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Multiscale LMMSE-Based Image Denoising With
Optimal Wavelet Selection
Lei Zhang, Paul Bao, Senior Member, IEEE, and Xiaolin Wu, Senior Member, IEEE

Abstract—In this paper, a wavelet-based multiscale linear
minimum mean square-error estimation (LMMSE) scheme for
image denoising is proposed, and the determination of the optimal
wavelet basis with respect to the proposed scheme is also discussed.
The overcomplete wavelet expansion (OWE), which is more effective than the orthogonal wavelet transform (OWT) in noise
reduction, is used. To explore the strong interscale dependencies
of OWE, we combine the pixels at the same spatial location across
scales as a vector and apply LMMSE to the vector. Compared
with the LMMSE within each scale, the interscale model exploits
the dependency information distributed at adjacent scales. The
performance of the proposed scheme is dependent on the selection of the wavelet bases. Two criteria, the signal information
extraction criterion and the distribution error criterion, are
proposed to measure the denoising performance. The optimal
wavelet that achieves the best tradeoff between the two criteria
can be determined from a library of wavelet bases. To estimate the
wavelet coefficient statistics precisely and adaptively, we classify
the wavelet coefficients into different clusters by context modeling,
which exploits the wavelet intrascale dependency and yields a local
discrimination of images. Experiments show that the proposed
scheme outperforms some existing denoising methods.
Index Terms—Context modeling, image denoising, multiresolution analysis, mutual information, optimal basis, wavelets.

I. INTRODUCTION

S

TATISTICAL modeling is of essence for the effectiveness
of signal processing. As a Karhunen–Loève like expansion,
wavelet transform (WT) [1]–[5] can decorrelate random processes into nearly independent coefficients [6], which can then
be more effectively modeled statistically. WT has been successfully applied to coding and denoising. Since the first wavelet soft
thresholding approach of Donoho [9], many wavelet-based denoising schemes were reported [7]–[14], [16]–[18], [26], [28],
[29].
WT packs most of the signal energy into a few significant
coefficients and relates the insignificant coefficients to the
signal-independent additive noise. In threshold-based denoising schemes, a threshold is set to distinguish noise from
the structural information. Thresholding can be classified
into soft and hard ones, in which coefficients less than the
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threshold will be set to 0 but those above the threshold will
be preserved (hard thresholding) or shrunk (soft thresholding).
Donoho [9] first presented the WaveletShrinkage scheme
with a universal threshold
based on orthonormal wavelet bases, where is
the wavelet coefficient, is the noise standard deviation, and
is the sample length of signal. The threshold is claimed asymptotically optimal in minimax sense but it would over-smooth
signals in practice. Since Donoho’s pioneer work, a numerous
threshold-based denoising schemes have been proposed [7],
[8], [10], [11], [13], [14], [16]. It is generally accepted that in
each subband the image wavelet coefficients can be modeled
as independent identically distributed (i.i.d.) random variables
with generalized Gaussian distribution (GGD) [3], [7], [8],
with which Chang [7] presented a near optimal soft threshold
(the wavelet base is assumed orthonormal),
is the standard deviation of wavelet coefficients
where
at scale . It reportedly outperformed that of the classical
nonlinear WaveletShrinkage [9] and the improved SureShrink
[10] of Donoho. The aforementioned three thresholds are soft,
meaning that the input would be shrunk to zero by an amount
of threshold , and derived with orthogonal wavelets. In [13],
for nonorthogPan et al. presented a hard threshold
is the standard deviation of
onal wavelet expansion, where
.
noise at the th scale and constant
Although WT well decorrelates signals, strong intrascale
and interscale dependencies between wavelet coefficients may
still exist. The performance of coding and denoising would
be significantly improved if such dependencies could be efficiently modeled and exploited. Liu and Moulin [27] classified
the wavelet statistical models into intrascale, interscale and
hybrid ones. The denoising schemes in [8], [17], [18] benefit
from intrascale models. Chang et al. [8] proposed a spatially
adaptive wavelet thresholding scheme based on context modeling. Each wavelet coefficient is modeled as a mixture of GGD
with unknown slowly spatially varying parameters, and the estimation of these parameters is conditioned on a function of its
neighboring coefficients. M. K. Mıhçak et al. [17] estimated the
second-order local statistics of each coefficient with a centered
square-shaped window and developed a linear minimum mean
squared-error estimation (LMMSE) like denoising method.
The denoising approach of Li and Orchard [18] is also LMMSE
based but it models the wavelet coefficients as a mixture of
edge and nonedge classes. In [26], a local contextual hidden
Markov model (LCHMM) was proposed to capture the wavelet
intrascale dependencies. Wavelet interscale models are also
used in many other applications [12]–[15], [19], [20], [24], [25].
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If a coefficient at a coarser scale has small magnitude, its descendants at finer scales are very likely to be small too. Shapiro
[20] exploited this property and developed the well-known embedded zerotree wavelet image compression scheme. In another
viewpoint, if a wavelet coefficient generated by true signal has
large magnitude at a finer scale, its ascendants at coarser scales
will likely be significant as well. But for those coefficients
caused by noise, the magnitudes may decay rapidly along the
scales. With this observation, it is expected that multiplying
the wavelet coefficients at adjacent scales would strengthen the
significant structures while diluting noise. Such a property has
been exploited for denoising [12]–[14], step estimation [19]
and edge detection [15]. The wavelet interscale dependencies
have also been represented by Markov models [24], [25]. The
hidden Markov models (HMMs), especially the hidden Markov
tree model (HMT), proposed by Crouse [24], well characterize
the joint statistics of wavelet coefficients across scales. Each
coefficient is assigned with a hidden state, conditioned on which
the coefficients are i.i.d. Gaussian. Some schemes adopted an
interscale and intrascale hybrid model to better estimate noisy
wavelet coefficients, such as Liu and Moulin [28] and Portilla
et al. [29]. In [29], each coefficient was modeled as the product
of a Gaussian random vector and a hidden multiplier variable to
include adjacent scales in the conditioning local neighborhood.
Liu and Moulin [27], [28] analyzed theoretically the dependency between wavelet coefficients using mutual information
as a measurement. They also compared the ability of various
wavelet models in encapsulating the dependency information.
The LMMSE denoising schemes in [17] and [18] exploit the wavelet intrascale dependencies. In this paper, an
LMMSE-based denoising approach with an interscale model
is presented by using overcomplete wavelet expansion (OWE).
The optimal wavelet bases selection with respect to the proposed scheme is subsequently discussed. To exploit the wavelet
intrascale dependency in our denoising approach, we spatially
classify the wavelet coefficients into several clusters adaptively. With OWE, in which there is no downsampling in the
decomposition, each wavelet subband has the same number
of coefficients as the input image. We combine the wavelet
coefficients with the same spatial location across adjacent
scales as a vector, to which the LMMSE is then applied. Such
an operation naturally incorporates the interscale dependencies
of wavelet coefficients to improve the estimation. LMMSE is
similar to soft thresholding strategy to some extent. Suppose
the variable is scalar, instead of shrinking a noisy wavelet
(where is the wavelet coefficient
coefficient
of noiseless signal and
is that of noise) with threshold
, LMMSE modifies the coefficient with a factor
, where
.
and
are the variances of signal and noise , respectively.
will be less than
. The
Obviously, is less than 1 so that
energy of finally restored signal will be shrunk just like in the
soft thresholding schemes.
The performance of proposed interscale LMMSE scheme
is wavelet dependent. A rich library of wavelet bases have
been constructed and widely used in signal processing, such
as Daubechies’ compactly supported orthonormal [1] and

