From Cellular Automation to Renormalization:
Looking into How Smart Cars Enhance the Roads Capacity
Miaofeng Liu, Chaohan Cui, Wenjun Lv, and Yu Kang
Abstract— In this paper, we propose an analytical numerical
model to describe the parameters related to capacity factors
inspired by renormalization methods in statistical physics and a
modified cellular automata model. We demonstrate the validity
of our model compared with the simulating results from a
cellar automata model in the configuration of this problem.
We also address an efficient way to implement numerical
computation using our paradigm. Additionally, our work shows
an interesting relationship between the statistical scaling and
the traffic modelling, which can be discussed and applied in
other similar configurations.

I. I NTRODUCTION
Most areas in the popular cities all over the world are
suffered from heavy traffic, which leads to great losses.
There are many reasons that may result in a traffic jam,
such as the shape of roads, accidental car accidents, the
limit of road capacity, where the road capacity plays a
crucial role in solving the dilemma of traffic congestion.
Traffic congestion can be modelled in many mathematical
ways, as is noted in [1] In this paper, a regular congestion
is defined as a congestion with the average speed under
a threshold.The capacity of a road is theoretically defined
as ”the maximum hourly rate at which persons or vehicles
can reasonably be expected to traverse a point or uniform
section of a lane or roadway during a given time period
under prevailing roadway, traffic and control conditions”
[2]. Also, in this paper, We refer to cooperating cars as
smart cars. The cooperating car is a kind of self-driving cars
equipped our cooperating system which can communicate
with other cooperating cars and share its instant states. Like
but in advance of the self-driving car, the cooperating car
can adjust its decision both from circumstance and other cars
information instantly. With a nearly instantaneous reaction by
the computer in the back car, the safety vehicle-to-vehicle
distance can be shorten to a certain extent related to the
navigating speed. A shorter distance leads to more vehicles
held by the road at the same time and the same speed, so
that the capacity increases. Further calculation and analysis
will be derived in details at the theory part of this paper.
In order to improve the road capacity in the configuration
of smart cars, various auxiliary traffic systems has been
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proposed by many researchers. Pravin Varaiya provided
a great design called Intelligent Vehicle/Highway System
(IVHS) [3], which is a system supporting autonomous cars
to collect data from side-road facilities and other cars using
IVHS devices. This is an example to use real-world model to
estimate the impact of smart cars on road capacity. In 1992,
Kai Nagel and Michael Shreckenberg introduced a free way
traffic model(which we called NS model) based on stochastic
discrete cellular automaton model with Monte-Carlo simulations [4], [5].This model and its modified versions are
widely used in traffic simulations up to now. An improved
example of this method was given by Martin Treiber [6]. The
results of Martins Intelligent Driving Model (IDM) fits the
empirical observations and shows the validity of his traffic
model based on real variables.By using agent-based model
scenarios, Fagnant and Kara M. Kockelman’s simulation
included autonomous cars and the results shows explicit
benefits [7]. But they focused only on the road planning
technology provided by the self-driving car, ignoring possible
behaviors on the road with ordinary cars and arguments on
the percentage of self-driving cars.
In spite of the excellence of the methods mentioned above,
they generally compute the target variables in an simulation
way and cost a large amount of computation resources when
the dataset gets considerably large. Moreover, the results are
an approximate convergence of random samples drawn from
an assumed distribution. Therefore, there exist lacks of efficiency in the past models. As is clarified in Pedro Fernandess
paper [8], when integrating the inter-vehicle communication
and the IDM-based autonomous cars into the simulation,
results shows that those cars should have capabilities to keep
the same headway in a stable platoon. Platoons can be viewed
as blocks of cars with a new integral parameter as big ”cars”,
we utilize and modify the micro interaction formulas and
models to get local parameters for several cars in a platoon.
Then from a point of view to take the cars as particles or cells
in a large multi-body systems with inner interactions, which
corresponds exactly to the constraints posed by velocity and
acceleration regulation between cars of the same type and
different types. Similar to renormalization theory in statistical
physics [9], [10], we proposed a novel method to compute the
integral parameters on the whole system people really care
about such as critical portion for inputting two types of cars
to meet a traffic congestion how the road capacity changes as
the micro velocity parameters change and the macro portion
parameters change and vice versa, in the latter paradigm,
the capacity is modelled as the field strength as in the mean
field theory [11]. In addition the modified cellular automata

