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Abstract. Recently, representation-based classifications have gained increasing interest in
hyperspectral imagery, such as the newly proposed sparse-representation classification and
nearest-regularized subspace (NRS). These classifiers provide excellent performance that is
comparable to or even better than the classic support vector machine. However, all these
representation-based methods were originally designed to be pixel-wise classifiers which only
consider the spectral signature while ignoring the spatial-contextual information. A Markov
random field (MRF), providing a basis for modeling contextual constraints, has currently
been successfully applied for hyperspectral image analysis. We mainly investigate the benefits
of combining these representation-based classifications with an MRF model in order to acquire
better classification results. Two real hyperspectral images are used to validate the proposed
classification scheme. Experimental results demonstrated that the proposed method significantly
outperforms other state-of-the-art approaches. For example, NRS-MRF performed with an accu-
racy of 94.92% for the Reflective Optics System Imaging Spectrometer data with 60 training
samples per class, while the original NRS obtained an accuracy of 81.95%, an improvement of
approximately 13%. © 2014 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/
1.JRS.8.085097]
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1 Introduction

Due to the fact that hyperspectral imagery (HSI) provides spectral information for a wide range
of spectrum bands, HSI has gained great interest in the remote sensing community in the last
decades.1 Hyperspectral images are widely used for applications in many areas, such as agri-
culture, environment, or urban development planning. Currently, the analysis and research of
hyperspectral images have become more and more important.

Recently, numerous supervised classification techniques for hyperspectral image analysis
have been developed,2,3 providing excellent results for discrimination of different land-cover
materials. Among them, the most prominent is the representation-based classification. In
some cases, the representation-based classifications provide better performance than the classic
support vector machine (SVM).4,5–7 Representation-based classification is essentially based on
the concept that a pixel can be represented as a linear combination of labeled samples. In this
manner, an approximation of the pixel is independently generated from the labeled samples of
each class, and the class label is then derived according to the class of the most accurate rep-
resentation. Representation-based classification can be divided into two branches based on the
method used for weight vector solving of the linear combination. One uses l2-norm minimiza-
tion, such as the nearest-regularized subspace (NRS)8,9 and the collaborative-representation
classification (CRC).10 The other is by l1-norm minimization, such as the sparse-representa-
tion-based classifier (SRC).11
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Although all the aforementioned representation-based classifications demonstrate superior
performance for hyperspectral classification even with a limited number of training samples,
they were originally designed to be pixel-wise classifiers which only consider the spectral sig-
nature while ignoring the spatial-contextual information (i.e., the correlations between spatially
adjacent pixels12). For HSI, neighboring pixels tend to have a high probability of belonging to
the same class, thus spatial-contextual information should greatly add to the accuracy of the
classification methods. In this paper, we investigate the benefits of combining the representa-
tion-based classifications with a Markov random field (MRF) model in order to further improve
the classification performance.

In machine vision, MRF13,14 is a probabilistic model which is commonly used to integrate
spatial context into image classification tasks. One of the MRF models is the classic maximum
a posteriori Markov random field (MAP-MRF) framework which was first proposed in 1984.
It employs Bayesian statistical guidelines to analyze the machine vision problem.15 Another
method considered in the MRF model is graph cuts (GC).16,17 GC can naturally formulate
the MRF model in terms of energy minimization, which is better than the other methods,
such as belief propagation, dynamic programming, etc. In the remote sensing community,
researchers have combined the MRF model with other classifiers, such as the classic SVM
with MRF (SVM-MRF18) and the Gaussian mixture model (GMM) with MRF (GMM-
MRF19) for remote sensing data analysis. From their experimental results, we found that the
MRF model can be used to capture the spatial-contextual information and then can be success-
fully applied for hyperspectral image classification.

