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Sparse and Low-Rank Graph for Discriminant
Analysis of Hyperspectral Imagery
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Abstract—Recently, sparse graph-based discriminant analysis
(SGDA) has been developed for the dimensionality reduction
and classification of hyperspectral imagery. In SGDA, a graph is
constructed by �1-norm optimization based on available labeled
samples. Different from traditional methods (e.g., k-nearest neigh-
bor with Euclidean distance), weights in an �1-graph derived via
a sparse representation can automatically select more discrimina-
tive neighbors in the feature space. However, the sparsity-based
graph represents each sample individually, lacking a global con-
straint on each specific solution. As a consequence, SGDA may be
ineffective in capturing the global structures of data. To overcome
this drawback, a sparse and low-rank graph-based discriminant
analysis (SLGDA) is proposed. Low-rank representation has been
proved to be capable of preserving global data structures, although
it may result in a dense graph. In SLGDA, a more informative
graph is constructed by combining both sparsity and low rankness
to maintain global and local structures simultaneously. Experi-
mental results on several different multiple-class hyperspectral-
classification tasks demonstrate that the proposed SLGDA
significantly outperforms the state-of-the-art SGDA.

Index Terms—Dimensionality reduction, graph embedding,
hyperspectral data, low-rank graph, sparse graph.

I. INTRODUCTION

D IMENSIONALITY-reduction algorithms play an impor-
tant role of hyperspectral image classification since hy-

perspectral data typically have hundreds of spectral bands per
pixel, and these bands are often highly correlated [1]–[4].
Dimensionality reduction seeks to decrease computational
complexity and ameliorate statistical ill-conditioning by dis-
carding redundant features that may potentially deteriorate
classification performance, particularly when the number of
available labeled samples is limited.

Band selection and projection-based techniques are two ma-
jor strategies for dimensionality reduction. In band selection,
it is to find a small subset of original bands including suffi-
cient information [5]–[7], while the projection-based strategy
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is to project original bands into a lower dimensional subspace
based on some criterion function. Principal component analysis
(PCA) and Fisher’s linear discriminant analysis (LDA) [8]
are two fundamental projection-based approaches. Numerous
modified versions have been developed, e.g., noise-adjusted
subspace LDA [9], kernel PCA [10], and kernel LDA [2].
Some other popular techniques include independent component
analysis [11], [12], locally linear embedding [13], locality pre-
serving projection (LPP) [14], local Fisher discriminant analy-
sis (LFDA) [15], and a kernel version of LFDA [16]. In [17],
a subspace projection-based technique with a support vector
machine (SVM) was proposed, achieving superior classification
performance.

Traditional methods, such as the k-nearest neighbor-based
graph [18], [19], mainly depend on pairwise Euclidean dis-
tance. These methods are sensitive to data noise, and their graph
structures are unstable with additive noise. Sparse modeling has
become very popular in recent years [20]–[23]. It is based on
the fact that most natural signals can be compactly represented
by only a few sparse coefficients that carry most of the im-
portant information in a certain basis or dictionary. A sparse
graph uses sparse representation coefficients as the weights
[24], [25], turning out to be noise robust. A graph can be viewed
as a mathematical data representation to describe geometric
structures of data, in which the data can be visualized as a
finite collection of samples with one sample at each vertex and
the weight associated with each edge connecting two vertices
represents the similarity [26], [27].

In [28], a sparsity-preserving graph-embedding (SPGE)
framework was proposed for dimensionality reduction, where
an undirected weighted graph exploiting geometrical properties
of data was constructed. The sparsity-based graph benefits by
greater robustness to data noise and adaptive neighborhoods
for an individual sample [29]. Later, sparse graph-based
discriminant analysis (SGDA) was developed [30] by pre-
serving the sparse connection in a block-structured affinity
matrix with class-specific labeled samples, resulting in more
discriminant power. Furthermore, collaborative graph-based
discriminant analysis (CGDA) [31] was discussed by replacing
the �1-norm minimization in solving the affinity matrix with
an �2-norm minimization; in doing so, the computational cost
of CGDA is much lower than that of SGDA since a closed-
form solution is available when estimating the representation
coefficients. Generally, considering some uncertain factors
(e.g., noise, small sample size (SSS), etc.) in hyperspectral
image classification, SGDA is an effective technique in
exploiting discriminant ability. However, the �1-graph tends to
represent each sample individually, which is capable to preserve
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locally linear structure while lacking a global constraint on its
solution. In [32], it was shown that the performance of SGDA
may be limited with a small number of labeled samples.