serves as a validator of our model. Our main contributions
are summarized as the following:
1) We proposed a novel renormalization method to integrate the micro discrete information as the cellular
automata has modelled between and in two types
of cars(ordinary cars and smart cars) of a complex
transportation systems in an hierarchical way. We
conclude the relation of micro and macro parameters
in a formula and they can directly fit into numerical
computation models efficiently with less noise.
2) We also show how to use our model and output figure
to optimize the portion of input two types of cars in a
specific parameterized road.
3) Open problem on the correlation between micro structure and macro property are derived from this new
model.
The rest part of the paper is organized as following:
The normalization method is discussed in detail in the
first section, applied both to single lane and multiple lanes
configuration. In the second section, the modified cellular
automata simulation model to be compared with ours is presented for all the configuration of lanes. In the third section,
we will show the experiment results of the models above
and explain how our model keeps in accordance with the
simulation results. For the forth section, the paradigm to get
optimal parameter s from our model in a concrete problem
is illustrated. In the last part, we draw the conclusion.
II. A N EW A PPROACH : R ENORMALIZATION M ETHOD
To explain why the Smart Cars can enlarge the road
capacity, firstly we assume that the main reason is the safety
distance between two cars. With renormalization method, we
can establish a theory to determine the relationship between
the road capacity and the percentage of Smart Cars.
A. Parameter definitions
•
•
•
•
•

•
•
•

The length of cars are s.
The supposed distance between two ordinary cars is d.
The velocity of ith vehicle is vi .
The number of lanes is n,
The present average capacity of the road (PACR) is Ψ
(scale: vehicle/second). (PACR is the largest possible
mean flow rate of per car, judged by the present
condition of the road, rules and safety.)
The present vehicle flow rate of the road is Φ0 (scale:
vehicle/second).
The minimum safety length is ds .
The percentage of Smart cars is λ.

B. Basic theory
Lemma 1: The definition of the road capacity shares the
same scale with the PACR. So the performance of a road
can be characterized by comparing Ψ and Φ0 .
Apparently, the PACR related to the space between cars,
the size of the cars and the velocity of the cars. The generic

formula is
Ψ=

N
1 X vi
N i=1 s + d

where N stands for the total number of the cars one the
target road section.
According to the assumption of the safety distance judged
by human, d is a function of velocities of the pair of
cars in line. The front car has a speed of v1 , and the
car at behind has a speed of v2 . But for Smart Cars, the
cooperating system and external sensors provided the front
car’s condition continually, so that they can react instantly
to the changes whatever the front car type is. So they tend
to share the same speed with the front car and reach the
minimum safety length, that is,
dc = ds and v1 = v2
where dc stands for the Smart Car’s distance away from the
front car.
Lemma 2: In general road conditions, a Smart Car can
be combined with the front car within a minimum distance
which is always shorter than the car followed by an ordinary
car, that is,
dc 6 d(v1 ) for all v1
The full explanation and simulation of this lemma has
been illustrated by Pedro. Here we directly use his conclusion
to support our idea. Combining the Average Field Theory,
we assume that the speed of traffic in a location can be
influenced by the whole road condition independently. Then
we can cut the road in to small patterns and analyze the
change of it to do renormalization.
Theorem 1: Suppose that both types of cars are of common average speed v. Obviously, the Smart Cars will enlarge
the capacity Ψ by decreasing distance. After replacing an
ordinary car with a Smart Car, the PACR goes up, if other
conditions remain unchanged, so we have
v
v
v
1
(
+
)>Ψ=
2 s + dc
s + d(v)
s + d(v)
Lemma 3: In majority of related paper, the average speed
v is negatively related to the ordinary car density. This
phenomena is caused by human behavior fluctuations, especially the unnecessary car braking. The occasional fluctuations prominently impact the average speed with a high
density. Accordingly, the density of cars with the humanlike behavior mode determines the average velocity. We use
a broken-line model to approximate the functional relation,
that is,