Fig. 1. One stage decomposition of the 2-D OWE. w , w and w
wavelet coefficients at horizontal, vertical and diagonal directions.

are the

biorthogonal wavelets [2]. From denoising point of view
wavelet filters should have the following two properties. One
is the capability of extracting signal information from noisy
wavelet coefficients. A parameter , which is based on the
mutual information of noiseless wavelet coefficients and noisy
is proportional to the perwavelet coefficients, is defined.
formance of the scheme. The other is that the distribution of
interscale image wavelet coefficients is sufficiently close to
jointly Gaussian [when the distribution is jointly Gaussian,
LMMSE is equal to minimum mean square-error estimation
(MMSE)]. A parameter , which measures the difference between the Gaussian and real signal density functions, is defined
and is inversely proportional to the denoising performance.
An optimal wavelet could be determined from a library of
and values of them.
wavelets based on the
To incorporate the intrascale dependencies into our interscale
model, we classify the wavelet coefficients into several clusters
adaptively by using context modeling. Context modeling gives a
local discrimination of image characteristics, such as edge structures and backgrounds, according to their spatial dependencies.
We extend the context modeling to interscale wavelet coefficient
vector variables. The statistics of wavelet coefficients are then
estimated locally from each cluster. Experiments show that context modeling improves the denoising performance.
The paper is organized as follows. In Section II, the interscale
model of wavelet coefficients and the LMMSE-based denoising
approach are developed. In Section III, we introduce two criteria for measuring the efficiencies of different wavelets. The
optimal wavelet is selected from a library of wavelets by optimizing the tradeoff between the two criteria. Section IV improves the scheme by classifying wavelet coefficients into different clusters through context modeling. Experimental results
are presented in Section V and the paper is concluded in Section VI.
II. INTERSCALE MODEL AND LMMSE-BASED DENOISING
Bi-orthogonal wavelet transform (OWT) is translation variant
due to the downsampling. This will cause some visual artifacts
(such as Gibbs phenomena) in threshold-based denoising [11].
It has been observed that the OWE (undecimated WT or translation-invariant WT in other names) achieves better results in
noise reduction and artifacts suppression [7], [11], [13], [18].
The denoising scheme presented in this paper adopts OWE,
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whose one stage two-dimensional (2-D) decomposition structure is shown in Fig. 1. No downsampling occurs but the analytic
is interpolated by putting
filters vary in it. Filter
zeros between each of the coefficients of original filter
, so
does for . The bandwidth decrease is accomplished by zeros
padding of filters instead of downsampling of wavelet coefficients. The restored signal by OWE is an average of several circularly shifted denoised versions of the same signal by OWT,
and by which the additive noise is better suppressed.