The idea of the two methods we proposed for combining these representation-based clas-
sifications with an MRF model (named SCR-MRF and NRS-MRF) seems to be straightforward;
however, the output of representation-based classifications is the residual between the test pixel
and the corresponding recovery, while the MRF is a probabilistic model as previously indicated.
Thus, a critical issue for the combination is to make a transformation of residuals which is suit-
able for integration with the MRF model. Details of the proposed classification strategy will be
discussed in the following section. Experimental results demonstrate that the performance is
much better than existing methods, such as SRC, NRS, SVM, and SVM-MRF.

This paper is organized as follows. In Sec. 2, we describe the representation-based classi-
fications (e.g., NRS and SRC) and the MRF model. In Sec. 3, we provide a detailed introduction
on how to effectively combine the representation-based classifications with the MRF model (i.e.,
the proposed NRS-MRF and SRC-MRF). In Sec. 4, we present the hyperspectral data and exper-
imental setup as well as a comparison of the classification performance between the proposed
methods and the state-of-the-art techniques. Finally, we conclude by summarizing our results
in Sec. 5.

2 Related Work

Assumed a given hyperspectral dataset with training samples X ¼ fxigni¼1 in Rd and the class
label wi ∈ f1;2; : : : ; Cg, where d is the number of spectral variables (bands), C is the number of
classes, and n is the total number of training samples.

2.1 Representation-Based Classifications

An approximation of the test sample y is represented via a linear combination of available train-
ing samples per class. For each class, we can calculate the approximation yl as

yl ¼ Xl · αl; (1)

where Xl is a matrix with a size of d × nl, nl is the number of available training samples for class
l,
P

C
l¼1 nl ¼ n, and αl represents the weight vector coefficients with a size of nl × 1 for the linear

combination. Suppose we have obtained the weight vector, then the label of the test sample is
determined by the residual between y and yl, which is represented as

rlðyÞ ¼ ky − ylk2 ¼ ky − Xl · αlk2: (2)
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After that, the class label is then derived according to the class of the most accurate represen-
tation (i.e., the minimum value of the residuals for all classes),

classðyÞ ¼ arg minl¼1;2;: : : ;CrlðyÞ: (3)

In NRS,8 the weight vector αl for the linear combination is solved as follows:

αl ¼ arg min ky − Xl · αlk22 þ λkΓl;y · αlk22; (4)

where Γl;y is a biasing Tikhonov matrix specific to each class l and test sample y and λ is a global
regularization parameter which is used to balance the minimization between the residual and
regularization terms. For the NRS (Ref. 8) classifier, we design the diagonal elements of matrix
Γl;y in the form of

Γl;y ¼

2
64
ky − xl;1k2 · · · 0

..

. . .
. ..

.

0 · · · ky − xl;nlk2

3
75; (5)

where x1; x2; : : : ; xnl are the columns of Xl for the class l. Commonly, the Euclidean distance
will be used for measuring the similarity between the testing sample and training sample and
then a vote is given to assign the test sample to the proper label. According to the formulas
defined in Eqs. (4) and (5), the approximation yl of each test sample y can be expressed as

yl ¼ XlðXT
l Xl þ λΓT

l;yΓl;yÞ−1XT
l y: (6)

We notice that solution of the weight vector has a closed form in NRS. Another similar
classifier is CRC,10 whose difference is obtained using an identity matrix I instead of the regu-
larization term in Eq. (4). In Ref. 8, experimental results demonstrated that NRS significantly
outperforms CRC for hyperspectral image classification, which turns out to be reasonable.
Using a biasing Tikhonov matrix Γl;y to mine data distribution, the samples in Xl, which
are dissimilar to y in terms of the Euclidean distance, should be given a lower weight toward
the linear combination than those which are more similar. In NRS, the more relevant weight
vector αl makes approximation yl from the correct class have a better similarity to the test
sample, which results in much a better classification performance than the CRC does.

