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a b s t r a c t
This paper reviews the state-of-the-art representation-based classiﬁcation and detection approaches for
hyperspectral remote sensing imagery, including sparse representation-based classiﬁcation (SRC), collaborative representation-based classiﬁcation (CRC), and their extensions. In addition to the original SRC and
CRC, the related techniques are categorized into the following subsections: (1) representation-based classiﬁcation with dictionary partition using class-speciﬁc labeled samples; (2) representation-based classiﬁcation with weighted regularization by measuring similarity between each atom and a testing sample; (3)
representation-based classiﬁcation with joint structured models to consider contextual information during
recovery optimization; (4) representation using spatial features in a preprocessing or a postprocessing step;
(5) representation-based classiﬁcation in a high-dimensional kernel space through nonlinear mapping; and
(6) target and anomaly detection with sparse and collaborative representations. Some open issues and ongoing investigations in this ﬁeld are also discussed.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
Representation-based classiﬁcation and detection are of great
interest recently due to the emerging paradigm of compressed sensing (CS) [1–4]. For instance, sparse representation-based classiﬁcation (SRC) [5–8] has already been investigated in many applications,
such as face recognition [9–12], human action recognition [13–15],
gesture recognition [16,17]. It has also been applied to remote sensing
images, such as optical hyperspectral images [18–21], thermal images
[22], and radar images [23–28]. In this survey, we focus on their applications in hyperspectral remote sensing image classiﬁcation, target
and anomaly detection.
Let a dataset have n labeled samples X = {xi }ni=1 ∈ Rd (d is the
number of spectral bands) with class labels ωi ∈ {1, 2, . . . , C } (C represents the number of classes). Let nl be the number of labeled samples

in the lth class, and Cl=1 nl = n. An approximation of a testing sample y is determined via a linear combination of all available labeled
samples X (also called a dictionary). In this paper, the dictionary X
is assumed to be known, although it can be learned from the image
[29,30]. In SRC, the testing pixel is sparsely represented by the labeled
data via an 0 or 1 -norm regularization, and class label of the testing pixel is determined to be that of the class whose labeled samples
✩
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provides the smallest approximation error. More speciﬁc, the objective of SRC is to ﬁnd weight vector α(SR) such that y − Xα(SR) 22 is
minimized with its 1 -norm α(SR) 1 being minimized, which can be
expressed as



2





arg miny − Xα(SR)  + λ1 α(SR)  ,
2

α(SR)

1

(1)

where λ1 is a regularized parameter controlling the sparsity of α(SR) .
The weight vector α(SR) in Eq. (1) can be solved by the basis pursuit
(BP) method [31] or basis pursuit denoising (BPDN) algorithm [32].
If 0 -norm is directly used, then the problem can be approximately
solved by greedy pursuit algorithms, such as orthogonal matching
pursuit (OMP) [33] or subspace pursuit (SP) [34]. After obtaining
α(SR) , X and α(SR) are separated into l class-speciﬁc segments according to the given class labels of the training samples, i.e., {Xl }Cl=1 ∈
(SR)

Rd×nl and {αl }Cl=1 ∈ Rnl ×1 . The class label of y is then determined
according to the class that minimizes the class-speciﬁc residual.
That is





rlSRC (y) = Xl α(l SR) − y ,
2

(2)

and class label SRC (y) = arg minl=1,...,C rlSRC (y).
It has been argued that it is the “collaborative” nature of the approximation instead of “competitive” nature imposed by sparseness
constraint that actually improves classiﬁcation accuracy [35–37].
Collaborative representation (CR) means all the atoms “collaborate”
on the representation of a single pixel, and each atom has an equal
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chance to participate in the representation. It is solved as an 2 norm regularized least squares problem. Speciﬁcally, in collaborative
representation-based classiﬁcation (CRC) [38], the objective is to ﬁnd
the weight vector α(CR) such that y − Xα(CR) 22 is minimized under
the constraint α(CR) 22 is minimized, which can be expressed as



2



2

arg miny − Xα(CR)  + λ2 α(CR)  ,
2

α(CR)

2

(3)

with λ2 being the regularization parameter. Taking derivative with
regard to α(CR) and setting the resultant equation to zero yields


−1
α(CR) = XT X + λ2 I XT y.