 v = v(ρ)
vmax − v ∝ ρ when Ψ < Φ0 + ∆Φ


vmax − v ≈ 0 when Ψ > Φ0 + ∆Φ
Ψ0 =

⇒ v((1 − λ)ρ) > v(ρ) where 0 < ρ 6 1
where ∆Φ stands for a small difference between the actual
capacity and the capacity of change point of the average
velocity. ρ stands for the initial density of cars in the target
road. ρ = 0 means no car and ρ = 1 means the average

speed is little but not zero, the exactly function of ρ and
coefficients are posted in the calculation subsection.
Theorem 2: The more percentage of Smart Cars, the higher average speed there is. As a result the expected value of
PACR increases,
Ψ0 ≈ λ

v((1 − λ)ρ)
v(ρ)
v((1 − λ)ρ)
+ (1 − λ)
>Ψ=
s + dc
s + d(v)
s + d(v)

C. Renormalization
We assume that cars are tend to reach a statistical equilibrium. In this scheme, Smart Cars are sharing the same
speed with the car before them, and they can be regarded as
a platoon. Each step of renormalization is combining smart
cars with the car in front and sometimes the nearby lanes
will influent the result of the step.
In each step of renormalization group method, it usually
aims to optimize a state function in a local block by turning
small patterns in the block into a large aggregation which
identities are determined by the small patterns. In this
scheme, we need to maximize the local PACR. To enlarge the
PACR, the smart car can catch up the front car, shorten the
distance as possible and reach the same speed, so a platoon
is coming up. In Pedro Fernandes’s paper, the platoon can
enhance the road capacity.
1) Basic renormalization approaches (single lane): In a
step, we separate cars in pairs. Cars are marked by its type: S
= Smart Car and O = ordinary car. The initial length of each
car is s before the first step of renormalization. Based on
theories before, the Smart Car merges with the front car (to
become a car-platoon) in order to maximize the Local PACR.
The following pattern elucidates the step. (The symmetrical
patterns are using same strategy and the cars’ direction is up
4. )

account for λn , after the nth step, we have

ρn+1 = ρn




PB (λn ) + PC (λn )

λn+1 =
2PA (λn ) + 2PB (λn ) + PC (λn ) + PD (λn )



λ

n
 =
2 − λn
λ
⇒ ρn = ρ0 , λn =
n
λ + 2 (1 − λ)
The iteration is stable and the calculate of PACR is equal
to the Theorem 2 under expected value calculation
Ψ(λ, ρ0 ) = λ

v((1 − λ)ρ0 )
v((1 − λ)ρ0 )
+ (1 − λ)
s + dc
s + d(v((1 − λ)ρ0 ))

where (1 − λ)ρ0 is named as effective density.
2) Advanced renormalization approaches (more lanes):
The strategy is modified from single line and the motivation
is same. To maximize the Local PACR, we can derive the
best evolution pattern types. (The symmetrical patterns are
using same strategy and the cars’ direction is up 4.)
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where C and D types are under merging. Two Smart Cars
lined up as a Smart Car (S2 ) with the length of s0 = 2s + ds
and D type will behavior like an ordinary but longer car (O2 ,
length = s’). While A and B remain the original individual
cars.
The next step’s car length is dependent on the present car
length. And the end of iteration is when there is no Smartmarked car-platoons. Then the average velocity is related to
the number density of O-marked car-platoons. The function
of this relationship and the case of individual ordinary cars
are the same.
Define the initial car density is ρ0 and the ratio of Smart
Cars is λ0 = λ. Suppose that the number density of all
car-platoons becomes ρn and the Smart-marked car-platoons
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where Type A, C*, D and E are the same with the case
of single lane. They are just a simple parallel of two
independent lanes. On the other hand, type B and C include
lane changing. Type B and the left half of Type C can be
supported directly by our theory, as the PACR decreases after
applying any of them. But there’s no difference between C’s
right half and C*’s PACR value.
Our double line renormalization strategies extend the
conclusion from the single line case. All the strategies can
be summarized as one kernel principle, that is, Smart Car