A desired graph should reveal the true intrinsic complexity,
including the local neighborhood structure as well as the global
geometrical structure (e.g., subspace structure, manifolds, and
multiple clusters), particularly for high-dimensional data. In
this paper, a sparse and low-rank graph-based discriminant
analysis (SLGDA) is proposed. SLGDA attempts to find an ideal
projection capturing essential data structure in an informative
graph with both sparsity and low-rank constraints, subsequently
solved as a generalized eigenvalue decomposition problem.
In comparison to the state-of-the-art SGDA [30], SLGDA
achieves better class separation. Moreover, in the case of
lacking labeled samples, the dictionary (constructed by labeled
samples) is too small for SGDA to accurately approximate a
testing sample, which further limits its capability in class sep-
aration. Compared with the traditional LDA and PCA, SLGDA
combines constraints imposing sparsity and low rankness in
the graph, which significantly reinforces discriminative power.
Different from SPGE which ignores the class structure, SLGDA
is a supervised method incorporating class-label information.

The low rankness property is as important as the sparsity
property for graph construction, which has been proved to
be excellent at preserving global data structures. It has been
demonstrated that low-rank representation can correctly pre-
serve the membership of the samples that belong to the same
subspace and help mitigate the SSS problem [33], [34]. A
low-rank and sparse graph was developed for semisupervised
learning [35], [36], low-rank and sparse representation was em-
ployed for hyperspectral anomaly detection [37], [38], and joint
sparse and low-rank representation was proposed for abundance
estimation [39]. The difference between these algorithms and
the proposed SLGDA is that they never employ class-specific
learning with a block-structured affinity matrix. Therefore, the
main contributions of this paper can be summarized as follows:
1) To the best of our knowledge, this is the first time that
a sparse and low-rank graph is adopted for dimensionality
reduction and classification in hyperspectral imagery, and the
graph is constructed using class-specific labeled data with
superior class-discriminative power; and (2) the resulting graph
combines constraints imposing both sparsity and low rankness
to capture local and global structures simultaneously, which
successfully makes the induced projection more stable and
discriminative, particularly with very limited training data.

The remainder of this paper is organized as follows. In
Section II, the graph-embedding subspace learning framework
and SGDA are introduced. Section III describes the proposed
SLGDA algorithm as well as the empirical evidence of its
benefits. Section IV validates the proposed approach and re-
ports classification results, comparing to several state-of-the-art
alternatives. Section V makes some concluding remarks.

II. RELATED WORK

A. Graph-Embedding Subspace Learning

Consider a hyperspectral data set with M labeled samples
denoted as X = {xi}Mi=1 in an R

N×1 feature space, where

N is the number of bands. An intrinsic graph is denoted as
G = {X,W}, and a penalty graph is represented as Gp =
{X,Wp}, where W is the similarity matrix and Wp is defined
as the edge weight matrix of size M ×M . Let C be the number
of class labels, ml be the number of available labeled samples
in the lth class, and

∑
C
l=1ml = M .