(4)

Similarly, after obtaining α(CR) , class label of the testing sample is determined according to the minimum residue rCRC
(y). Obviously, CRC
l
has much lower computational cost than SRC since the solution has a
closed-form as in Eq. (4).
Pixels in hyperspectral imagery have high spatial and spectral
correlation, which makes classiﬁcation challenging [39,40]. The advantages of CRC and SRC are that they do not assume any data
or class density distribution and are relatively easy to be implemented. However, they are originally designed to be pixel-wise classiﬁers which consider the spectral signature only while ignoring
the spatial information at neighboring locations [41]. This paper intends to conduct a comprehensive review on existing methods in improving representation-based classiﬁcation of hyperspectral imagery,
which we wish could provide insights for further investigations. The
improvement may be due to the adoption of one of the following
strategies: (1) use of within-class labeled samples for class-speciﬁc
representations; (2) adjustment of the regularization parameter according to the similarity between each atom and the testing sample;
(3) use of spatial neighbors for joint representation; (4) use of spatial features for representation; and (5) nonlinear representation in
a kernel space. We will describe these ﬁve categories in the following sections. Besides, target and anomaly detection algorithms using
sparse and collaborative representations are also surveyed.
2. Representation-based classiﬁcation with dictionary partition
The original SRC and CRC both adopt all the labeled samples belonging to different classes for representation. An alternative way
is to estimate testing samples using within-class samples to generate class-speciﬁc representations and residuals. In [42,43], classdependent SRC (CDSRC) and nearest subspace classiﬁer (NSC) were
presented. The CDSRC improves the traditional SRC by exploiting
both correlation and intersample distance relationship between testing and training samples. The NSC was designed to employ an 2 norm penalty to measure the similarity between the testing pixel and
within-class labeled samples, which is denoted as within-class CRC.
2.1. Class-dependent SRC
The CDSRC [42] is composed of class-dependent OMP and classdependent k-nearest neighbor (k-NN) [44] searching steps. In doing
so, both correlation properties of sparse coeﬃcients and Euclidean
distance relationship between testing and training data are exploited.
To obtain the sparse coeﬃcients in class-dependent OMP, the following optimization problem is to be solved





arg minα(l SR)  ,
(SR)

αl

0

s.t. Xl α(l SR) = y,

(5)

where Xl represents the training samples in the lth class. The resid(SR)
ual of each class is calculated via rlOMP (y) = Xl αl
− y2 , l =
1, . . . , C. Meanwhile, the Euclidean distances among y and Xl are
computed, and the mean of the k smallest distances dlED (y) is calculated. Finally, the class label of y is determined according to

C DSRC (y) = arg minl=1,...,C rlOMP (y) + μdlED (y). Here, μ is a parameter
to balance the importance between rlOMP (y) and dlED (y).
Obviously, the CDSRC has two main differences compared to the
traditional SRC: (1) using the class-speciﬁc labeled samples for sparse
representation; and (2) using Euclidean distance to facilitate accurate discrimination. The beneﬁts are two-fold. On one hand, for hyperspectral data, a testing pixel is usually highly-correlated with
samples from other classes, which causes the recovered sparse coeﬃcients not to reﬂect the true membership of the pixel. Under such
a circumstance, nonzero coeﬃcients may be from samples belonging
to multiple classes and using the entire training data as the dictionary
is not preferred. On the other hand, Euclidean distance of the testing
pixel and the class-speciﬁc k nearest neighbors can exploit the direct
spectral similarity from another perspective.
2.2. Nearest subspace classiﬁer
In the NSC [43], an approximation of the testing sample y is calculated via a linear combination of available training samples per
class, Xl . That is, for the lth class, using its labeled samples, the class(NS)
speciﬁc approximation, 
yl , is calculated as 
yl = Xl αl . The weight
(NS)

vector αl

is the solution of an 2 -norm regularization problem


2

2
arg miny − Xl α(NS)  + λ2 α(NS)  ,
l

α(l NS)

l

2

(6)

2

which can be solved as

α(l NS) = (XTl Xl + λ2 I)−1 XTl y.

(7)

Once obtaining the weight vector, class label of the testing sample is
then determined according to the class minimizing the residual between 
yl and y. That is









rlNSC (y) = 
yl − y = Xl α(l NS) − y ,
2

(8)

2

and NSC (y) = arg minl=1,...,C rlNSC (y).
3. Representation-based classiﬁcation with weighted
regularization
In [45,46], an extension of SRC has been proposed, where an adaptive measurement between the testing pixel and training data that
well characterizes their similarity is imposed on the 1 -norm penalty,
named as weighted SRC (WSRC). The WSRC can generate more discriminative sparse codes to represent the testing pixel. In [47], nearest regularized subspace (NRS) was proposed, which actually is a
weighted version of CRC. Compared to the traditional CRC, the NRS
utilizes spectral similarity to control the regularization. The procedure ensures that the labeled samples more dissimilar to the testing
pixel will provide much less contribution to its linear representation.
In addition, graph-based regularization may also help with performance improvement [48,49].
3.1. Weighted SRC
In the WSRC, a distance-weighted measurement y is imposed on
the 1 -norm penalty,



2





arg min y − Xα(W SR)  + λ1 y α(W SR)  ,
α(W SR)

2

1

(9)

where y is a biasing Tikhonov matrix deﬁned as


⎡
⎤
y − x 1 
0
2
⎢
⎥
..
y = ⎣
⎦,
. 