principle: To be in line with other Smart Cars. According
to the principle, the more-lane situations are just matters of
time.
With the same derivation as the single lane, multiple lanes
patterns do not change the final effective density. Therefore
the renormalization procedure will end up with all cars in
O-marked car-platoons. The whole performance of those
platoons is similar to ordinary cars with different length.
Another inference: The number of lanes will not influence
the PACR, if the density is calculate as the line-occupied
density. But the relation between PACR and the road capacity
depends on it: Road Capacity ∝ n × Ψ
The expected PACR will be equal to Theory 2 and the
single-lane model. We put out this significant formula once
again

The maximum acceleration is a and the maximum
deceleration is b.
• The average reaction time delay is T .
• The real time between tth step and (t + 1)th step is ∆t.
Using these parameters, we can drive the safety velocity
that human think it’s enough.
• The human-regarded safety velocity is vps . Here p
stands for ’person’ and s stands for ’safety’.
•

vps (t) = vn (t) +

•

v((1 − λ)ρ0 )
v((1 − λ)ρ0 )
+ (1 − λ)
Ψ(λ, ρ0 ) = λ
s + dc
s + d(v((1 − λ)ρ0 ))
If given functions d(v) and v(ρ), the value of Ψ will show
how smart cars influent the road capacity.
If the car is not enough there would not be any combined
pattern for renormalization procedure. To modify the basic
model to fit the situation with a few cars, we need to change
the safety distance. Because the car can hardly reach another
car, the average distance may not be judged by the safety
distance. Commonly, they related to the original density in
a more general way.
The simple modified formula is
v((1 − λ)ρ0 )
Ψ(λ, ρ0 ) = λ
s + dc + ∆d(ρ0 )
v((1 − λ)ρ0 )
+ (1 − λ)
s + ∆d(ρ0 ) + d(v((1 − λ)ρ0 ))

A. Acceleration and Deceleration Model in a Single Lane
Firstly, we introduce a model estimate the cars behaviors
in a single lane, where cars are merging into a queue
with different headways and different velocities. We put
discrete time Cellular Automaton model in use to simulate
the situation. For each steps, the back car will follow a best
strategy to maneuver the next step.
1) Parameter definitions:
• The nominal speed limits is Vmax = 60mph.
• The human expected max speed is Vp max . The index p
stands for ’person’.
• The Smart Car’s expected speed is Vc max = Vmax . The
index c stands for ’computer’.
The real car can not reach infinity acceleration, so that we
need to limit it.

dn (t)
∆t

Other parameters will be illustrated when the model need
it.
2) Ordinary car driver’s strategy:
• Part 1. In the tth step, human driver will try to accelerate
the car but never exceed the vp max .
vn0 (t) = min{vn (t) + a∆t, vp max }
•

Part 2. Then he/her will judge his/her speed at once.
0
If the speed is higher than vps
(’ means calculated by
0
the vn (t)), he will brake and make the car under safety
speed.
0
vn00 (t) = min{vn0 (t), vps
}

•

Part 3. (occur possibility: η. It is a constant) Driver
may keep decelerating the car in a possibility of η < 1.
That’s the fluctuate of human decisions.
vn000 (t) = max{vn00 (t) − b∆t, 0} (with P1 = η)

where µ is a threshold density to predict the congestion.
III. S IMULATION M ODEL : M ODIFIED A DVANCED
C ELLULAR AUTOMATA

