CJ t ,p (κ)
+ ΨEE (κ)]−1

(67a)
P −1

F̂+
p (κ) = F̂p (κ) + Kp (κ) YJ t (κ) −

CJ t ,p (κ)F̂p (κ)
p=0



P+
p (κ) = IM × M


− Kp (κ)CĴ,p (κ) Pp (κ)

(67b)
(67c)

F̂p (κ + 1) = αt F̂+
p (κ)

(67d)

Pp (κ + 1) = αt2 P+
p (κ) + ΨN t N t ,p (κ).

(67e)

The simplified form of (67) relies on similar approximations
as in the non-partitioned case, where R is replaced by V ,
01
01
H
i.e., G01
M × M ≈ (V /M )IM × M and GM × M Δ(GM × M ) ≈
(V /M )Δ, if Δ is a diagonal matrix [38], [43]. This allows
to adapt the approximations listed in Section III accordingly,
yielding the diagonalized version of the algorithm, i.e., the PEMPBFDKF:

Kp (κ) = Pp (κ)UH
(κ)
UĴ,p (κ)Pp (κ)UH
(κ)
Ĵ,p
Ĵ,p

(62)

−1
+ M diag{ΦÊ Ê (κ)}

(68a)

(63)

10
F̂+
p (κ) = F̂p (κ) + GM × M Kp (κ)E[κ, Θ̂(κ)]

(68b)
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Algorithm 1: PEM-based partitioned-block frequencydomain Kalman filter (PEM-PBFDKF). The PEM-FDKF
can be obtained by setting P = 1.

10:
11:
12:
13:

Pp (0) = σIM × M , F̂p (κ) = ΦN̂ N̂,p (0) =
T

Φ̃F̂ F̂,p (0) = 0M × 1 , ĵ(0) = 1 0n J −1 × 1
for κ = 0, 1, 2, . . . do
for p = 0, . . . , P − 1 do
Up (κ) = diag {FM up (κ)} ,
end for
P −1
ŷ(κ) = WV01× M F−1
p=0 Up (κ)F̂p (κ)
M
d(κ) = y(κ) − ŷ(κ)
ˆ κ)u(κR − pL − i)
uĴ (κR − pL − i) = J(q,
i = 0, . . . , M − 1, p = 0, . . . , P − 1
ˆ κ)y(κR − i),
yĴ (κR − i) = J(q,
i = 0, . . . , V − 1
for p = 0, . . . , P −1 do

UĴ,p (κ) = diag FM uĴ,p (κ) ,
end for
P −1
ŷĴ (κ) = WV01× M F−1
p=0 UĴ,p (κ)F̂p (κ)
M

14:
15:
16:
17:

ε[κ, θ̂(κ)] = yĴ (κ) − ŷĴ (κ)
E[κ, Θ̂(κ)] = FM (WV01× M )H ε[κ, θ̂(κ)]
ΦÊ Ê (κ) = diag{E[κ, Θ̂(κ)]E T [κ, Θ̂(κ)]}/V
ΦÊ Ê (κ) = ΦÊ Ê (κ)

1:
2:
3:
4:
5:
6:
7:
8:
9:

VI. COMPUTATIONAL COMPLEXITY AND MEMORY
REQUIREMENTS


diag{ Pp =−10 U Ĵ , p (κ)P p (κ)U H (κ)}

21:
22:
23:
24:
25:
26:

Ĵ , p
−
M
Threshold ΦÊ Ê (κ) with σ̂ε2 (κ)1M × 1
for p = 0, . . . , P − 1 do
(κ)
Kp (κ) = Pp (κ)UH
Ĵ,p

UĴ,p (κ)Pp (κ)UH
(κ)
Ĵ,p
−1
+ M diag{ΦÊ Ê (κ)}
10
F̂+
p (κ) = F̂p (κ) + GM × M Kp (κ)E[κ, Θ̂(κ)]
F̂p (κ + 1) = αF̂+
p (κ)
V
(κ)
=
[I
−M
Kp (κ)UĴ,p (κ)]Pp (κ)
P+
M
×
M
p
+
Threshold Pp (κ) with 0M × M
Pp (κ + 1) = α2 P+
p (κ) + M diag{ΦN̂ N̂,p (κ)}
Φ̃F̂ F̂,p (κ + 1) = β Φ̃F̂ F̂,p (κ)

27:
28:
29:
30:

p
p
+
M
ΦN̂ N̂,p (κ + 1) = (1 − α2 )Φ̃F̂ F̂,p (κ + 1)
end for
ĵ(κ + 1) = Levinson − Durbin ([d(κ); d(κ − 1)])
end for