The graph-embedding subspace learning framework [28],
[29] seeks to find an N×K projection matrix P (with K�N )
which results in a low-dimensional subspace Y = PTX, where
desired statistical or geometrical characteristics are preserved.
The objective function can be described as

P̃ = arg min
PTXLpXTP

∑
i�=j

‖PTxi −PTxj‖2Wi,j

= arg min
PTXLpXTP

tr(PTXLXTP) (1)

where L is the Laplacian matrix of graph G, L = D−W, D
is a diagonal matrix with the ith diagonal element being Dii =∑M

j=1 Wi,j , and Lp is the Laplacian matrix of the penalty
graph Gp or a simple scale normalization constraint [28]. The
optimal projection matrix P can be obtained as

P̃ = argmin
P

|PTXLXTP|
|PTXLpXTP| (2)

which can be further transferred into a generalized eigenvalue
decomposition problem

XLXTP = ΛXLpX
TP (3)

where Λ is a diagonal eigenvalue matrix. For an N ×K
projection matrix P, it is constructed by the K eigenvectors
corresponding to the K smallest nonzero eigenvalues.

It is worth mentioning that the performance of graph
embedding-based dimensionality-reduction algorithms mainly
depends on the choice of intrinsic graph G. The affinity matrix
can be built using various similarity criteria, such as the local
neighborhood relationship in LLE [13] and heat kernel in LPP
[14]. Recently, a sparse graph has been developed which uses
sparse representation coefficients as the weights [24], [25], [28],
and SGDA was proposed and demonstrated to be of significant
benefit to the hyperspectral-classification task [30], [31].

B. SGDA

In SGDA [30], for each pixel xi in the dictionary X,
the sparse representation vector is calculated by solving the
�1-norm optimization problem

argmin
wi

‖wi‖1 s.t. Xwi = xi and wii = 0 (4)

where wi = [wi1, wi2, . . . , wiM ] is a vector of size M × 1 and
‖ · ‖1 denotes the �1-norm which sums up the absolute values of
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all entries. As for all the data, the problem in (4) can be further
expressed as

argmin
W

‖W‖1 s.t. XW = X and diag(W) = 0 (5)

where W = [w1,w2, . . . ,wM ] denotes the graph weight ma-
trix of size M ×M whose column wi is the sparse representa-
tion vector corresponding to xi, diag(W) represents the vector
containing the diagonal elements of W, and 0 is a zero vector.

The graph matrix obtained in (5) adopts all the labeled
samples belonging to different classes, which does not reflect
class-label information. An alternative way is to estimate the
weight matrix using within-class samples to generate class-
specific sparse coefficients. For hyperspectral data, pixels are
usually highly correlated with each other, even from different
classes, which causes the problem that the recovered sparse
coefficients may not reflect the true membership. Under such a
circumstance, nonzero coefficients may be from pixels belong-
ing to multiple classes, and using the entire labeled data as the
dictionary is not preferred. For doing so, the similarity matrix
W can be designed in the form of a block-diagonal structure

W =

⎡⎢⎣W
(1) 0

. . .
0 W(C)

⎤⎥⎦ (6)

where {W(l)}Cl=1 is the weight matrix of size ml ×ml using
labeled samples in the lth class only and the matrix can be
obtained by (5). It has been demonstrated that the strategy with
class-label information has better discriminant ability [30].

There are at least two disadvantages of SGDA: 1) The
essence of sparse representation determines that SGDA is ca-
pable of exploiting the local linear structure of the data while
lacking global constraints on its solution, and 2) under the SSS
situation, the dictionary is often underdetermined, which results
in an unstable graph.

III. PROPOSED DIMENSIONALITY REDUCTION METHOD

A. SLGDA

To address drawbacks of the aforementioned SGDA, SLGDA
is proposed; that is, a sparse and low-rank graph is constructed
with the following objective function:

argmin
W

‖W‖∗ + β‖W‖1

s.t. X = XW and diag(W) = 0 (7)

where ‖ · ‖∗ represents the nuclear norm of a matrix and β is
a regularization parameter. When β = 0, the method reduces
to a low-rank graph-based discriminant analysis (LGDA). The
equation can be reformulated as

argmin
W

‖W‖∗ + β‖W‖1 + λ‖X−XW‖2,1

s.t. diag(W) = 0 (8)

where ‖ · ‖2,1 represents the �2,1-norm [35] and λ is also a
regularization parameter. As for SLGDA using class-specific
labeled data, the objective function can be expressed as

arg min
W(l)