We can also design how the Smart Cars think about it.
That’s the major cause leading to distinctive behaviors
between two kinds of cars.
So the computer-regarded safety velocity is vcs . Here c
stands for ’computer’ and s stands for ’safety’.
vcs (t) = vnf (t) +

(1)

with the numerical function of ∆d
( 2
µ
+ ρ + dc − 2µ ρ < µ
∆d(ρ) = ρ
0
ρ>µ

dn (t) − vn (t) × T
(vn (t) + vnf (t))/(2b) + T

else vn000 (t) = vn00 (t) (with P2 = 1 − η)
•

Part 4. The next step’s state will be changed.
xn (t + 1) = xn (t) + vn000 (t)∆t
vn (t + 1) = vn000 (t)

This strategy uses the method of one-time feedback
circular and a probabilistic part to adjust the speed. And
it is literally a modified Krauss model.
3) Smart Car’s strategy: Smart Cars won’t brake too long,
because they can maneuver themselves instantaneously by
sensing the circumstance. So the strategy is different, and
the third part with possibility is eliminated here.
• Part 1. Similarly, Smart Cars also want to navigate in a
highest speed.
vn0 (t) = min{vn (t) + a∆t, vcmax }

•

Part 2. The cooperating system will adjust the speed to
vcs when running too fast.
0
vn00 (t) = min{vn0 (t), vcs
}

•

Part 3. After adjustment, the next step will be:
xn (t + 1) = xn (t) + vn00 (t)∆t

of the road, the extreme point of each PACR curve lead to
the target lane’s capacity.
From the Figure 1. the higher rate of Smart Car apparently
leads to a higher road capacity. But the condition can not
be suitable to the optimum density. So changing the initial
density ρ0 from 0 to 0.95, we draw a new series of curves
of λ-Ψ. The Figure 2. shows that the PACR is not positive

vn (t + 1) = vn00 (t)
3

B. Advanced model : Multiple Lanes Model with Changing
Lanes
1) Ordinary car driver’s strategy: After all the conditions
above are satisfied, ordinary car drivers have a possibility
Pchange to choose changing his/her car to the next line. If
both sides is permitting, two ways share the equal possibility
as 21 Pchange . The behavior fluctuates.
2) Smart Car’s strategy: As a Smart Car, the decision is
related to the front car’s type. If it’s running after a Smart
Car, it would never choose to do that. Because the front
Smart Car have not chosen it, the position of it can’t satisfy
the safety conditions. Then the back Smart Car can’t over
take the position. Otherwise, if the Smart Car is behind an
ordinary car. The computer will change lanes whenever the
conditions is suitable.
IV. C ALCULATION AND S IMULATION
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correlated to the percentage of the Smart Car. Both figures
are helpful to analyze the relationship between smart car
ratio and the performance of a specific road. In the next two
sections, the two figures helps to prove the model validity
and are applied to numerical computing.

A. Calculation on renormalization model
We choose a set of parameter’s value in the following
chart and functions according to [5] and [6], that is, vmax =
60mph ≈ 27.5m/s, s = 4.5m, d∗c = 2.5m and µ∗ = 0.5.
Substitute them into the modified formula Ψ(λ, ρ0 ). And
changing λ from 0 to 0.95 with a interval of 0.05, we get a
series of curves in Fig.1.
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Adding the λ, the cutoff initial density will become larger.
But the efficient density (1 − λ)ρ0 never exceeds the upper
bond 1.12. We only focus on the graphic where ρ0 < 1
(’Right side of the red broken line’), which is much closer
to the real situation. In Lemma 3.1, the road capacity can be
estimated by the value of PACR. Because the road capacity
is defined as the maximum flow rate all over the conditions

