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Abstract 

 
The challenge of single image dehazing mainly 

comes from the double uncertainty of scene depth and 
scene radiance. Approximation of the transmission, 
which encodes the scene depth information, is the most 
significant step to solve the dehazing problem. In this 
paper, we propose to derive an optimal transmission 
map under a heuristic assumption in the dehazing 
model. The proposed objective function guarantees to 
have a global optimal solution, and the obtained 
transmission map accurately preserves the depth-
consistency of the same object. Using the optimal 
transmission map, our method recovers haze-free 
images with excellent performance. 
 
1. Introduction 
 

A hazy image is generally modeled by [1]-[9]: 

 E(x,y) e βd(x,y)R(x,y) 1 e βd(x,y) L∞ 
                   α(x,y)R(x,y) 1 α(x,y) L∞ ,        (1) 

where E(x,y) is the observed hazy image, β is the 
atmospheric attenuation coefficient, L∞ is the 
atmospheric light, d(x,y) is the scene depth, and  R(x,y) 
is the scene radiance or haze-free image. In Eq. (1), 
the first term is called direct attenuation and the 
second term is called airlight [5], [7], [8]. Direct 
attenuation exponentially degrades the scene radiance 
according to d(x,y), and airlight is a white atmospheric 
veil interfering with the scene radiance and thus 
reduces the visibility. The term α(x,y) is called the 
transmission and is defined by α(x,y) e βd(x,y). 

The main difficulty in solving single image 
dehazing is the double unknowns of the haze-free 
image R(x,y) and the scene depth d(x,y). Some 
previous work used multiple images of the same scene 
taken under different angles of polarization [1] or 
under different weather conditions [2] to derive a 
haze-free image. However, acquisition of multiple 

images may not be possible in real applications. On 
the other hand, some approaches did try to tackle the 
single image dehazing problem using either user-input 
vanishing point [3] or an accurate depth map [4]. The 
dehazing performance then highly depends on the 
accuracy of the given depth map. 

In order to remove haze with less user intervention, 
recent approaches conduct different assumptions on 
either scene radiance or depth. In [5], the surface 
shading and the transmission are assumed to be locally 
uncorrelated. In [6], a fast dehazing algorithm is 
proposed by inferring the airlight as a percentage of 
the difference between the local mean and the local 
standard deviation of the whiteness. In [7], the authors 
assumed that clear images should have higher contrast 
and thus tried to maximize the number of edges in the 
dehazed image. This method greatly enhances the 
visibility of hazy image but unfortunately may result 
in color distortion. In [8], a dark channel prior is 
proposed for haze-free images. This assumption, 
however, may fail on white and gray objects. In [9], 
the authors assumed the scene radiance and the depth 
are two independent latent layers, and iteratively 
approximate these two unknowns. However, the 
derived depth map is usually a rough estimate. 
Moreover, the methods in [7] and [9] cannot guarantee 
a global optimal solution and need to use graph-cut 
algorithm to find a local minimization. In addition, 
most of the above methods could only approximate a 
rough depth or transmission map, and thus limit the 
accuracy of the dehazing result. 

In this paper, we propose to first derive an optimal 
transmission map under a locally constant assumption. 
To improve the estimation for white/black areas in a 
scene, we further include a transmission heuristic and 
formulate the image dehazing as solving the optimal 
transmission map under the transmission heuristic 
constraint. Our experiments and comparison shows 
that the proposed method effectively restore hazy 
image with excellent quality.  
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2. Proposed method 
2.1. Deriving the optimal transmission for 
gray-level image dehazing 

In Eq. (1), since L∞ is usually determined 
empirically, our goal is to approximate the two 
unknowns: the transmission α(x,y) and the haze-free 
image R(x,y). After re-writing Eq. (1) into 

α(x,y)
1

R(x,y) L∞
E(x,y)

L∞

R(x,y) L∞
 

                       γ(x,y) E x,y L∞ ,                             (2) 

where γ(x,y) 1
R(x,y) L∞

, we assume the scene radiance 
R(x,y) is approximately constant in a local window. 
Thus, for each pixel i in a local window w, we have a 
constant γ: 
                           αi γ Ei L∞ , i  w.                       (3) 

Motivated by [10] and under the locally constant 
assumption, our goal becomes to find α and γ by 
minimizing the following cost function, 

 J(α,γ) αi γj Ei L∞
2

εγj

2

i wjj E

 

                 zkγk k
2

k

,                                         (4) 

where wj denotes a local window around the pixel j, ε 
is a regularization parameter for γ, zk is a (|wk|+1)×1 
vector with [Ei  L∞] in the first |wk| entries and ε in 
the last entry, and k is a (|wk|+1) ×1 vector with αi in 
its entries for each i  wk and its last element is 0.  

For a given k, the optimal γk for each local window 
wk is the solution of the least squares problem:  

            γk arg
γk

 min zkγk k
2

zk
Tzk

-1
zk

T
k .      (5) 

After substituting Eq. (5) into Eq. (4), we now derive 
the objective function involving only the variable α. 

