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Direct Geolocation of Wideband Emitters
Based on Delay and Doppler
Anthony J. Weiss, Fellow, IEEE

Abstract—The localization of a stationary transmitter using
receivers mounted on fast moving platforms is considered. It is
assumed that the transmitted radio signal is random with known
statistics. The conventional approach is based on two steps. In the
first step the time difference of arrival and the differential Doppler
shift are measured and in the second step these measurements are
used for geolocation. We advocate a direct position determination
approach that proves to be more computationally efficient and
more precise for weak signals than the conventional approach. The
direct method is a single-step method that uses the same signals
as the two-step approach but searches directly for the emitter
position without first estimating intermediate parameters such as
Doppler frequency and the time delay. A secondary but important
result is a derivation of closed-form and compact expressions of
the Cramér–Rao lower bound. All results are verified by Monte
Carlo computer simulations.
Index Terms—Differential Doppler, emitter location, maximum
likelihood estimation.

I. INTRODUCTION
ASSIVE geolocation of a stationary transmitter based on
the delayed and Doppler shifted signal, observed by at
least a single moving platform, is a well-known technique as
can be concluded from [1]–[8]. Since the receivers location and
velocity along their trajectory are known, the emitter location
can be estimated.
Common methods use two steps for localization. The system
first estimates the differential delay and differential Doppler frequency shift along the receivers trajectories. In the second step
the system estimates the transmitter location based on the results obtained in the first step. The two step methods are not
guaranteed to yield optimal location results since in the first step
the differential delay and differential Doppler estimates are obtained by ignoring the constraint that all measurements must be
consistent with a geolocation of a single point emitter. Thus, the
lines of position (LOP) obtained from the delay/Doppler measurements are not guaranteed to intersect in a single geographical location. However, it can be shown that asymptotically (for
large number of observations), the two-step methods are equivalent to the single step approach. The theory of the asymptotic
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equivalence, also known as the extended invariance principle
(EXIP) is proved in [14] and [15]. We therefore conclude that
the single step approach outperforms the two step methods for
low signal-to-noise ratio (SNR) and/or short data records. This
is demonstrated in this paper. Other advantages of the single
step approach is the reduced computational complexity. In the
conventional methods the Differential-Doppler and the differential-delay are estimated along the receivers track and finally the
location of the transmitter is deduced. In the single-step method,
only the transmitter location is estimated, directly from the observed signals. Therefore, our algorithm is not only more precise
it is also easier to implement.
In a previous publication, we proposed a single-step solution
for narrowband signals [11] based on Doppler shift only and
assuming known or unknown nonrandom signals. Herein, we
propose a maximum likelihood location estimation by using a
single step approach for wideband random signals using both
the Doppler effect and the relative delay.
II. PROBLEM FORMULATION
Consider a stationary source transmitting a narrow band
and its envelope is
.
signal whose carrier frequency is
is
and it satisfies
. Then,
The bandwidth of
. When the signal
an appropriate signal model is
is observed by a moving sensor the observed signal becomes
which is an expansion or compression of the
signal time scale, known as the Doppler effect. Let be the
sensor-source relative velocity and the signal propagation
. Since is nearly one the effect
velocity, then
on the slowly varying envelope will be negligible however
the carrier frequency will be shifted considerably. Then the
. When the
observed signal can be approximated by
distance between the source and the sensor is considerable the
signal will be delayed by and the observed signal becomes
up to the complex constant
which
has no effect on the signal amplitude, the signal delay or the
signal frequency. This simple model will be used in the sequel.
Consider a stationary radio emitter and receivers, synchronized in frequency and time, who are moving at a known speed
that can be zero or more. The receivers intercept the transmitted
signal at short intervals along their track. Let stand for the
coordinates vector of the emitter and
and
denote the
coordinates vector and the velocity vector of the receiver at
the interception interval. The complex signal, after frequency
downconversion by a known carrier frequency , observed by
the receiver at the interception interval at time is given by
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where
is the observation time interval of each
is the observed signal envelope during the
interception,
interception interval,
is the signal propagation time from the
emitter to the receiver,
is a wide-sense stationary, white,
is the observed
zero mean, complex, Gaussian noise and
Doppler frequency shift given by

where is a diagonal matrix whose main diagonal is the signal
spectrum which is independent of the observations index
. Obviously,
is diagonal only if the observation
time, , is much larger than the correlation time of the signal
and as a result the Fourier coefficients are uncorrelated. In this
paper we assume that the signal and noise are not correlated between interception points. Thus, (7) and (8) yield