‖W(l)‖∗ + β‖W(l)‖1 + λ‖X(l) −X(l)W(l)‖2,1

s.t. diag(W) = 0 (9)

where {X(l)}Cl=1 means the labeled samples in the lth class.
It is readily seen that, in SLGDA, an informative graph W

is constructed by both sparsity and low rankness constraints,
where the sparsity criterion can exploit the local neighborhood
structure via sparse representation while the low-rank criterion
is better at obtaining the global structure of data by preserving
highly correlated data into the same cluster. Hence, the linear
projection learned using SLGDA is expected to capture the
local and global structures simultaneously.

B. LADMAP for Solving SLGDA

The function in (8) or (9) is a constrained convex optimiza-
tion problem, which can be solved by a recently developed
method named linearized alternating direction method with
adaptive penalty (LADMAP) [40]. LADMAP can efficiently
optimize a linearly constrained convex problem via updating
the variables alternately to minimize an augmented Lagrangian
function and provide a fast convergence.

By introducing two auxiliary variablesZ andE, the objective
function in (8) becomes separable as

arg min
W,E

‖Z‖∗ + β‖W‖1 + λ‖E‖2,1

s.t. X = XZ+E and Z = W (10)

where E can be viewed as a residual matrix. The augmented
Lagrangian function of (10) is

L(Z,W,E,T1,T2, μ) = ‖Z‖∗ + β‖W‖1 + λ‖E‖2,1
+〈T1,X−XZ−E〉

+〈T2,Z−W〉+ μ

2

×
(
‖X−XZ−E‖2F + ‖Z−W‖2F

)
(11)

where ‖ · ‖2F represents the Frobenius norm, T1 and T2 are
Lagrangian multipliers, and μ is a penalty parameter. By some
simple algebra, (11) can be reformulated as

L(Z,W,E,T1,T2, μ) = ‖Z‖∗ + β‖W‖1 + λ‖E‖2,1

+ h(Z,W,E,T1,T2, μ)−
1

2μ

(
‖T1‖2F + ‖T2‖2F

)
(12)

where

h(Z,W,E,T1,T2, μ)

=
1

2μ

(∥∥∥∥X−XZ−E+
T1

μ

∥∥∥∥2
F

+

∥∥∥∥Z−W+
T2

μ

∥∥∥∥2
F

)
. (13)
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The LADMAP minimizes the function L with other two vari-
ables fixed to update Z, W, and E. In each iteration, the
updating rules are expressed as

Zk+1 = argmin
Z

‖Z‖∗

= 〈∇Zh(Z,W,E,T1,T2, μ),Z− Zk〉

+
μkL

2
‖Z− Zk‖2F = Θ(μkL)−1(Ak)

= argmin
Z

‖Z‖∗ +
μkL

2
‖Z−Ak‖2F (14)

where

Ak= Zk+XT
X−XZk+

T1,k

μk

η
−

Zk−Wk+
T2,k

μk

η
(15)

where η = ‖X‖22, Θ is the singular value thresholding operator
[35], and ∇Zh(·) is the partial differentiation of function h(·)
with respect to Z. Alternatively, for Wk+1 and Ek+1, their
corresponding formulations can be written as

Wk+1 = argmin
W

β‖W‖1 +
μk

2

∥∥∥∥Zk+1 −Wk +
T2,k

μk

∥∥∥∥2
F

=S−1
βμk

(
Zk +

T2,k

μk

)
(16)

Ek+1 = argmin
E

λ‖E‖1+
μk

2

∥∥∥∥X−XZk+1−E+
T1,k

μk

∥∥∥∥2
F

=S−1
λμk

(
X−XZk+1 +

T1,k

μk

)
(17)

where S is the soft-thresholding operator and T1,k, T2,k, and
μk are the values in the kth step that are also iteratively updated.
The complete procedure of the LADMAP algorithm for solving
SLGDA is outlined in Algorithm 1.