0
y − xn

(10)

2

where x1 , x2 , . . . , xn are the columns of X. If the distance is small,
which means the corresponding pixel is similar to the testing pixel,
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then its corresponding magnitude in the representation vector is allowed to be large; otherwise, its inﬂuence or coeﬃcient must be
SRC (y) and class label
small. After obtaining α(WSR) , the residual rW
l
WSRC(y) can be determined accordingly.
3.2. Nearest regularized subspace
In the NRS [47], the objective function is



2



2

arg min y − Xl α(l NRS)  + λ2 l,y α(l NRS)  ,
2

(NRS)

αl

(11)

2

where l, y is a diagonal matrix speciﬁc to the lth class for the testing
sample y in the form of


⎡
⎤
y − xl,1 
0
2
⎢
⎥
..
l,y = ⎣
⎦,
. 



0
y − xl,n
l

vector αl

(12)

α(l NRS) = (XTl Xl + λ2 Tl,y l,y )−1 XTl y.



(13)



rlNRS (y) = 
yl − y = Xl α(l NRS) − y ,
2

(14)

2

and NRS(y) = arg minl=1,...,C rlNRS (y).
4. Joint representation-based classiﬁcation
Incorporating contextual information is another important strategy to improve the traditional representation-based classiﬁcation,
with the assumption that neighboring pixels tend to belong to the
same class. In [50], two joint sparsity models have been proposed:
one called simultaneous OMP (SOMP), where pixels in a small neighborhood around the testing pixel are simultaneously represented by
labeled samples, and the other called OMP with smoothing (OMP-S),
where a smoothing constraint is imposed to force the vector Laplacian of the approximations to be zero. In [51], a joint within-class CRC
(JCRC) was presented, where neighboring pixels near the testing pixel
are simultaneously represented via a joint collaborative model with
class-speciﬁc labeled samples.
4.1. Simultaneous OMP
In the SOMP [50], a joint sparsity model (JSM) is employed to use
spatial information. Let Y = [y1 , y1 , . . . , y9 ] represent a small window
(e.g., 3 × 3) of pixels centered at y. Assume Y can be approximated as
Y = XS = [Xα1 , Xα2 , . . . , Xα9 ] where S is a sparse matrix to be estimated by solving the following problem

 

arg minS
S

row,0

,

s.t. XS = Y,

(15)

where Srow,0 denotes the nonzero rows of S solved by the OMPbased greedy algorithm. Once the sparse matrix is obtained, the total
residual between Y and the corresponding approximations are calculated as

rlSOMP (y) =

9 

i=1


X l S l − y i  ,
2

and the class label
arg minl=1,...,C rlSOMP (y).

of

y

(16)
is

determined


⎡
⎤

y −
xl,1 
0
2
⎢
⎥
..
l,y = ⎣
⎦,
. 





0
y − xl,n
and the weight vector

αJCR
l

(17)

2

can be calculated as

as

(18)

The residual of the testing pixel is





rlJCRC (y) = 
Xl α(l JCR) − 
y ,

(19)

2

Once obtaining the weight vector, class label of the testing sample is
then determined according to the class which minimizes the residual
between 
yl and y. That is



The JCRC [51] is a spatially-joint extension of the previouslyintroduced NRS where both the testing and training data are spatially averaged with their nearest neighbors before representation.
Take the testing pixel y centered at a 3 × 3 window as an example,
the averaged signature is obtained using its 8 neighbors and itself,

i.e., 
y = 19 9i=1 yi . Similarly, each atom in the lth sub-dictionary Xl is
replaced with its spatial average, denoted as 
xl,1 , 
xl,2 , . . . , 
xl,nl . The
regularization matrix is modiﬁed as

α(l JCR) = (
XTl 
Xl + λ2 Tl,y l,y )−1 
XTl 
y.

2

can be recovered in a closed-form solution as



4.2. Joint CRC

l

where xl,1 , xl,2 , . . . , xl,nl are the columns of Xl . Similarly, the weight
(NRS)
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SOMP (y) =

and its class label is determined as JC RC (y) = arg minl=1,...,C rl

JCRC

(y).