(2)
(3)
where is the signal propagation speed and
is the Euclidean
norm. Similarly to [7] we assume that
. Further, note
is quasi-constant during the observathat we assumed that
tion time. That means that the observation time must be short
enough to ensure that the platform position does not change
more than the desired positioning error during the observation
time.
are realizations of a zeroAssume now that the signals
mean, Gaussian process. We shall consider the waveform received by each sensor to be represented by its Fourier coefficients defined by

(9)
Define the vectors and matrices

(10)
The Gaussian probability density function of the data is given
by
(11)

(4)
where
is the frequency associated with the coefficient. The Fourier coefficients of
and of
are denoted by
and by
, respectively. In the frequency domain (1) becomes, up to a multiplicative complex constant whose magnitude is 1,
(5)

and the negative log-likelihood is given, up to an additive constant, by

(12)
Using the definition
(13)

Define the vectors
we get from (9) and (10) the relation

(14)
(6)

We use the Woodbury matrix identity [12] and the matrix determinant lemma [13] to obtain

We get from (5) and (6) the relation

(15)
(7)

where
is a cycle shift operator (matrix) that is used for down
shifting. The product
shifts the vector by
indices. For example, to obtain a matrix that down shifts by one
index bring the last row of the identity matrix to be the first row.
The first and second order moments of the noise vectors and the
signal vectors are summarized by

(8)

(16)
Further simplification is obtained by noting that
(17)
This result indicates that
cation. Define

is independent of the emitter lo-

(18)
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where

. Thus, (15) becomes
(19)

The cost function in (12) can be simplified and rewritten as

(20)
Instead of finding the minimum of (20) we can find the maximum of
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ambiguity function. According to (22)–(24), the estimated
position, , maximizes the sum, over the interception instances,
of the received signals cross-correlations. Note in passing that
the proposed algorithm requires a two-dimensional search for
the emitter location if its altitude is known or three dimensional
search in the general case. However, the two-step methods
require first an estimate of differential-delay and differential-Doppler for all intercept intervals and all the receivers and
only then a search for the emitter location. Obviously, (21) and
in (23) can also be used for estimating the differential Doppler
and the differential delay.
III. CRAMÉR–RAO BOUND FOR RANDOM SIGNALS

(21)
and
on is shown
where the dependence of both
explicitly. The estimated emitter location is then given by
(22)
A possible algorithm is displayed in Algorithm 1 (A Possible
Implementation of the DPD Algorithm).

The Cramér–Rao Bound is a lower theoretical bound on the
covariance of any unbiased estimator. The bound is given by
the inverse of the Fisher information matrix (FIM). According
to [16], for zero-mean, complex, Gaussian data vectors with covariance matrix the elements of the FIM are given by
(25)
is the element of the unknown parameter vector.
where
In our case, the parameter vector is the transmitter coordinates
. Assume that the signal spectrum
vector. Thus,
is flat and its bandwidth is
[rad/s]. We show in the Appendix
that the 2 FIM is given by

(26)
where
and
represent the derivative of the delays w.r.t.
and the derivative of the delays w.r.t. , respectively. Similarly,
and
represent the derivative of the Doppler
shift w.r.t. and the derivative of the Doppler shifts w.r.t. , respectively. See (73) and (81) for more details. Further,
In order to obtain some insight, consider the case of only
receivers and a signal with flat spectrum so that is a scaled
identity matrix. In this case, ignoring constant terms, the cost
function in (21) can be replaced by,
(23)
stands for the real part. Note that the term in curly
where
brackets can be approximated by

(24)
where the dependence of
and
on
is suppressed.
The integral above is recognized as the well known complex