Algorithm 1 LADMAP Algorithm for Solving SLGDA

Input: Training data X = {xi}Mi=1 ∈ R
N with class label and

the regularization parameters λ and β
Initialize: Z0 = W0 = E0 = T1,0 = T2,0 = 0, μ0 = 0.1,
μmax = 1010, ρ = 1.1, and k = 0
while no converged

Update the variable Z according to (14);
Update the variable W according to (16);
Update the variable E according to (17);
Update the Lagrange multipliers as follows:

T1,k+1 =T1,k + μk(X−XZk+1 −Ek+1);

T2,k+1 =T2,k + μk(Zk+1 −Wk+1);

Update the parameter μ: μk+1 = min(μmax, ρμk);
Check the convergence conditions;
Update k: k ← k + 1;

end while
Output: An optimal solution (Zk, Wk, Ek).

After obtaining W, the graph weight matrix G and the
Laplacian matrix L can be calculated, and the optimal pro-
jection matrix P is then computed by solving the generalized
eigenvalue decomposition problem in (3). The overall descrip-
tion of the SLGDA is given as Algorithm 2.

Algorithm 2 Proposed SLGDA algorithm

Input: Training data X = {xi}Mi=1 ∈ R
N with class label and

the regularization parameters λ and β
Normalize the columns of X to have unit �2-norm;
Obtain graph matrix W via solving (8) or (9) by Alg. 1;
Compute projections by solving the eigenvalue decomposition
in (3);
Output: A projection matrix P.

C Analysis on SLGDA

As indicated in (8) and (9), there are two strategies to calcu-
late the graph W, i.e., with or without class-label information.
The one using class-specific labeled data is denoted as SLGDA
since it is supervised, and the one using the whole labeled
data is denoted as a graph-embedding method, i.e., SLGGE.
The same process has been done for SGDA, i.e., SGDA (class-
specific) and SGGE (class-nonspecific), and LGDA, i.e., LGDA
(class-specific) and LGGE (class-nonspecific).

In this paper, SLGDA is proposed as a dimensionality-
reduction step for hyperspectral classification. The spectral
response of remote-sensing data can be affected by many fac-
tors, such as differences in illumination conditions, geometric
features of material surfaces, and atmospheric effects [41]. It
is hence reasonable to assume that statistical distributions of
objects in hyperspectral data express a complicated structure.
We expect that the proposed SLGDA can accurately capture
the local and global structures in a reduced-dimensionality
subspace.

The aforementioned graph weights (i.e., SGGE, SGDA,
LGGE, LGDA, SLGGE, and SLGDA) using three-class syn-
thetic data (around 100 samples per class) are illustrated in
Fig. 1. On the one hand, SGDA and SLGDA in Fig. 1(b), (d),
and (f) do exhibit a block-diagonal structure revealing higher
between-class separability than SGGE, LGGE, and SLGGE in
Fig. 1(a), (c), and (e). This means that the graph of SGDA,
LGDA, or SLGDA is more suitable for supervised classifi-
cation. On the other hand, as shown in Fig. 1, the graph of
SLGDA is as sparse as that of SGDA if merely counting
significant nonzero weights, and the graph of SLGDA is denser
than that of SGDA if trivial nonzero weights are also counted.
This implies that the SGDA finds the samples best matching
each pixel individually while the SLGDA finds the samples
best matching all the similar pixels jointly since the low-
rank constraint is applicable to the weight matrix not a single
weight vector.

Fig. 2 illustrates class distributions along the first two dimen-
sions. Fig. 2(a) shows the original (synthetic) data—class 1: red
plus, class 2: blue square, and class 3: black circle. It seems
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Fig. 1. Visualization of different graph weights using three-class synthetic
data. (a) SGGE graph. (b) SGDA graph. (c) LGGE graph. (d) LGDA graph.
(e) SLGGE graph. (f) SLGDA graph.

that the distribution of these synthetic data is complex—class 2
is relatively separable from the other two; class 1 mainly has
two parts, one of which is significantly overlapped with class 3
(marked by a red circle). Fig. 2(f) shows that the proposed
SLGDA provides the best class separation. Additionally, the
true positive ratio (TPR) and false positive ratio (FPR) for each
method are listed in Table I, where SLGDA is further affirmed
to better separate complex class distributions, such as samples
from class 1 to class 3.