4.3. Other related work
Both the SOMP and JCRC consider the surrounding pixels equally
important, which may be problematic, especially in heterogeneous
regions where the central pixel and neighboring pixels may not belong to the same class. Under this case, only the neighboring pixels
that are similar to the central pixels should be taken into consideration or given higher weights when producing a smoothed version of 
y.
Sparse neighbor representation, combining the locally linear embedding, was discussed in [52], and weighted SOMP (WSOMP) was proposed in [53,54], where the weight of each speciﬁc neighboring pixel
is determined by the structural similarity in a local region. The Gaussian kernel function was employed to generate the weights or importance of a neighboring pixel in the proposed weighted JCRC [55]. It
turns out that the weighted version outperforms the original SOMP
and JCRC. In [56–59], weighted sparse representation and localityconstrained collaborative representations were discussed. Another
strategy is based on a prior segmentation map [60] where only
within-segment pixels are used in the generation of the smoothed
version of 
y.
There are some other joint representation-based classiﬁcation approaches. In [61], learning vector quantization (LVQ)-based dictionary learning was employed to utilize spatial context of a testing pixel
within its local neighborhood. In [62], a multiple adaptive sparse
representation (MASR) mode was proposed, which is based on the
observation that regions of different scales usually exhibit distinct
spatial structures and characteristics; thus, correlations among multiple region scales were considered during representation. In [63], local structure of testing pixels was exploited to enforce smoothness
during sparse representation, named as manifold-based SRC. Similar
idea of incorporating additional structured sparsity priors with SRC
can be found in [30,64,65].
5. Representation in feature spaces
Spatial-spectral classiﬁers, considering spatial features and spectral signatures simultaneously, have been recently developed. In [66],
extended multiattribute proﬁle (EMAP) was employed to exploit spatial features, followed by the traditional SRC. In [41,67], a Gabor ﬁlter
was used to capture spatial structures of objects, such as orientation
information. The other strategy is to incorporate spatial-context information at postprocessing level. In [68,69], Markov random ﬁeld
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(MRF) was combined with SRC or NRS to produce the ﬁnal output. The
beneﬁt of MRF is that it can work with different probability distributions and extract spatial correlation among pixels. In [70], a sparsity
concentration index (SCI) rule-guided semilocal spatial graph regularization (SSG) was proposed to promote spatial continuity after obtaining sparse coeﬃcients.
5.1. Using spatial features in a preprocessing step
In [41,66,67], EMAP or Gabor features were extracted in a preprocessing step. EMAP features are generated by the morphological attribute proﬁles (APs) obtained using different types of attributes (e.g.,
thinning, thickening, etc). For a connected component in an image I, if
the attribute satisﬁes a predeﬁned condition (i.e., higher than a given
threshold), the region is unaltered; otherwise, the region is merged
to some surrounding component. AP is calculated by applying a sequence of attribute thinning and thickening operations as

AP (I) := {φm (I), . . . , φ1 (I), I, γ1 (I), . . . , γm (I)},

(20)

where φ i and γ i denote thickening and thinning operations, respectively. EMAP features are collected by generating an AP on each selected band of a hyperspectral image or each transformed component
in a low-dimensional space (e.g., through principal component analysis (PCA)).
A Gabor ﬁlter [71] is a sinusoidal function modulated by a Gaussian envelope. In a two-dimensional (a, b) coordinate system, the Gabor operator can be represented as

g(a, b, δ, θ , ψ , σ , γ )



= exp −


2

a + γ 2 b
2σ 2
2


exp j 2π

a

δ

,

Input: Training samples X
for all testing sample y do
Step 1: Dimensionality reduction if needed;
Step 2: An attribute operator (AP) operator or Gabor ﬁlter is applied to extract spatial features;
Step 3: Labeled data X = {xi }ni=1 corresponding to ωi and the testing sample to be classiﬁed y are obtained in the feature space;
Step 4: Representation classiﬁcation is implemented.
end for
Output: class (y)

is a sum of clique potentials δ(ωi − ω j ) over all possible cliques ,
and ν is a parameter of smoothness. Here, a clique is deﬁned as a set
of pixels in which distinct sites are neighbors, the property of a pixel
is determined by its neighborhoods only, and the associated density
is a Gibbs distribution. Nevertheless, the outputs of sparse or collaborative representation are residuals between testing pixels and their
corresponding recoveries, while MRF is a model requiring probability as its input. The key is to approximately transform representation
residuals to a probability format. In [69], the transformation uses a
decreasing function of the residual with the properties:

f (0) = 1,

lim f (rl ) = 0,

(22)

rl →∞

where f(rl ) is the normalized version of 1/rl2 , i.e., f (rl ) =


+ψ

Algorithm 1 Representation-based Classiﬁcation Using Spatial Features at Preprocessing Level.