18:
19:
20:

(1−β )diag{F̂ (κ) F̂ H (κ)}

P+
p (κ)



V
Kp (κ)UĴ,p (κ) Pp (κ)
= IM × M −
M

ting factor β = 0.91 [38]. Additionally, 1M × 1 is defined as an
M × 1 vector of ones.
Usually, in PBFDAF algorithms increasing the number of
partitions reduces the convergence speed [51], since this increase results in smaller partitions, thus lowering the degree
of decorrelation introduced when working in the frequency domain. However, this behavior is not always observed in the AFC
case due to the closed-loop nature of the system. In a feedback
scenario, if the system is effectively subject to or close to instability, the high power of the loudspeaker signal leads to a
faster identification of the unknown feedback path and hence
increases the convergence speed [12].
Finally, as pointed out by Buchner et al. [52], [53],
PBFDAF algorithms relying on diagonal approximations require a stronger regularization than non-partitioned algorithms.
For this purpose, in our implementation we introduce an additional thresholding operation in the calculation of P+
p (κ), since
the subtraction in (68c) may give rise to negative values in some
frequency bins with low signal-to-noise ratio (SNR).

(68c)

F̂p (κ + 1) = αF̂+
p (κ)

(68d)

Pp (κ + 1) = α2 P+
p (κ) + M diag{ΦN̂ N̂,p (κ)}.

(68e)

A summary of the PEM-PBFDKF is given in (1), where the
explicit calculations of ΦÊ Ê (κ) and ΦN̂ N̂ (κ) follow the procedures described in [35], [38], [43]; in particular, ΦN̂ N̂ (κ)
is estimated using a first-order recursive filter, with forget-

In this section, we provide a complexity analysis of the
proposed PEM-PBFDKF algorithm, in comparison with the
PEM-PBFDAF [22], the FDAF [32], as well as the time-domain
algorithms NLMS and PEM-AFROW [17], counting the number of per-output-sample real multiplications [32]. The following assumptions are made: a real multiplication and a real division have equal complexity; each length-M FFT/IFFT operation
has a complexity of D = M log2 (M ) multiplications [32]; the
Levinsion-Durbin algorithm on a length-M signal vector has a
complexity of n2J + (5 + M )nJ + M multiplications. Table II
lists the per-output-sample computational complexity. The normalization by R in the frequency-domain algorithms is only
included to simplify the comparison; in reality, the system implementing the algorithms has a time equivalent to R samples
to carry out a whole algorithm iteration.
The complexity of the different algorithms as a function of
the prefilter order nJ is shown at the top of Fig. 3. The results
are obtained using nF = L = V = R = M/2 = 80/P , P = 1
for the two non-partitioned algorithms (PEM-FDAF and PEMFDKF), P = {2, 4} for the two partitioned algorithms (PEMPBFDAF and PEM-PBFDKF), and fixing the overlapping factor
to γ = 1. A subscript is used to indicate the number of partitions and overlapping factor, respectively, when P > 1, e. g.
PEM-PBFDAF21 refers to the case with P = 2 and γ = 1.1 For
the PEM-AFROW, M and R are the window size and the hop
size used to estimate the source signal model. The grayed part
of the plots corresponds to values of nJ between 10 and 20,
being common order values when using an AR source signal
model for speech signals [22], [23], [40]. The value nJ = 15 is
highlighted in the plot since it is used in the simulations presented in the following section. Using these values, the number
1 For the sake of simplicity, the PB entries in Table II include also the nonpartitioned algorithms, i.e., PEM-FDAF and PEM-FDKF, using P = 1.
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TABLE II
PER-OUTPUT-SAMPLE COMPUTATIONAL COMPLEXITY AND MEMORY REQUIREMENTS OF THE COMPARED ALGORITHMS
Algorithm

Computational complexity

NLMS

3R + 2
n 2J + (M + 3 R + 3 )n J + (1 + R )M + 2 R (2 R + 3 )
R
5D + 13M
R
(4 P + 3 )D + 3 n 2J + (2 M + R + 7 )n J + (2 + 1 7 P )M + R
R
(4 P + 3 )D + 3 n 2J + (2 M + R + 7 )n J + (5 + 2 5 P )M + R
R

PEM-AFROW
FDAF
PEM-PBFDAF
PEM-PBFDKF

#

Memory requirements

#

322

4R + 7

328

568

5R + n H + 15

430

99

20M + R + 4

3284

226| 307 | 457

8 M + 3 R + n J + 2 (P − 1 )L + 1 9 P M + 4

4579 | 3899 | 3559

248 | 345 | 527

1 0 M + 3 R + n J + 2 (P −1 )L + 3 1 P M + 5

6820 | 5980 | 5560

A numerical value is given in both cases for n F = L = V = R = M /2 = 80/P , n J = 15, and P = {1, 2, 4}.