(27)
is recognized
This result is pleasing since
as the Cramér–Rao lower bound on time delay estimation [20],
is rec[21] in the absence of Doppler shift and
ognized as the Cramér–Rao lower bound on differential Doppler
estimation [4] in the absence of delay.
IV. TIME AND FREQUENCY SYNCHRONIZATION ERRORS
So far, we have assumed perfect time and frequency synchronization of all receivers. That means that the clocks at all platforms have exactly the same time and the same frequency. In
practice this is impossible even if GPS and atomic clocks are
used. It is therefore of interest to examine the sensitivity of the
localization precision to time/frequency errors. Although a brute
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force small error analysis is possible we choose here to obtain
the result using asymptotic reasoning.
As explained in the introduction, the two-step approach and
the single-step approach are asymptotically equivalent. Thus,
the error covariance is asymptotically the same. The two-step
approach in our case consist of first estimating the differential
Doppler (DD) and the time difference (TD) and then using the
results for localization. The estimation error of DD and TD is
affected directly by the synchronization errors of the receivers.
Therefore, the TD estimation error variance is obtained by
adding to the error variance caused by the noise the variance of
synchronization errors
(28)
and the DD estimation error is similarly given by
Fig. 1. Receivers track and emitter location.

(29)
where
and
are the variance of the time synchronization
is the variance of the frequency
error between receivers and
synchronization errors.
Finally, the localization error covariance is given by the inverse of the matrix whose elements are defined by

(30)
This concludes this section.
Fig. 2. RMSE of the DPD method (single step), the two-step method, and the
Cramér–Rao lower bound versus SNR.

V. NUMERICAL EXAMPLES
In this section, we provide a numerical example of the algorithm performance. We simulated two platforms whose speed is
300 m/s and a stationary transmitter as depicted in Fig. 1. The
distance between the platforms is 1000 m along the axis and
50 m along the axis. The transmitter is located at coordinates
2000, 2000 m. The first receiver intercepts the signal when it is
located at (0, 0),(1000, 0) and (2000, 0) m. The second receiver
intercepts the signal when it is located at (1000, 50), (2000, 50),
and (3000, 50) m. The transmitter carrier frequency is 1 GHz,
and the signal bandwidth is 262.144 KHz with flat spectrum.
The signal observation time at each interception point is 3.9 ms.
Fig. 2 shows the root-mean-square miss distance as a function of SNR. The miss distance is the distance between the true
location and the estimated location. The data is based on 200
Monte Carlo trials for each data point. The performance of the
advocated method (single-step a.k.a. DPD), the performance of
the conventional, two-step method, and the Cramér-Rao lower
bound are all shown in Fig. 2. Observe that for high SNR, the
DPD root-mean-square miss distance is the same as that of the

two-step method. However, for low SNR, the DPD provides
much better performance.
Fig. 3 shows the root-mean-square miss distance as a function
of the receivers’ frequency error. In order to demonstrate the
effect of the frequency error, we had to suppress the effect of the
additive noise and the timing error on the localization error. It
should be realized that, at moderate SNR, the error is dominated
by the noise, and therefore we used the relatively high SNR of
30 dB. In order to eliminate the effect of the timing error, the
receivers’ spacing was reduced to 1 m so the location was based
only on the Doppler effect and not on the differential time of
arrival. Both the DPD and the two-step conventional method had
similar performance. The simulation agrees with the theory for
small errors and diverges from the prediction when the errors
are large.
Fig. 4 shows the root-mean-square miss distance as a function
of the receivers’ timing error. In order to demonstrate the timing
error effect on the localization error, we suppressed the noise effect by choosing the high SNR of 30 dB. In order to eliminate
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first step and estimate the location in a second step. We demonstrated that the proposed method is superior to two step methods
for low signal to noise ratio. We also presented closed-form expressions for the Cramér–Rao lower bound. The expressions are
simple and intuitive. We also provided sensitivity analysis for
timing and frequency errors between receivers. An extension to
receivers location/velocity errors is straightforward.

APPENDIX A
DERIVATION OF THE CRAMÉR–RAO BOUND
The derivation of the CRLB is simpler in the time domain.
Thus, assume that we collect time samples of (1) and define

Fig. 3. RMSE of the DPD method and the theoretically predicted accuracy
versus the receivers frequency error standard deviation.