IV. EXPERIMENTAL RESULTS

In this section, the proposed SLGDA is validated with several
popular hyperspectral data sets, combining the typical SVM1

classifier. The primary objectives of the experimental results re-
ported in the next two sections are as follows: 1) to tune the pa-
rameters of the classification system (dimensionality reduction

1https://www.csie.ntu.edu.tw/~cjlin/libsvm/

Fig. 2. Two-dimensional three-class synthetic data classified (with accuracy)
by different methods. (a) SGGE: 72.33%. (b) SGDA: 76.00%. (c) LGGE:
63.67%. (d) LGDA: 75.33%. (e) SLGGE: 76.33%. (f) SLGDA: 84.33%.

TABLE I
CLASS ACCURACIES (IN PERCENT) FOR DIFFERENT METHODS

USING THREE-CLASS SYNTHETIC DATA

and classification) and 2) to quantify the efficacy of SLGDA-
based dimensionality reduction for hyperspectral image classi-
fication and compare it with previously proposed methods.

https://www.csie.ntu.edu.tw/~cjlin/libsvm/
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TABLE II
CLASS LABELS AND TRAIN–TEST DISTRIBUTION OF SAMPLES

FOR THE UNIVERSITY OF PAVIA DATA SET

A. Experimental Hyperspectral Data

The first experimental data set2 was collected by the Reflec-
tive Optics System Imaging Spectrometer sensor. The image
scene, with a spatial coverage of 610 × 340 pixels covering
the city of Pavia, Italy, was collected under the HySens project
managed by DLR (the German Aerospace Agency). The data
set has 103 spectral bands prior to water-band removal. It has a
spectral coverage from 0.43 to 0.86 μm and a spatial resolution
of 1.3 m. Approximately 42 776 labeled pixels with nine classes
are from the ground-truth map. More detailed information of
the number of training and testing samples is summarized in
Table II.

The second data employed were acquired using the National
Aeronautics and Space Administration’s Airborne Visible/
Infrared Imaging Spectrometer (AVIRIS) sensor and were
collected over northwest Indiana’s Indian Pine test site in
June 1992. The image represents a classification scenario with
145 × 145 pixels and 220 bands in the 0.4–2.45-μm region
of visible and infrared spectrum with a spatial resolution of
20 m. The scenario contains two-thirds agriculture and one-
third forest. In this paper, a total of 202 bands is used after the
removal of water-absorption bands. There are 16 different land-
cover classes, but not all mutually exclusive in the designated
ground-truth map. The numbers of training and testing samples
are summarized in Table III.

The third data were also collected by the AVIRIS sensor,
capturing an area over Salinas Valley, California, with a spatial
resolution of 3.7 m. The image comprises 512 × 217 pixels
with 204 bands after 20 water-absorption bands are removed.
It mainly contains vegetables, bare soils, and vineyard fields.
There are also 16 different classes, and the numbers of training
and testing samples are listed in Table IV.

B. Parameter Tuning

We report experiments demonstrating the sensitivity of the
proposed SLGDA over a wide range of the parameter space,
such as regularization parameters (i.e., β and λ) in the ob-
jective function [e.g., (9)] and dimensionality of the projected
subspace. A fivefold cross-validation strategy is employed for

2http://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote
_Sensing_Scenes

TABLE III
CLASS LABELS AND TRAIN–TEST DISTRIBUTION OF

SAMPLES FOR THE INDIAN PINES DATA SET

TABLE IV
CLASS LABELS AND TRAIN–TEST DISTRIBUTION OF

SAMPLES FOR THE SALINAS DATA SET

tuning these parameters [42]. Development data are derived
from the available training data by further dividing it into
training and testing samples for tuning these parameters. The
testing accuracy obtained for this development data set is
used to find an effective range of parameters to ensure a
reliable classification performance. The Gaussian kernel of
SVM is also tuned to be optimal before employing it for
classification.