Different from CRC and NRS, SRC does not have a closed form for the weight vector
because it is based on the l1-norm minimization optimization but not the l2 minimization.
In SRC,20 Eq. (4) becomes

a ¼ arg min ky − X · αk22 þ λkαk1; (7)

where the constraint of the regularization term is sparseness and the regularization parameter λ
balances the influence of the residual part and sparsity term. After the weight vector is calculated,
a representation for each class is created through the specific-class partition, and the following
steps are similar to the previous NRS. In our work, the l1-norm minimization is solved using the
SUNSAL optimization toolbox.21

2.2 MRF Model

In the field of machine vision, image analysis is usually defined as a modeling problem. The
MRF model,13,14 widely used in image analysis, provides a convenient and consistent modeling
approach with context-dependent entities or intrinsically linked with features.

Previous work pointed out the advantages and disadvantages of seeking the joint probability
and the conditional probability in the MRF model. From those, GC (Refs. 16, 17, and 22) turns
out to be an effective technique whose energy function can arise from the Bayesian labeling of
the first-order MRF model.23 This algorithm is closely related to the min-cut technique which
finds the cheapest cut among all cuts separating the terminals. We use an undirected graph Ψ ¼
hυ; εi to represent the image, where υ is the vertex and ε is the edge. This undirected graph is
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a weighted graph with two distinguished vertices, usually represented as S and T. These
terminals must be linked with other vertices as illustrated in Fig. 1.

In the MRF model, we have the probability of the test pixel yp (note that yp has the same
meaning as the aforementioned y) for each class, and the energy function Eð·Þ of yp for class l
can be represented as

Eðypjwp ¼ lÞ ¼ μEdataðypjwp ¼ lÞ þ Esmoothðypjwp ¼ lÞ; (8)

Edataðypjwp ¼ lÞ ¼
X
p∈P

Dpðypjwp ¼ lÞ; (9)

where Dp is the spectral energy function for yp (Ref. 18) and μ is the balance parameter.
Esmoothðypjwp ¼ lÞ means the extent of piece-wise smoothness

Esmoothðypjwp ¼ lÞ ¼
X
q∈Np

Bhp;qi � ½1 − δðwp; wqÞ�; (10)

where wp and wq are the labels, Bhp;qi is viewed as the penalty between yp and yq,17 yq represents
the adjacent pixel to yp, and Np is the set of neighbors for the given pixel yp. Commonly, the
more alike these neighboring pixels are, the larger value it will have. If they are totally different,
Bhp;qi will definitely be zero.

3 Proposed Method

In the previous section, we take NRS as an example to introduce the representation-based clas-
sifications in detail, for which the category of each test pixel y is determined according to the
residual between y and yl (Note that we calculate residual for each class, and have total l resid-
uals.). The smaller the residual measure (e.g., Euclidean distance or other distance measure-
ments) between y and yl the higher the probability it will be to assign the pixel to class l.
As we mentioned before, the GC theory is used to solve the MRF model, which acquires
the probability as its input. In this paper, we attempt to transform the residual of representa-
tion-based classifications for each class to a probability format.

According to the above analysis, it is reasonable to postulate that the transformation should
be a decreasing function of the residual, therefore, the following conditions should be imposed
on function f

fð0Þ ¼ 1; lim
rl→∞

fðrlÞ ¼ 0; (11)

Fig. 1 The process of graph cuts strategy for the Markov random field model.
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which indicates a decreasing function. In Eq. (11), rl represents the residual of the test pixel for
class l computed via Eq. (2). In the following experiments, we adopt a common decreasing
function

fðrlÞ ¼
1∕r2lP
C
l¼1 1∕r2l

; (12)

where C represents the number of classes and rl is a scalar representing the residual obtained
using Eq. (2). Note that the range of probability fðrlÞ is from 0 to 1.