We conclude the section presenting a worst-case estimate of
the memory requirements for the considered algorithms (i.e.,
requiring the allocation of each variable, including temporary
ones), which is also given in Table II in terms of floating-point
values to be allocated. Using nF = L = V = R = M/2 =
80/P and nJ = 15, the exact number of floating-point values
to be allocated is also given. This shows that the requirements
of frequency-domain algorithms are more than ten-fold those of
time-domain algorithms and, as expected for the PB algorithms,
the memory requirements decrease as P increases. Compared
to the PEM-PBFDAF, the PEM-PBFDKF requires roughly 50%
more memory.
VII. SIMULATIONS
In this section we provide simulation results in order to assess the performance of the proposed algorithms. The algorithms (proposed and baseline) are compared in terms of three
measures, assessing the estimation error, the achievable amplification, and the sound quality.
The first measure is the misadjustment (Mis), defined as the
dB level of the normalized distance between the true and estimated feedback path:
Fig. 3. Per-output-sample computational complexity of the existing and proposed algorithms as a function of the prefilter order n J and the hop size R (top
and bottom, respectively).

of real multiplications for the different algorithms is also indicated in Table II, showing that the FDAF is the cheapest, while
the PEM-AFROW is the most computationally expensive (even
more expensive than the PB algorithms with four partitions).
For the PEM-AFROW, a window length of M = 160 (10 ms at
16 kHz) might be too short as common values are in the order
of 40–60 ms [17], but it was kept to simplify the comparison; by
using longer windows, the complexity of the algorithm would
be even higher.
The complexity of the different algorithms as a function of
the hop size R is shown at the bottom of Fig. 3. In this case,
nJ = 15 and the other parameters nF = L = V = R = M/2
vary with R. The grayed part of the plots corresponds to
values of R yielding tolerable latency values in a HA scenario [54]. As expected, one can see how the complexity of
time-domain algorithms increases far quicker than the complexity of the frequency-domain algorithms, even within the
grayed part.

Mis(κ) = 20 log10

fr (κ)
ft (κ)

(69)

where fr (κ) = ft (κ) − f̂ (κ). Throughout the section, the vector
containing the true feedback path coefficients will be referred
to as acoustic impulse response (AIR).
The second measure is based on the so-called maximum stable
gain (MSG), i.e., the maximum gain achievable at a given time
without compromising the system stability; if the forward path
G(q, κ) is spectrally flat, the MSG is given as:


(70)
MSG(κ) = −20 log10 max |Fr (κ, l)|
l∈P(κ)

where P(κ) is the set of frequencies satisfying the phase condition of the Nyquist stability criterion [1], and Fr (κ, l) is the
lth element of Fr (κ) = G10
M × R FR fr (κ). The MSG is then normalized according to the maximum stable gain of the system
when no feedback canceller is included, i.e., KM SG (κ),


(71)
KM SG (κ) = −20 log10 max |F (κ, l)|
l∈P(κ)
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resulting in the added stable gain (ASG):
ASG(κ) = MSG(κ) − KM SG (κ).

(72)

Finally, the sound quality is assessed by means of an objective measure called frequency-weighted log-spectral signal
distortion (SD), a distance measure proven to correlate well
with subjective evaluation of feedback cancellation algorithms
[16]. The SD was calculated using the clean source signal v(t)
and the processed signal d(t).
A. Stationary Feedback Path
For the first set of simulations, a stationary feedback path was
employed. Such a scenario represents only a simplified situation,
since a time variation in the feedback path can be caused by a
multitude of different situations in real life, e. g. bringing a hand,
or a phone close to the ear in a HA application. However, this
simplified situation can be used to test the best-case scenario for
the algorithms.
The following simulation results compare the performance of
the PEM-FDKF and the PEM-PBFDKF for two different numbers of partitions, P = {2, 4}, and γ = 1 (PEM-PBFDKF21 and
PEM-PBFDKF41 , respectively), with three baseline algorithms.
The chosen baseline algorithms are the PEM-FDAF [23] and the
PEM-PBFDAF, based on the work by Spriet et al. [22], for two
different numbers of partitions, P = {2, 4}, and γ = 1 (PEMPBFDAF21 and PEM-PBFDAF41 , respectively). The adaptive
stepsize was calculated in a different way from what has been
proposed in [22] and was defined as:

−1
μp (κ, l) = μfix δ + |UĴ,p (κ, l)|2
,
(73)
where μfix is a real, constant, and frequency-independent value,
and δ is a regularization parameter. Some algorithm-specific
parameters were kept fixed in the whole set of simulations
as follows: the values of μfix , δ and P(0) are set as to
guarantee a smooth convergence in the Mis curves in the first
simulated case (cf. Fig. 5), i.e., μfix = 0.01, δ = 5e − 5 and
P(0) = 1.6e − 2 IM × M , respectively; although, usually, when
comparing adaptive filters performance one either tunes the
parameters yielding similar lowest Mis or similar speed of
convergence, in this case, the proposed algorithms yield better
performance in both ways.
Additionally, the transition factor is set to α = 0.99999 [18],
while the DFT length and the hop size are set to M = 160/P and
L = R = V = 80/P , respectively. The algorithms are tested in
a simulated environment with the following characteristics: the
transfer function G(q, κ) is set to have constant gain K1 =
KM SG − 3 dB and a delay of dG = 80samples; Ft (q, κ) =
Ft (q) is a measured feedback path from a commercial HA [22]
and its normalized magnitude response is shown by the thick
black line (AIR1) in Fig. 4.
Fig. 5 compares the algorithm performance, by means of Mis
and ASG, when varying the input source signal v(t): each one of
10 overlapping 20-s segments, taken from Track 05 of the Music
for Archimedes database [55], of a recorded clean male speech
signal resampled at fs = 16 kHz corrupted by a 30 dB SNR
additive white Gaussian noise are used as source signal v(t). In

Fig. 4. Top: Magnitude responses of the 10 different AIR used in the simulations (cf. Figs. 5, 6 and 8). Bottom: Magnitude responses of 20 AIR obtained
with (23a) every 1s, starting from AIR1 (cf. Fig. 7).

Fig. 5, and the following figures, the curve denotes the mean
result of each algorithm while the shading corresponds to ±1
standard deviations.
The results confirm the expected performance increase of
the PEM-FDKF over PEM-FDAF [18]. Specifically, in Fig. 5,
similar convergence speeds and steady-state values are are observed in the Mis curves for the PEM-FDAF and PEM-PBFDAF,
with a slight improvement in both the metrics as the number of
partition increases. A similar situation characterizes the ASG
values. For the PEM-FDKF and PEM-PBFDKF, similar Mis
and ASG values are obtained as the number of partitions is
increased; a higher ASG is obtained for the PEM-PBFDAF41 ,
even though a greater variance is observed. The performance obtained with the FDKF-based algorithms is better, both in terms of
Mis and ASG, than the performance obtained with the FDAFbased algorithms, with improvements in the range from 5 to
10 dB.
Another parameter that might change the performance of the
tested algorithms is the true feedback path included in the simulation. To simulate this variability we set up a similar simulation scenario as in the previously discussed case: 10 different feedback path AIR (cf. top of Fig. 4) were employed,
while the source signal v(t) was fixed to a single segment of
the track used in the previous simulation; the other parameters
were kept fixed. The results are shown in Fig. 6 and provide a
similar trend as in the previously discussed case regarding the
performance improvements when using FDKF-based algorithms. The convergence curves are less smooth than in the
previously discussed case and the variance is lower in the single
estimates, suggesting that both the smoothness and the variance
of the curves is mainly depending on the source signal content,
rather than on the AIR. Nevertheles, the FDKF-based algorithms
yield much less erratic results than the FDAF-based algorithms;
this is due to the need of a finer tuning of the FDAF-based algorithms parameters, e. g. μfix in (73), when dealing with different
feedback paths, while the FDKF-based algorithms handle these
differences more robustly.
The sound quality results, in terms of mean and maximum
SD, for the first three simulation scenarios are shown in Table III
and labeled with the figure number showing the corresponding
case. In both the scenarios the FDKF-based algorithms yield
better performance and the increase of the number of partitions
does not affect the results remarkably.
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Fig. 5. Mis and ASG performance over time of PEM-FDAF, PEM-FDKF,
PEM-PBFDAF and PEM-PBFDKF using the constant forward path gain K 1 ,
AIR1, and 10 different source signals.

Fig. 7. Mis and ASG performance over time of PEM-FDAF, PEM-FDKF,
PEM-PBFDAF and PEM-PBFDKF using the constant forward path gain K 1 , a
smooth AIR transition (cf. bottom of Fig. 4), simulated 10 times.