(21)

where a = a cos θ + b sin θ and b = −a sin θ + b cos θ . Here, δ represents the wavelength of the sinusoidal factor, θ represents the orientation separation angle of Gabor kernels, ψ is the phase offset, σ is
the standard derivation of the Gaussian envelope, and γ is the spatial aspects ratio specifying the ellipticity of the support of the Gabor
ﬁlter.
Before EMAP and Gabor operators [41,66] are employed, dimensionality reduction technique is usually applied to select a representative subset. The goal is to reduce redundance of spectral bands and
avoid tremendous extracted spatial features. For example, a band selection technique, such as the one using linear prediction error [72],
has been proposed for unsupervised band selection based on band
similarity assessment. There are many other relevant literatures. In
[73], 3-D Gabor feature-based collaborative representation was proposed. It stated that spatial features extracted by 3-D Gabor transformation could potentially increase the discrimination power of
material features. In [74], spatial translation invariant wavelet
(STIW)-based sparse representation was presented. In this work,
STIW features were used to reduce both noise and spatial nonstationarity while maintaining ideal spectra, and thus, separations
among class-speciﬁc subspaces can be enhanced. In [75], morphological component analysis (MCA)-based SRC was discussed, where
minimum noise fraction (MNF) before MCA was used for feature extraction in the feature-induced subspace. The overall description of
representation using spatial features at preprocessing level is summarized in Alg. 1.
5.2. Using spatial features in a postprocessing step
Another widely-used strategy is to utilize spatial information in a
post-processing step. For instance, the outputs of SRC or NRS can be
combined with an MRF model [69]. In the MRF model [76], the spatial
prior is deﬁned as Pr (ω) = Z −1 exp (U (ω)), where Z is a normalizing

constant, U (ω) = ν (i, j)∈ δ(ωi − ω j ) is an energy function which

1/r 2
C l 2 .
1/r
l=1

By

l

doing so, the probability of each class is obtained for the testing pixel
y, denoted as f (rl ), l = {1, 2, . . . , C }. Based on these probabilities, the
spatial interdependencies among neighboring pixels can be captured
for classiﬁcation reﬁnement.
6. Kernelized representation for classiﬁcation
In a kernel method, data are projected into a high-dimensional
kernel-induced feature space by an implicit nonlinear mapping function , i.e., y → (y) ∈ RD×1 (D  d is the dimension of kernel
feature space). Usually, the explicit mapping  is unknown. Accord
ing to the kernel trick, the inner product of two vectors, y and y ,
in the feature space is equal to the output of a kernel function, i.e.,



k(y, y ) = (y )T (y ) [77]. Thus, the explicit mapping  can be
avoided. If a kernel function with appropriate parameters is chosen,
a testing pixel can be represented more accurately than in the original space. In [78], kernel sparse representation was introduced for
hyperspectral image classiﬁcation; moreover, the spatial coherency
across neighboring pixels was also incorporated via a kernelized
JSM. Similarly, spatial-spectral kernel SRC (KSRC), with the consideration of spatially adjacent information was proposed in [79]. In
[80], KSRC was presented by incorporating nearest neighbor density
as a weighting strategy in traditional kernels. In [81], KSRC based on
region-level local feature kernels was discussed. In [82], kernel CRC
(KCRC) and kernel collaborative representation with Tikhonov regularization (KCRT) were presented. In [83], kernel nonlocal joint CRC
based on column-generation was introduced. It was demonstrated
that the aforementioned kernelized representation-based algorithms
can provide higher classiﬁcation accuracy than the original counterparts, and have been applied to various applications (e.g., gesture
recognition [16], face recognition [84,85]).
6.1. Kernel SRC
In KSRC [86–88], the objective function can be described as



2





arg min(y) − α(KSR)  + λ1 α(KSR)  ,
α(KSR)

2

1

(23)
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where  = [(x1 ), (x2 ), . . . , (xn )] ∈ RD×n . Eq. (23) can be modiﬁed to



2





arg minT (y) − T α(KSR)  + λ1 α(KSR)  ,
2

α(KSR)

which equals



2

(24)

1

 

arg mink(·, y) − Kα(KSR)  + λ1 α ,
2

α(KSR)

(25)

1

where k(·, y) = [k(x1 , y), k(x2 , y), . . . , k(xn , y)]T ∈ Rn×1 , and K =
T  ∈ Rn×n is the Gram matrix with Ki, j = k(xi , x j ). Here, we often employ
the Gaussian
radial basis function (RBF) kernel k(x, y) =


exp −γ x − y22 (γ > 0 is the parameter of RBF kernel) [89].
After obtaining the weight vector α(KSR) in the kernel space, l =
[(xl,1 ), (xl,2 ), . . . , (xl,nl )] represents the kernel sub-dictionary
for class l, and it can be further expressed as



rlKSRC (y) = l α(l KSR) − (y)
2

= ((y) − l α(l KSR) )T ((y) − l α(l KSR) )