In doing this, for the test pixel yp, we can compute the probability for each class, denoted as
fðrlÞ and l ¼ f1;2; : : : ; Cg, respectively. After obtaining this probability, we calculate the spec-
tral energyDpðypjwp ¼ lÞ ¼ − lnffðrlÞg, and then we calculate the energy of this pixel for class
l, named as Eðypjwp ¼ lÞ, via Eq. (8). The local energy involves some cut-related algorithms,
such as max-flow/min-cut. A detailed description of local energy minimization can be found in
Refs. 23 and 24. In our case, we find the final label classðyÞ ¼ arg minl¼1;2;: : : ;C Eðypjwp ¼ lÞ.

4 Experiments and Analysis

4.1 Hyperspectral Data

The first HSI dataset in our experiments was acquired by the Reflective Optics System Imaging
Spectrometer (ROSIS) sensor during a flight campaign over Pavia in northern Italy. The image25

has 115 spectral bands prior to water-band removal, with a spectral coverage from 0.43 to
0.86 μm and a spatial resolution of 1.3 m. The university area in our experiment has 103 spectral
bands after removing the noisy bands with a spatial coverage of 610 × 340 pixels. The labeled
ground truth of each dataset includes nine classes which are illustrated in Fig. 2. The numbers of
training and testing samples are randomly selected and are listed in Table 1.

The second experimental hyperspectral dataset employed was acquired using the HyMap
sensor. The scenario is an area close to Purdue University cropped into a subimage with 377 ×
512 pixels and 126 bands spanning the wavelength interval 0.45 to 2.5 μm with a spatial res-
olution of 3.5 m. There are six classes (road, grass, shadow, soil, tree, and roof) for this image
scene as shown in Fig. 3. In our experiment, different training samples are randomly selected
from the ground truth map to ensure a fair result and all the labeled pixels are used for testing
(i.e., 1287, 1114, 219, 379, 1351, and 1285 for each class, respectively).

4.2 Classification Performance

In representation-based classifications, the regularization parameter is important to the algorithm
performance, so we set up the experiments over a wide range of the parameter space to acquire
the optimal values for NRS and SRC, respectively. With the available training samples, a leave-
one-out cross-validation strategy is considered for parameter tuning, and all the following experi-
ments are implemented under the optimal parameters. For example, the optimal parameter is 0.5
for NRS-MRF using the University of Pavia when the number of training samples is 60 per class,
and μ is around 1 for the same situation.

Algorithm The proposed NRS-MRF classifier.

Input: Training data X ¼ fx igni¼1 with the corresponding class label ωi , entire test image with each test sample
represented by y ∈ Rd .

Calculate the residual r l ð·Þ of the NRS classifier according to Eq. (2).

Calculate the probability f ðr l Þ according to Eq. (12).

Calculate the local energy Eð·Þ based on the probability f ðr l Þ according to Eq. (8).

Update the labels and find the arg min E with respect to the final labeling.

Output: Class labels of the entire image.

Xiong et al.: Representation-based classifications with Markov random field model. . .
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First of all, for the University of Pavia data, we compare the performance of the proposed
classifiers (i.e., NRS-MRF and SRC-MRF) with existing methods, such as SRC, NRS, SVM,
and SVM-MRF, with different numbers of training samples as illustrated in Fig. 4. To avoid any
bias, all the experiments are repeated 10 times, and we report the averaged classification accu-
racy. From the results, NRS-MRF and SRC-MRF significantly outperform the original NRS and

Fig. 2 A false color composite image (bands 30, 60, and 90) with the ground truth map for
the Reflective Optics System Imaging Spectrometer (ROSIS) University of Pavia dataset.

Table 1 Classification accuracy (%) for the University of Pavia dataset with 60 training samples
per class.