(31)
From (1), we get
(32)
is a down shift operator. The product
shifts
where
by
indexes where
is the sampling
the vector
period. From (32) we get the cross-correlation matrix

(33)
where we assumed that the noise is white and
is
the signal covariance matrix. Define the vectors and matrices

Fig. 4. RMSE of the DPD method (single step), the two-step method and the
theoretically predicted accuracy versus the receivers timing error standard deviation.

the frequency error effect, we reduced the speed of the receivers
to 10 m/s so the localization was based only on the time difference of arrival and not on the differential Doppler. Both the
DPD and the two-step conventional method had similar performance. The simulation agrees with the theory for small errors
and diverges from the prediction when the errors are large.

(34)
From (34), we now get
(35)
The matrix is block diagonal, with
(25) becomes

blocks, and therefore

VI. CONCLUSION
In this paper, we proposed an algorithm for geolocation of an
emitter observed by moving receivers. The transmitted signal
is modeled as a random Gaussian signal and the localization is
based on the delay and Doppler frequency shift that affect the
observed signal. The proposed algorithm is the exact maximum
likelihood. It is a single-step estimator as opposed to two-step
methods that estimate the delay and the frequency shift in a

(36)
Using the chain rule, we can write
(37)
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Note that

Note that
(49)
(38)

and

We can now replace
FIM. We get

with

without changing the

(50)
and
(39)
where
zeros except for the
(39) yield

and
is a
vector of
entry which is one. Therefore, (38) and

(51)
where
(52)

(40)

Also from (40)

Define now the block diagonal matrix
(41)
and the
by

block matrix,

, whose

block is given

(53)
is a diagonal matrix, and the last apwhere
proximation holds for large time-bandwidth product [4]. Further, from (47), we have

(42)
and the

element of this block is

(54)
(43)

Thus, (51) and (54) yield

and

Note that

(44)
(55)

and
Similarly, (51) and (53) yield

(45)
where
used

is the derivative of

with respect to , and we

(56)
Define
(57)

(46)
are the derivatives of
and
with respect
where
to . Combining (37), (55), (56), and (57) yields

Finally, (44) becomes
(47)
where is a matrix whose elements are given in (46). Define
given by
now the block diagonal version of
(48)

(58)

WEISS: DIRECT GEOLOCATION OF WIDEBAND EMITTERS BASED ON DELAY AND DOPPLER

Define

(59)
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are positive-definite Toeplitz matrices, and
Observe that
infinite dimensional matrices of this type preserve their Toeplitz
structure under matrix multiplication, addition and inversion.
because the time interval is symmetric
Further
around zero. Thus,

(60)
Squaring (58) and using the definitions (59) and (60), we get
(67)
The last term in (65) is

(68)
Now (65) becomes
(61)
Note that
(62)
(63)
(64)

(69)
Note that the terms in (69) satisfy the relations

Thus, the trace of (61) is

(70)
Using (70) in (69) yields

(65)
Note that

(71)
(66)
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The sums in (71) have the following compact representations:

is the
where is the frequency in radian per second and
[W/rad/s] we
signal spectrum. If the noise spectral density is
. Now (71) becomes
have

(72)
where we used the definitions

(80)

(73)
Consider a Toeplitz Hermitian matrix
discrete time Fourier transform (DTFT)

where

is assumed constant over the interval
[rad/s] and zero outside this interval. Define now

and the

(74)
Define the unitary matrix
(81)
(75)
associated with DFT, the vector

To complete the analysis we provide expressions for the derivatives of the delay and the Doppler w.r.t. and . From (2) and
(3), we get

given by
(76)

(82)
the diagonal matrix
and the circulant matrix
. It can be shown that under mild regularity conditions converges to as increases [18], [19]. Note that,
and also if we
for large , we have
have several matrices
then
. Using this result, and replacing
with and
with
, we have

and therefore

(77)
where

(78)
We get

(79)

(83)
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Similarly,

(84)
Here, is the angle between the platform velocity vector and the
line connecting the platform and the emitter. The angle is the
angle between the line connecting the platform and the emitter
to denote the distance between the
and the axis. We use
emitter and the platform.
Also note that

(85)
Finally, recalling that

(86)
we get from (80) the result in (30).
This concludes the derivation.
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