Fig. 6. Mis and ASG performance over time of PEM-FDAF, PEM-FDKF,
PEM-PBFDAF and PEM-PBFDKF using the constant forward path gain K 1
and 10 different AIR.

Fig. 8. Mis and ASG performance over time of PEM-FDAF, PEM-FDKF,
PEM-PBFDAF and PEM-PBFDKF using the constant forward path gain K 1 ,
an abrupt AIR transition from AIR1 to AIR2, and 10 different source signals.

TABLE III
MEAN AND MAXIMUM SD VALUES FOR THE DIFFERENT ALGORITHMS IN THE
FIVE DIFFERENT SIMULATED SCENARIOS
mean(SD) | max(SD)
Fig. 5
PEM-FDAF
PEM-PBFDAF2 1
PEM-PBFDAF4 1
PEM-FDKF
PEM-PBFDKF2 1
PEM-PBFDKF4 1

0.93
1.06
1.26
0.54
0.48
0.47

Fig. 6
2.77
3.39
3.81
2.60
2.47
2.35

0.85
1.20
1.67
0.61
0.54
0.54

Fig. 7
2.79
4.51
5.57
2.99
2.80
2.20

1.05
1.13
1.27
0.74
0.66
0.67

Fig. 8
2.97
3.62
3.92
2.74
2.26
2.39

1.26
1.30
1.44
1.10
0.88
0.68

3.67
3.91
4.40
3.87
3.69
3.36

B. Non-Stationary Feedback Path
For the second set of simulations, a non-stationary feedback
path was employed. Both a smooth time evolution and an abrupt
change were simulated. The first type of non-stationarity is given
by the model described in (23a), where F(0) is AIR1, and the
“true” simulated transition factor is αt = 0.99999. The process
noise vector is generated as a complex normally-distributed random process with zero mean and variance set equal to a scaled
version of the frequency-dependent variance of the 10 recorded

AIR shown at the top of Fig. 4; this was done to avoid high
variability at the beginning and at the end of the AIR, in order to match more realistic AIR profiles. In this simulation, for
the FDKF-based algorithms, both the transition factor and the
frequency-dependent variance of the process noise were matching the “true” ones used in (23a). The magnitude responses of 20
AIR obtained with (23a) every after 1s of simulation are shown
at the bottom of Fig. 4. The results of the simulation are shown
in Fig. 7. The performance are worse than in the stationary case,
but it should be noted that (23a) yields a strongly nonstationary
behavior, i.e., a true feedback path changing every single frame.
Despite the very fast dynamics of the “true” feedback path, the
FDKF-based algorithms manage to provide a performance gap
in the Mis between 2 to 5 dB. Similar conclusions hold for the
ASG, with improvements of the FDKF-based algorithms over
the FDAF-based algorithms being lower than in the stationary
case.
The final simulation scenario considered in this section involves an abrupt feedback path change, from AIR1 to AIR2
(cf. Fig. 4), at half of the simulation period. The results are
shown in Fig. 8. It can be noticed how the abrupt change causes
a performance drop, which is naturally more evident for the
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FDKF-based algorithms since, after 10 s, these have already
reached almost −15 dB Mis and 12 to 14 dB ASG, roughly
5 dB better than the performance measures of the FDAF-based
algorithms at the same time. However, unlike the FDAF-based
algorithms reconverging to similar levels, the FDKF-based
algorithms behave differently after the abrupt change, showing an improved convergence speed as the number of partitions
is increased. While the effect on the PEM-FDKF algorithm is
expected, since the abrupt change causes a model mismatch in
the state equation, the better performance of the PBFDKF algorithms might be due to the better tracking behavior due to the
smaller block size of the PB implementations.
The sound quality results for the last two simulation scenarios,
shown in Table III, confirm the findings from the first two. Also
in this case, an increased number of partitions provides lower
SD values than for the non-partitioned case, possibly due to the
improved tracking behavior of the algorithm in case of a smaller
block size.
VIII. CONCLUSION
In this paper, we have presented a new AFC algorithm employing a PEM-based signal prewhitening in combination with
a FDKF; additionally, we have derived the ICs to successfully
apply such algorithm in a closed-loop system scenario.
We have also proposed an extension of the algorithm by
means of a PB implementation, which makes the algorithm more
appealing for use in systems where large algorithmic delays are
not tolerated, such as in HA applications.
A study of the computational complexity of the new algorithms has shown that, compared to existing frequency-domain
algorithms, both the complexity increase and the memory requirements increase are limited.
Simulation results for different scenarios, including both stationary and non-stationary feedback paths, have shown the improved performance of the proposed algorithms in terms of
different objective measures.
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