Class

#Samples Classification algorithms

Train Test SRC SRC-MRF SVM SVM-MRF NRS NRS-MRF

Asphalt 60 6631 78.87 99.74 80.29 95.66 79.05 99.8

Bare soil 60 18649 64.15 87.04 84.32 89.89 75.05 92.22

Bitumen 60 2099 78.75 88.18 82.84 91.09 76.80 91.95

Bricks 60 3064 95.46 91.29 92.26 96.74 95.76 89.59

Gravel 60 1345 99.26 99.63 99.11 99.41 99.55 99.70

Meadows 60 5029 82.98 98.83 89.12 99.54 91.27 100

Metal sheets 60 1330 86.77 76.92 92.01 96.32 94.89 95.04

Shadow 60 3682 64.61 84.79 79.71 95.19 85.06 95.87

Trees 60 947 98.20 98.52 99.75 99.79 99.47 99.79

Overall accuracy 74.21 90.89 84.16 93.64 81.95 94.92

Note: The bold values represent better classification performance.
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SRC, respectively. When the number of training samples per class varies from 40 to 120, the
improvement changes from 7% to 20% for the NRS-MRF. Improvement remains approximately
15% for the SRC-MRF. For example, the accuracy of the NRS-MRF is near to 92% when
40 training samples per class are available; the one for the NRS is around 72%. For the same
situation, the accuracy of SRC-MRF is 88%; while that of the SRC is 71%. Furthermore, when
comparing the proposed NRS-MRF with the state-of-the-art SVM-MRF, we notice that the for-
mer always outperforms the latter, with an improvement of approximately 2%. We also list, in
Table 1, the accuracy of each class when the number of training samples is 60 per class. Figure 5
further illustrates the thematic maps resulting from the classification of these classifiers. The
same training samples have been employed as listed in Table 1. From the results in Fig. 5,
it is obvious that the classification map of using MRF model is less noisy than the original
ones, which is actually consistent with the results listed in Table 1.

For the HyMap Purdue data, Tables 2 and 3 show the classification performance of the pro-
posed methods with different numbers of training samples. From these tables, we observe that
the proposed NRS-MRF still outperforms SVM-MRF, with an improvement of approximately
1%. For example, when the number of training samples is 30 per class, the accuracy of the
NRS-MRF is 98.44%, and the accuracy of the SVM-MRF is 97.52%. When the number of

Fig. 3 A false color composite image (bands 90, 100, and 110) with the ground truth map for
HyMap Purdue dataset.

Fig. 4 The overall classification accuracy of the proposed classification strategy with different
training samples per class for the ROSIS University of Pavia dataset.
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Fig. 5 Thematic maps resulting from classification for the ROSIS University of Pavia dataset using
60 training samples per class. (a) False-color image, (b) ground truth, (c) SRC, (d) SRC-MRF,
(e) SVM, (f) SVM-MRF, (g) NRS, and (h) NRS-MRF.

Table 2 Classification accuracy (%) for the HyMap Purdue dataset with 30 training samples per
class.

Class

#Samples Classification algorithms

Train Test SRC SRC-MRF SVM SVM-MRF NRS NRS-MRF

Road 30 1287 91.45 98.37 96.60 98.91 98.45 99.77

Grass 30 1114 97.04 98.38 94.34 97.67 98.29 100

Shadow 30 219 97.26 97.26 99.09 99.09 98.63 98.63

Soil 30 379 99.47 100 100 100 99.74 99.47

Tree 30 1351 99.04 99.85 99.56 99.78 99.63 99.93

Roof 30 1285 87.39 89.03 85.06 92.53 91.91 93.85

Overall accuracy (%) 94.21 96.66 94.57 97.52 97.30 98.44

Note: The bold values represent better classification performance.
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training samples is 80 per class, the accuracy of the SRC-MRF is slightly better than that of
the SVM-MRF. Figure 6 illustrates the thematic maps resulting from the classification of
these classifiers for which the same training samples have been employed as listed in
Table 2. The experimental results verify that the representation-based classification combined
with the MRF model can be effective in hyperspectral image analysis.

Table 3 Classification accuracy (%) for the HyMap Purdue dataset with 80 training samples per
class.