Let Ak I zk zk
Tzk

-1
zk

T . Our objective function is 
now a quadratic cost function of α : 

 J(α) k
TAk

TAk k
k

αTUα ,                 (6) 

where U is the Laplacian matrix and its (i,j) entry is: 

         δij bij (En  L∞)2

|wk|

n

ε2

-1

k|(i,j) wk

,   (7) 

where bij =(EiEj Ei L∞ Ej L∞  L
∞

2), and δij  is the 
Kronecker delta which is 1 if i = j and 0 otherwise. 

2.2. The optimal transmission for color image 
When given a color image, the unknown γ for each 

window is now a vector with three elements. Since the 
transmission for all three color channels should be 
consistent, we modify Eq. (3) as:  

                          αi γc Ei
c L∞

c , c  r, g, b ,           (8) 

where c denotes the color channel. Thus, similar to 
Sec. 2.1, we derive the objective function by 

                        J(α,γ) Zkγk Q k
2

k

,                (9) 

where γk = [γk
r, γk

g, γk
b]T, k is as defined in Eq. (4), Zk is 

a 3(|wk|+1)×3 matrix defined by: 

                                 Zk

tr   
 tg  
  tb

ε   
 ε  
  ε

,                         (10) 

where tc is a |wk|×1 vector containing [Ei
c L∞

c ] in 
each entry for all i  wk, and Q is a 3(|wk|+1)×(|wk|+1) 
matrix defined by:  

                                Q

I|wk| |wk| 0
I|wk| |wk|
I|wk| |wk|

0 0

.                       (11)  

Similarly, after first deriving the optimal γc , we 
obtain the final objective function: 

                     J(α) k
TAk

TAk k
k

αTUα ,             (12) 

where Ak Q Zk Zk
TZk

-1
Zk

TQ. 

2.3. Transmission heuristic 
Although Eq. (12) guarantees a closed-form 

solution, the obtained transmission map for black or 
white colors is usually overestimated or 
underestimated. In Eq. (2), a black object with E ≈ R ≈ 
0 would have α larger than the true transmission value. 
On the other hand, a white object with color similar to 
the atmospheric light, i.e. E ≈ L∞, would have α ≈ 0 
which is much smaller than the true transmission value. 
For example, in Fig. 1 (b), the derived transmission for 
the dark shadow area under the car is α≈1, which 
indicates its depth is underestimated (d≈0); the derived 
transmission for the white car is α≈0 and thus its 
corresponding depth becomes much larger than the 
true depth map.   

Therefore, we propose to include additional 
constraints into our derivation of transmission map. As 
shown in Fig. 1(a), the ground area in an outdoor 
scene should have increasing depth (or exponentially 
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decreasing transmission) along the vanishing lines. Fig. 
1(c) shows the ideal transmission map (or the 
transmission heuristic) for the sky and ground areas in 
Fig. 1(a). In addition, for each object in this scene, the 
transmission values of this object should be the same 
and their value should be determined by the object’s 
lowest part connecting to the ground. In other words, 
the transmission value of this object should be larger 
than the transmission heuristic because the object is 
closer to the camera than the background.  

 
                     (a)                                   (b)                (c) 
Figure 1. (a): Original image. (b): The transmission 
map derived by Eq. (12). (c): The transmission 
heuristic of (a). 

Given an image, we first detect the horizontal line 
and then determine the transmission heuristic for the 
ground area according to its vertical distance from the 
horizon. The transmission heuristic for the sky area 
(i.e. above the horizon) is all set to 0. 

To ensure a non-negative haze-free R, we include 
another constraint αj

(L∞ Ej)

L∞
. Moreover, we add a 

smoothness term on α so that the transmission of a 
certain object should be nearly constant. By including 
the above constraints, we finally obtain a constrained 
quadratic equation, which can be optimized by 
quadratic programming and have a global optimum 
solution: 

 J(α) αTUα ξ α 2  ,                                            

     s.t. max hj,
(L∞ Ej)

L∞
j 1, j  E, (13) 

where hj is the transmission heuristic of the jth pixel, 
and ξ is a factor to control the effect of smoothness 
term. The upper bound of α is set as 1 to satisfy the 
exponential function in Eq. (1). Finally, we substitute 
the transmission map into the dehazing model in (1) to 
recover the haze-free image R. 

3. Experimental results 
We use four outdoor hazy images to demonstrate 

the effectiveness of our method. In our experiments, 
the atmospheric light L∞ is set as [1,1,1] by 
considering the haze as a pure white [6]. The window 
size in our experiment is set as 3×3. In addition, as 
mentioned in [8], the recovered haze-free image tends 
to be darker because the airlight is usually  brighter 

than the scene radiance. Therefore, we also increase 
the exposure to better display the results. 