T
T
= k(y, y) + α(l KSR) Kl α(l KSR) − 2α(l KSR) kl (·, y),

(26)

where Kl is the Gram matrix of the samples in class l, and kl (·, y) =
[k(xl,1 , y), k(xl,2 , y), . . . , k(xl,nl , y)]T ∈ Rnl ×1 . Finally, class label of the
testing pixel is determined as KSRC (y) = arg minl=1,...,C rlKSRC (y). The
general description of KSRC is given as Alg. 2. If spatial information at
neighboring locations is incorporated in the kernel space, the resulting method is called spatial-spectral KSRC [78,79].
6.2. Kernel CRC
In KCRC [82], the weight vector α(KCR) is estimated as



2



2

arg min(y) − α(KCR)  + λ2 α(KCR)  ,
2

α(KCR)

(27)

2

and the closed-form solution is

α(KCR) = (K + λ2 I)−1 k(·, y).
α(KCR) ,

(28)
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Algorithm 3 CSCR Target Detection Algorithm.
Input: For hyperspectral data, target samples Xt , background samples Xb , and the regularization parameters λ1 and λ2
for all pixels do
Step 1: For each testing pixel y, the weight vector of sparse repre(SR)
sentation αt
is calculated using Eq. (5), and the residual rt (y)
is obtained;
(CR)
Step 2: The weight vector of collaborative representation αb is
calculated via Eq. (11), and the residual rb (y) is obtained.
end for
Output: Residual difference D(y) = rb (y) − rt (y).

7. Representation-based target and anomaly detection
Sparse representation-based detection (SRD) has been recently
proposed [90–98]. The basic idea is that a target pixel can be better
represented by target atoms than by background atoms. The sparse
representation coeﬃcients in [92] were solved via an 0 -norm minimization, and a JSM was used to consider spatial correlation to increase the accuracy of sparse reconstruction. The detection output is

Table 1
Class Labels and Train-Test Distribution of Samples
for the University of Pavia Dataset
#

Class

1
2
3
4
5
6
7
8
9
Total

Asphalt
Meadows
Gravel
Trees
Painted Metal Sheets
Bare Soil
Bitumen
Self-Blocking Bricks
Shadows

Train
60
60
60
60
60
60
60
60
60
540

Test
6631
18649
2099
3064
1345
5029
1330
3682
947
42776

rlKCRC (y)

After obtaining
the residue
is computed similarly as
KSRC for class label assignment.
In KCRT, the weight vector α(KCR) is estimated as,



2



2

arg min(y) − α(KCR)  + λ2 (y) α(KCR)  ,
α(KCR)

2

(29)

2

and the new biasing Tikhonov matrix (y) becomes


⎡
⎤
(y) − (x1 )
0
2
⎢
⎥
..
(y) = ⎣
⎦,
. 

(y) − (xn )
0

(30)

2



(y) − (xi ) = [k(y, y) + k(xi , xi ) − 2k(y, xi )]1/2 , i = 1,
2
2, . . . , n. The solution of α(KCR) is
where

α(KCR) = (K + λ2 T(y) (y) )−1 k(·, y).

(31)

Algorithm 2 Kernel SRC Classiﬁer.
Input: Training data X = {xi }ni=1
for all testing sample y do
Step 1: Select a Mercer kernel k(., .) and its parameter;
Step 2: Determine the best parameter (i.e., λ1 ) by using crossvalidation;
Step 3: Obtain weight vector α(KSR) in KSRC according to Eq. (25);
Step 4: Calculate individual residue rlKSRC (y) according to Eq. (26);
Step 5: Label class (y) = arg minl=1,...,C rlKSRC (y).
end for
Output: class (y).

Fig. 1. Pseudo-color image and ground reference information for the University of
Pavia dataset.
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Fig. 2. One example (testing pixel from class 8) of representation-based classiﬁers using 60 training samples per class using the University of Pavia data (9 classes in total).

simply generated by checking the difference between residuals corresponding to the background and target dictionaries. In [22,99], shape
distribution histogram and element-construction-combination (ECC)
feature were presented separately to improve the SRD.
In [100], a collaborative representation-based detector (CRD) was
proposed to detect anomalies with unknown signatures; and a pixel
is claimed to be an anomaly if it cannot be collaboratively represented by background atoms in a local window. Our recent work

[93] introduced a combined sparse and collaborative representationbased (CSCR) algorithm for target detection. The basic idea in the
CSCR is that a testing sample is sparsely represented by target atoms
because it can include only one target; meanwhile, it is collaboratively represented by background atoms because multiple background atoms may appear in a single pixel area. So for each testing
pixel, sparse representation of known target signatures was estimated via an 1 -regularization, while collaborative representation of
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Table 2
Classiﬁcation overall accuracy (OA, %) and computational time of representation-based classiﬁers for the University of Pavia Dataset .
Classiﬁcation algorithms
Class

SRC [5]

81.75 ±
67.35 ±
74.85 ±
94.65 ±
99.55 ±
80.73 ±
92.01 ±
71.62 ±
100 ±
75.94 ±
κ
0.6950
Time (s) 16856