Class

#Samples Classification algorithms

Train Test SRC SRC-MRF SVM SVM-MRF NRS NRS-MRF

Road 80 1287 95.96 97.59 97.13 100 99.38 99.77

Grass 80 1114 99.55 100 98.29 100 98.20 100

Shadow 80 219 95.89 94.06 97.72 98.17 98.17 99.54

Soil 80 379 99.36 100 99.74 100 100 100

Tree 80 1351 99.37 99.93 98.74 99.78 99.93 99.93

Roof 80 1285 96.96 98.91 91.44 94.01 96.89 97.98

Overall accuracy (%) 97.87 98.95 96.65 98.51 98.70 99.45

Note: The bold values represent better classification performance.

Fig. 6 Thematic maps resulting from classification for the HyMap Purdue dataset using 30 training
samples per class. (a) False-color image, (b) ground truth, (c) SRC, (d) SRC-MRF, (e) SVM,
(f) SVM-MRF, (g) NRS, and (h) NRS-MRF.
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Based on these classification maps, we further perform a standardized McNemar’s test,
which is based on a standardized normal test statistic

Z ¼ f12 − f21ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f12 þ f21

p ; (13)

where f12 indicates the number of samples correctly classified by classifier 1 and simultaneously
misclassified by classifier 2. Values of Z larger than 1.96 and 2.58 indicate that the two clas-
sification results are significantly different at the 95% and 99% confidence levels, respectively.
Table 4 shows the statistical significance of the difference between the proposed NRS-MRF
(classifier 1) and the traditional SVM-MRF (classifier 2) for the ROSIS University of Pavia
dataset. Table 5 shows the standardized McNemar’s test between the proposed NRS-MRF
and SVM-MRF for the the HyMap Purdue dataset. The overall results of McNemar’s test
confirm the statistical significance between the results.

Finally, we compare the computational complexity of the aforementioned classification
methods. All the experiments are carried out using MATLAB on a 3.2-GHz machine with
4 GB of RAM. As an example, execution time (in s) for the University of Pavia dataset
with 60 training samples per class is listed in Table 6. The traditional SVM and SVM-MRF
are implemented using the classic libsvm toolbox26 involving the MEX function which calls
for the C program in MATLAB, so their relative computational cost is less than that of the others.

Table 4 Statistical significance of the difference between two classifiers—NRS-SVM and
SVM-MRF—using the ROSIS University of Pavia dataset.

Class f12 f21 f12 − f21 sqrðf12þ f21Þ Z

1 292 9 283 17.35 16.31

2 1129 695 434 42.71 10.16

3 144 123 21 16.34 1.29

4 36 205 −169 15.52 −10.88

5 4 0 4 2.00 2.00

6 23 0 23 4.79 4.79

7 32 48 −16 8.94 −1.79

8 104 100 4 14.28 0.28

9 1 1 0 1.41 0

Overall 1765 1181 584 54.27 10.75

Table 5 Statistical significance of the difference between two classifiers—NRS-SVM and SVM-
MRF—using the HyMap Purdue.

Class f12 f21 f12 − f21 sqrðf12þ f21Þ Z

1 14 3 11 4.12 2.67

2 26 0 26 5.10 5.10

3 2 3 −1 2.24 −0.45

4 0 2 −2 1.41 −1.41

5 2 0 2 1.41 1.41

6 23 13 10 6.00 1.67

Overall 67 21 46 9.38 4.90
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5 Conclusions

In this paper, the combination of the previously proposed NRS as well as SRC classifiers and
the MRF model has been considered for hyperspectral image classification. For the proposed
classification strategy, we first implemented the pixel-wise NRS or SRC, followed by the MRF
model which was solved with the GC technique. Two hyperspectral urban data (i.e., ROSIS
University of Pavia data and HyMap Purdue data) were used to validate the effectiveness of
the proposed methods (i.e., NRS-MRF and SRC-MRF). Experimental results demonstrated
that the proposed methods NRS-MRF and SRC-MRF outperformed the original NRS and
SRC, respectively. Moreover, NRS-MRF was even superior to the state-of-the-art SVM-MRF.
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