B. Simulation on cellular automata
Parameter values are given the same as in the calculation
part. We use MatLAB to simulate the model1 . We set
different percentage(p) of Smart Car for each main loop,and
density for each sub-cycle, other parameters are constants. In
a sub-cycle, the procedure is taking each steps and change
the next step’s states. We design some probe on the virtual
road to compute the passing car’s states. Then the program
computes the statistical data, put out the relation figure of
PACR and the density. Here, the density d means the spatial
occupancy rate. The road will fully2 covered by cars if the
density is 1. The results from single lanes to four lanes are
showed in Fig.3.
From the figures, we can deduce that the more lanes
a road has, the larger PACR it will reach. Furthermore,
the main tendency and characterized peak points are in
accordance with the theoretical calculation result graphics.
Those results from simulation strongly support our theory
of renormalization group method and prove the validity
from another perspective. The results combining simulation
with calculation can also address other problems in capacity
analysis and control. For example,
1) The equilibrium point exists, which is the point of our
suggested percentage of smart cars in the case. It is
the highest peak point of Fig.2.
1 The

code will be available on https://github.com/timerstime
use discrete grid to construct the road, so ’fully’ means every seat
is occupied by a car. The length go a grid is set to 5 meter.
2 We

VI. CONCLUSION

Fig. 3. Multiple lanes simulation results(from 1 to 4). The horizontal axis
is d and vertical axis is Ψ(p, d).

2) Set a higher speed limit for self-driving cars will
significantly increase the capacity especially when selfdriving cars take a high percentage.
V. C OMPUTATION A PPLICATION
Supposing from a traffic system on a road, we acquire
the file contains the average daily flux of each road and the
milestones separating the road in to sections. According to
our assumptions, peak time is only an hour and take 8% of
the daily traffic counts. We calculate the Φn0 from nth road
section’s raw data . Then we can use our PACR function to
compute the max density of each road section:
Solve : Φn0 = Ψ(0, ρn )
Some data won’t give out a ρn , because Φn0 > Ψ(0, ρn )max
. It means the road is likely to be congested. So the first step
is to find a λ in order to make arbitrary n satisfy Φn0 6
Ψ(λ, ρn )max . The λ = λ0 is called the minimum required
percentage of Smart Car. Over this ratio, there wouldn’t be
a road section always tending to be blocked up during rush
hour.
After that, we can solve the equation Solve : Φn0 =
Ψ(λ0 , ρn ) to get ρnmax (there are usually two solutions,
choose the bigger one). Focusing on the nth road section,
we need to find a best PACR for its worst condition ρnmax .
F ind : Ψ(λn , ρnmax )max then record λn
After iteration of generic algorithm , the λ will converge to
a limits. Then the best choice of λ should be:
λbest =

N
N
X
1 X
sn λn , L =
sn
L n=1
n=1

Where sn stands for the nth road sections length.

3

3 Using the length of road to weight the optimal choice is because the
congestion rate is linearly correlated to it [9].

Through this paper, we proposed a totally new approach to
analysing the impact on road capacity brought by the input of
smart cars, i.e. renormalization method. Derived from statistical physics, the method recalculates and reshape the objects
at different scaling levels. From the compared experiments
between our model and traditional cellular automata, it is
proved that our model can not only explain how the portion
of smart cars parameters impact road capacity and leap in
the simulation results, but also gives an optimal choice to
control the portion and densities of two types of cars. Our
model accomplishes an efficient numerical computation for
target parameters with little noise compared to vibration
along the curves in simulation results. We also propose a
paradigm to estimate an optimal portion of smart cars to
enhance capacity for a specific parameterized road system.
Moreover, there still exist a great many open problems for
us to explore, for example, how the renormalization strategy
changes when there are a great many types of cars on the
road, how the number of lanes affects the capacity in our
model, how the model could be applied when there exist
long-distance communication among smart cars in a complex
graphical road system. We believe the renormalization from
micro interactive parameters to macro statistical levels serves
as a excellent tool to analyse related systems efficiently.
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