1
2
3
4
5
6
7
8
9
OA

1.67
2.15
1.48
0.93
0.08
1.54
0.98
1.99
0.00
1.69

KSRC [87]

KSRC-CK [79] SOMP [50]

WSOMP [54] CRC [35]

80.00 ±
65.72 ±
73.75 ±
95.48 ±
99.26 ±
83.45 ±
78.16 ±
63.30 ±
100 ±
82.04 ±
0.7847
21862

93.33 ±
91.67 ±
85.00 ±
90.00 ±
98.33 ±
90.00 ±
85.00 ±
81.67 ±
100 ±
91.56 ±
0.9238
32968

57.67 ±
87.14 ±
97.47 ±
85.70 ±
97.10 ±
90.57 ±
96.77 ±
86.94 ±
50.37 ±
83.16 ±
0.7894
2718

1.83
2.06
1.47
0.99
0.09
1.10
1.13
2.43
0.00
0.94

0.57
1.10
1.09
0.78
0.11
1.11
1.00
1.41
0.00
0.48

50.08 ±
79.87 ±
85.66 ±
92.23 ±
100 ±
70.87 ±
97.59 ±
67.93 ±
90.50 ±
75.76 ±
0.6881
2290

6.24
2.12
1.22
0.85
0.00
1.88
0.05
2.02
0.13
1.74

5.60
1.10
0.06
1.11
0.04
0.87
0.07
0.84
6.63
0.85

68.86 ±
65.55 ±
64.41 ±
93.44 ±
99.78 ±
85.58 ±
63.31 ±
68.03 ±
81.84 ±
71.94 ±
0.6483
1534

background atoms was obtained using an 2 -regularization. The ﬁnal
target detection was achieved by evaluating the difference of these
two representation residuals. The overall CSCR algorithm is summarized as Alg. 3. The corresponding weight vectors can be solved by
any previously-introduced sparse and collaborative representations,
including the kernel methods.

KCRC [85]

NRS [47]

93.30 ±
97.36 ±
93.66 ±
97.52 ±
100 ±
99.20 ±
98.50 ±
94.38 ±
96.62 ±
96.62 ±
0.9531
1679

70.08 ±
85.28 ±
86.80 ±
94.81 ±
99.48 ±
87.55 ±
94.56 ±
79.20 ±
100 ±
84.25 ±
0.8012
2448

82.05 ±
80.05 ±
79.80 ±
95.76 ±
99.55 ±
92.27 ±
94.89 ±
87.06 ±
99.47 ±
83.94 ±
0.7974
334

0.57
0.38
0.79
0.52
0.00
0.09
0.44
0.96
0.62
0.28

2.02
1.32
1.33
0.09
0.07
1.06
0.61
1.55
0.00
0.71

NRS-MRF [69] KCRT-CK [82]
1.14
1.46
1.76
0.15
0.05
0.83
0.15
1.20
0.06
0.77

99.80 ±
92.22 ±
91.95 ±
89.59 ±
99.70 ±
100 ±
95.04 ±
95.87 ±
99.79 ±
94.92 ±
0.9441
1214

0.07 91.67 ± 0.83
1.02 98.33 ± 0.63
1.12 90.00 ± 1.09
1.14 93.33 ± 0.70
0.08
100 ± 0.00
0.00 93.33 ± 0.71
0.72 96.67 ± 0.54
0.33 90.00 ± 0.92
0.05
100 ± 0.00
0.35 94.81 ± 0.36
0.9417
3461

Overall Classification Accuracy %

100

8. Experiments and analysis
8.1. Experimental data
In this section, we mainly validate the eﬃcacy of representationbased classiﬁcation methods. The experimental data used is about the
University of Pavia scene, which was collected by the Reﬂective Optics System Imaging Spectrometer (ROSIS) sensor1 . The data has 103
bands with a spectral coverage from 0.43 to 0.86 μm, and a spatial
resolution of 1.3 m. The scene of size 610 × 340 pixels is shown in
Fig. 1. There are 9 classes in the dataset, and the number of training
and testing samples are listed in Table 1.

2.39
2.43
3.21
0.10
0.05
1.85
2.56
3.37
1.22
2.66

JCRC [51]

95
90
85
80
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65
40
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NRS−MRF
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80
100
Number of Training Samples per Class

120

Fig. 3. The overall classiﬁcation accuracy of the proposed classiﬁcation with different
numbers of training samples per class for the University of Pavia dataset.