Fig. 3 illustrates the overall development-data accuracy of
SLGDA and SLGGE as a function of two regularization
parameters (i.e., β and λ). Both are chosen from the region of
{0.001, 0.005, 0.01, 0.05, 0.1, 0.5}, from which the optimal β
and λ are determined. For example, the values of β and λ of
SLGDA can be set to 0.01 for the University of Pavia data and
the Indian Pines data; as for the Salinas data, 0.1 is the best
one. As for SLGGE, the performance is sensitive to λ using
the Indian Pines data, while for the other two, the changes
are not obvious when λ is smaller than 0.05. From a general
viewpoint, β can be set to 0.1 and λ = 0.001 for all the
experimental data.

http://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
http://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
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Fig. 3. Parameter tuning of β and λ using three experimental data sets: (a) and
(b) for the University of Pavia data, (c) and (d) for the Indian Pines data, and
(e) and (f) for the Salinas data.

Fig. 4 illustrates the development-data accuracy as a function
of the reduced-dimensionality K for all data sets. It is apparent
that the performance is unsatisfactory when the reduced dimen-
sionality is low and tends to be improved and stable when the
dimensionality increases. For example, a reduced dimension
of 30 appears to be optimal for the University of Pavia data
set. In a practical setting, one can study these performance
curves to optimally tune the algorithm. We note that, even for
an extremely low dimensionality, the performance of SLGDA
is obviously superior to others, which further suggests that
SLGDA is able to find a transform that can significantly re-
duce the dimensionality while preserving the rich structure of
the data.

C. Classification Performance

To demonstrate the benefits of SLGDA as a powerful
dimensionality-reduction tool for hyperspectral classification,
we compare its performance using an SVM classifier with the
conventional PCA, LDA, LFDA [15], and the recently proposed
SGDA [30]. The class-specific accuracy and overall accuracy

Fig. 4. Overall development accuracy versus reduced-dimensionality K for
methods using the experimental data sets. (a) University of Pavia data.
(b) Indian Pines data. (c) Salinas data.
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TABLE V
SVM CLASS-SPECIFIC ACCURACY (IN PERCENT) AND OA OF

DIFFERENT TECHNIQUES FOR THE UNIVERSITY OF PAVIA DATA

TABLE VI
SVM CLASS-SPECIFIC ACCURACY (IN PERCENT) AND OA OF

DIFFERENT TECHNIQUES FOR THE INDIAN PINES DATA

TABLE VII
SVM CLASS-SPECIFIC ACCURACY (IN PERCENT) AND OA OF

DIFFERENT TECHNIQUES FOR THE SALINAS DATA

(OA) are listed in Tables V–VII for the three experimental data,
respectively.

From the results of each individual method, the performance
of SLGDA is much better than others; for example, in Table V,

TABLE VIII
STATISTICAL SIGNIFICANCE FROM THE STANDARDIZED MCNEMAR’S

TEST ABOUT THE DIFFERENCE BETWEEN METHODS

SLGDA offers approximately 4% higher accuracy than SGDA,
and SLGGE yields over 2% higher accuracy than SGGE. The
standardized McNemar’s test [11] is employed to verify the
statistical significance in the accuracy improvement of SLGDA.
As listed in Table VIII, the Z values of McNemar’s test larger
than 1.96 and 2.58 mean that two results are statistically dif-
ferent at the 95% and 99% confidence levels, respectively. The
sign of Z indicates whether classifier 1 outperforms classifier 2
(Z > 0) or vice versa. This clearly demonstrates that the
proposed SLGDA is a highly discriminative dimensionality-
reduction method.