Figure 2 shows the comparison with [7] and [9]. 
Although a high contrast result is obtained in [7], the 
color in the dehazed image is not consistent with the 
original scene. Similar color distortion could also be 
observed in the result by [9], where the pavement 
becomes dark gray in Fig. 2(c). In contrast, our 
method does not suffer from color inconsistency 
because of the transmission heuristic constraint. 
Furthermore, we obtain a detailed transmission map 
with sharp edges.  

Fig. 3 shows the comparison with [8]. Again, our 
transmission map contains more sharp edges 
especially on the leaves areas marked by the red and 
green rectangles. Fig. 4 shows the comparison with [6]. 
Although the dehazed image by [6] had good visibility, 
the recovered color seemed to be unnatural. Moreover, 
the red bricks behind the leaves still look hazy. Our 
result, which is restored based on an accurate 
transmission map (as shown in Fig. 4(g)), does not 
suffer from the color distortion problem. 

Nevertheless, there are still some limitations with 
the proposed method. First, the constraint of 
transmission heuristic would highly depend on the 
performance of horizon detection. Once there exists no 
clear horizon in certain images, the transmission 
heuristic would be of no consequence to the 
transmission derivation. Second, if there exists certain 
complex object which does not follow the locally 
consistent assumption, then the derived transmission 
map could be inconsistent even for pixels within the 
same object.  

4. Conclusion  
In this paper, we propose a novel approach to 

remove haze in single image. We include a 
transmission heuristic concept and formulate image 
dehazing as an optimization problem with global 
minimization solution. Based on the proposed model, 
our method derives the optimal transmission map and 
successfully recovers the haze-free image. The 
experimental results show that both our transmission 
map and dehazed results are superior to other work.  

References 
[1] S. Shwartz, E. Namer, and Y.Y. Schechner. Blind Haze 
 Separation. Proc. IEEE Conf. Computer Vision and 
 Pattern Recognition, vol. 2, pp. 1984–1991, 2006.  
[2] S.G. Narasimhan and S.K. Nayar. Contrast Restoration 
 of Weather Degraded Images. IEEE Trans. Pattern 
 Analysis and Machine Intelligence, vol. 25, no. 6 pp. 
 713–724, June 2003. 
[3] S.G. Narasimhan and S.K. Nayar. Interactive 
 Deweathering of an Image Using Physical Models. Proc. 

390



 IEEE Workshop on Color and Photometric Methods in 
 Computer Vision, pp. 1387–1394, Oct. 2003. 
[4] J. Kopf, B. Neubert, B. Chen, M. Cohen, D. Cohen-Or, 

 O. Deussen, M. Uyttendaele, and D. Lischinski. Deep 
 photo: Model-Based Photograph Enhancement and 
Viewing. ACM Trans. Graphics, vol. 27, no. 5, 
 pp.116:1–116:10, 2008. 

[5] R. Fattal. Single Image Dehazing. ACM Trans. on 
 Graphics, 2008. 
[6] J. Tarel and N. Hautiere. Fast Visibility Restoration 
 from A Single Color or Gray Level Image. Proc. IEEE 
 Conf. Computer Vision, pp. 2201–2208, 2009.  
[7]  R. Tan. Visibility in Bad Weather from a Single Image. 
 IEEE Conf. Computer Vision and Pattern Recognition, 
 pp.1–8, June 2008. 

[8]  K. He, J. Sun and X. Tang. Single Image Haze Removal 
 Using Dark Channel Prior. IEEE Trans. Pattern 
 Analysis and Machine Intelligence, vol.33, No.12, 
 pp.2341–2353, Aug. 2010. 
[9] K. Nishino, L. Kratz and S. Lombardi. Bayesian 
 Defogging. International Journal of Computer Vision, 
 pp.1–16, 2011. 
[10] A. Levin, D. Lischinski and Y. Weiss. A Closed Form 
 Solution to Natural Image Matting. Proc. IEEE Conf. 
 on Computer Vision and Pattern Recognition, vol. 1, pp. 
 61–68, June 2006. 
[11] S. Paris and F. Durand. A Fast Approximation of the 
 Bilateral Filter using a Signal Processing Approach. 
 Proc. European Conf. Computer Vision, pp. 568–580, 
 2006. 

  

                                             
             (a)                                      (b)                                       (c)                                     (d) 

Figure 2. (a): Original image. (b): Dehazed image and the airlight by [7]. (c): Dehazed image and the 
transmission map by [9]. (d): Dehazed image and the transmission map by our method. 
 

 
              (a)                                  (b)                                     (c)                                (d)                          (e) 

                                          
                                                  (f)                                     (g)                               (h)                           (i) 

Figure 3. (a): Original image. (b)-(e): Dehazed image, the transmission map, and the enlarged maps by [8]. 
(d),(e): Dehazed image, the transmission map, and the enlarged maps by our method. 

 

 
            (a)                        (b)                        (c)                      (d)                        (e)                     (f)                   (g) 
Figure 4. (a): Original image. (b),(c): Dehazed image and the enlarged area by [6]. (d)-(g): Our dehazed image, 
the transmission map, and the zoom-in results.  
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