8.2. Classiﬁcation performance
For representation-based classiﬁers, the key for successful classiﬁcation is to obtain a weight vector (i.e., α(SR) or α(CR) ) that is discriminative suﬃciently. Fig. 2(a)–(d) depict an example about the weight
coeﬃcients of CRC, SRC, KCRC, and KSRC using a testing pixel from the
experimental data. Fig. 2(e) further shows the residuals of the testing
pixel with respect to the training data of each class. In this example,
the testing pixel is from class 8 (i.e., Bricks). From the comparative results, the minimum residuals of CRC and SRC are from class 7 (i.e., Bitumen) and class 3 (i.e., Gravel), respectively, which means the testing
pixel is misclassiﬁed into either class 3 or 7. The residual from KCRC or
KSRC can recognize the correct class because the minimum residual
corresponds to class 8 with coeﬃcients not too dense or too sparse
shown in Fig. 2(c) and (d). It is interesting to notice that if the weight
coeﬃcients are too dense, like CRC shown in Fig. 2(a), the resulting
performance may be poor since approximation from other classes is
not desired; while if the coeﬃcients are too sparse, like SRC shown in
Fig. 2(b), the recovered residual shown in Fig. 2(e) may not be accurate or reliable. This example veriﬁes that their extensions (i.e., KCRC
and KSRC) are more discriminative than SRC and CRC.
Table 2 depicts the averaged classiﬁcation accuracy as well as the
corresponding standard deviation, kappa statistic (i.e., κ ), and classspeciﬁc accuracies of the aforementioned classiﬁers. Note that all
representation-based methods are sensitive to the regularization parameter λ (e.g., λ1 in the SRC-class methods and λ2 for in the CRCclass methods). In our experiments, an optimal λ is estimated via
1

http://www.ehu.es/ccwintco/index.php/Hyperspectral_Remote_Sensing_Scenes

leave-one-out cross validation (LOOCV) strategy. The training samples are randomly selected from the available ground truth map 20
times, and mean and standard deviation of accuracy are reported. In
Table 2, the accuracy from the methods using spatial information is
generally higher than those solely using spectral signatures. For example, that of the JCRC is 96.62% with an improvement of approximately 25% when compared to the CRC.
The computing time (in seconds) is also provided Table 2. All
experiments were carried out using MATLAB on an Intel(R) Core(TM)
i7-3770 CPU machine with 8GB of RAM. Here, the 1 -norm minimization2 is implemented by sunsal.m. Notice that methods (i.e., CRC,
NRS, etc) using the 2 -minimization have much less computational
cost than those (e.g., SRC, KSRC-CK, etc) using the 1 -minimization.
Fig. 3 illustrates the classiﬁcation accuracy versus different numbers of training samples per class. The results and conclusion are
consistent with those in Table 2. For instance, when the number of
training samples per class changes from 40 to 120, the NRS-MRF is
always superior to the NRS with about 5% improvement, which afﬁrms the effectiveness of using spatial information.
9. Conclusions
During the past few years, a variety of sparse and collaborative
representations-based classiﬁcation and detection algorithms have
been proposed for hyperspectral image analysis. In this paper, we
2

http://www.lx.it.pt/∼bioucas/code.htm
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have reviewed state-of-the-art techniques to improve representation-based classiﬁcation including: dictionary partition, weighted
regularization, joint representation, representation using spatial features, and kernel extensions. The common objective is to increase
representation accuracy. Particularly, representation-based classiﬁcation with JSM and spatial-spectral representation-based classiﬁcation tackle the same problem (i.e., how to utilize the spatial
contextual information) but from different perspectives. The former attempts to incorporate information on neighboring locations
by reorganizing the structure of representation (e.g., SOMP or
JCRC), whereas the latter mainly employs a spatial feature extraction algorithms (i.e., Gabor, AP, etc) as preprocessing before implementing representation-based classiﬁer or an MRF model as its
postprocessing.
Open problems requiring further investigation are as follows.
First, the resulting weight coeﬃcients of representation-based classiﬁcation carry a meaning since they reﬂect the importance of each
training sample. Thus, the solution of the weight vector is the
most important part of representation-based classiﬁcation; for example, sparse constraint in SRC shrinks the coeﬃcients toward zeros if the corresponding samples are less relevant. Nevertheless,
the sparsity of weight coeﬃcients becomes inaccurate if the dictionary size is small. Sparse representation may select too few
samples that cannot well reﬂect within-class variations, while collaborative representation produces nonsparse code using all the
atoms that may unfortunately include between-class interference.
How to produce more robust weight coeﬃcients is still an open
issue, although some techniques (e.g., combined 1 and 2 minimization [101], p minimization [102]) have been proposed. Second, the best performance of representation-based classiﬁcation depends on the choice of parameter (i.e., λ1 , λ2 ) to some extent. As
a global regularization parameter, the adjustment of λ affects the
balance between the residual and weight vector norm, and eventually classiﬁcation accuracy. Most of the current work employ cross
validation which may produce variations during accuracy assessment. Hence, approaches with less human intervention should be
investigated.
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