Figs. 5–7 illustrate the thematic maps resulting from the
classification of these hyperspectral scenes. We produced
ground-cover maps of the entire image scene for these images
(including unlabeled pixels). However, to facilitate easy com-
parison between methods, only areas for which we have ground
truth are shown in these maps. Clearly, SLGDA consistently
results in maps that are less noisy and more accurate com-
pared to SGDA and LGDA. For example, we can observe the
region of Soybeans-min till in Fig. 6 or the one of Asphalt
in Fig. 5. These maps are consistent with the results listed in
Tables V–VII.

In practical situations, the number of training samples avail-
able may be insufficient to estimate models for each class.
Fig. 8 shows the classification performance with different
numbers of training-sample sizes. For the Indian Pines data,
the training size is changed from 1/10 to 1/5 (note that 1/10
is the ratio of the number of training samples to the total
labeled data); as for the University of Pavia data and the
Salinas data, the training-sample-size ratio is changed from the
region of [0.06, 0.1] and [0.01, 0.05] with an interval of 0.01,
respectively. It is obvious that the classification performance
of SLGDA is consistently much better than others. When the
ratio of training samples is as low as 0.06, SLGDA even
reaches 93.70% accuracy for the University of Pavia data,
which further confirms that the proposed SLGDA is a com-
petitive dimensionality-reduction method even under limited
labeled data.

Finally, the computational complexity of the aforementioned
methods is reported in Table IX. All experiments were carried
out using MATLAB on an Intel Core i7-3770 CPU machine
with 8 GB of RAM. Notice that the computational costs of
PCA, LDA, and LFDA are much lower than that of graph-based
dimensionality reduction, and the costs of SLGDA and SLGGE
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Fig. 5. Thematic maps resulting from classification for the University of Pavia data set with nine classes. (a) Pseudocolor image. (b) Ground-truth map. (c) PCA:
89.00%. (d) LFDA: 92.77%. (e) SGGE: 89.17%. (f) SGDA: 90.58%. (g) LGGE: 83.12%. (h) LGDA: 92.19%. (i) SLGGE: 91.28%. (j) SLGDA: 94.15%.

Fig. 6. Thematic maps resulting from classification for the Indian Pines data set with 16 classes. (a) Pseudocolor image. (b) Ground-truth map. (c) PCA: 79.01%
(d) LFDA: 81.79%. (e) SGGE: 81.22%. (f) SGDA: 83.34%. (g) LfGGE: 75.82%. (h) LGDA: 80.05%. (i) SLGGE: 82.43%. (j) SLGDA: 85.19%.
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Fig. 7. Thematic maps resulting from classification for the Salinas data set with 16 classes. (a) Pseudocolor image. (b) Ground-truth map. (c) PCA: 89.82%,
(d) LFDA: 91.22%. (e) SGGE: 91.38%. (f) SGDA: 91.82%. (g) LGGE: 85.45%. (h) LGDA: 91.69%. (i) SLGGE: 92.93%. (j) SLGDA: 93.31%.

are slightly higher than that of SGGE and SGDA due to the fact
that they carry additional computation burden for the low-rank
constraint.

V. CONCLUSION

In this paper, an SLGDA was proposed for the dimen-
sionality reduction and classification of hyperspectral imagery.
The approach can construct an informative graph, including
both sparsity and low rankness constraints, which fully utilizes
the fact that the sparsity criterion can exploit each individual
matching while the low rankness criterion defined on the entire
weight matrix is better at finding joint matching by considering
all the testing pixels. The net effect is to reinforce the weight

vector similarity for pixels that are similar in the original data
space. In doing so, the induced projection of the proposed
SLGDA is able to capture the local and global structures simul-
taneously. Experimental results with synthetic data as well as
real hyperspectral images have verified that SLGDA is effective
in dimensionality-reduction tasks and provides better perfor-
mance when compared with the state-of-the-art SGDA, even
under SSS situation, at a slight sacrifice of computation cost.
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Fig. 8. Classification performance of methods with different numbers of
training-sample sizes using the experimental data sets. (a) University of Pavia
data, (b) Indian Pines data, and (c) Salinas data.

TABLE IX
EXECUTION TIME (IN SECONDS) IN THE

THREE EXPERIMENTAL DATA SETS
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