Noise standard deviation of
zontal, vertical or diagonal) is
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at scale in a direction (hori-

(10)
where
is the corresponding filter (
is the norm operator:
and
of noiseless image
standard deviation
follows

A. LMMSE of Wavelet Coefficients
Suppose the original signal
Gaussian white noise

where
at scale

or

)
. The
is estimated as

(11)
is corrupted with additive
with
(1)

(12)

. Applying the OWE to the noisy signal ,

where
and
are the numbers of input image rows and
columns.
LMMSE is similar to soft thresholding in some sense. Notice
that factor is always less than 1, thus the magnitude of estimated wavelet coefficient would be less than that of . This
leads to the energy shrinkage of the restored signal, same as in
the soft thresholding schemes. The LMMSE-based wavelet denoising schemes proposed in [17] and [18] have achieved good
results. These two methods exploited the wavelet intrascale dependencies.

yields
(2)

where
is coefficients at scale , , and are the expansions
of and , respectively.
In this paper, the LMMSE of wavelet coefficients is employed
is
instead of soft thresholding. Suppose the variance of
and that of
is
. Since
and
are both zero mean, the
is
LMMSE of
(3)
with
(4)
Since is Gaussian distributed and independent of , if
is
also of Gaussian distribution, it is well known that
will be
Gaussian and (3) is equivalent to the optimal MMSE [31]. Unfortunately, obeys in general the GGD model, which reduces
to Gaussian only in very special cases.
can be written as
Referring to Fig. 1, term
(5)
where

,

is the convolution operator and filter

is
(6)

Similarly, we have
(7)
where
(8)
(9)

B. Interscale Wavelet Model-Based LMMSE
Wavelet adjacent scales are strongly correlated and these interscale dependencies can be exploited for better signal processing results. Small magnitude coefficients at coarser scales
are more likely to derive small magnitude descendents at finer
scale. Contrarily, it is also found that a large magnitude wavelet
coefficient produced by true signal at finer scales would yield
significant coefficients at coarser scales. But the coefficients
corresponding to noise decay rapidly along scales. This can
be interpreted by the different singularities of signal and noise
[4]. With this observation Xu et al. [12] multiplied the adjacent wavelet scales to sharpen the edge structures and identified
significant pixels from the multiplication iteratively. Sadler and
Swami [19] analyzed the multiscale products of wavelet coefficients and applied it to step detection and estimation. Zhang
and Bao [15] developed an effectively edge detection approach
by finding edge pixels from the scale multiplication. They also
applied the wavelet scale multiplication to threshold-based denoising [14]. In [24] and [25], the HMM [24], [25] are used to
represent wavelet interscale dependencies efficiently.
In this section, we apply the LMMSE-based denoising to a
wavelet interscale model. It is well known that the wavelet-represented images are similar across scales, especially among the
adjacent scales. In wavelet domain, the noise level decrease
rapidly along scales, while signal structures are strengthened
with scale increasing. So we use coarser scale information to
improve finer scale estimation. Suppose the input image is decomposed into scales. Roughly speaking, scale is strongly
, but its correlations with scales
correlated with scale
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will decrease rapidly. These scales would not
provide much additional information to improve the estimation
of scale . Second, a significant structure has much larger local
supports at coarse scales than at fine scales. At the same spatial location, the wavelet coefficients may correspond to signal
at coarse scales, but to noise at fine scales. Based on these consideration, we would make no use of the measurements at the
is
finer scale to estimate the signal at the coarser scale, and
. We asestimated only by measurements at scales and
semble the points with the same orientation at scales and
as a vector

is

Thus, the expectation

(20)
Each of the components of matrix

is estimated by
(21)

where ,

,

and

is computed as
(22)

(13)
is obtained, only the component
After the LMMSE result
is extracted. Estimation of
would be obtained form the

Thus

LMMSE result

.

(14)
III. OPTIMAL WAVELET BASIS SELECTION
with

(15)

of

is a Gaussian noise vector independent of
is then

. The LMMSE

(16)
and
where
respectively

are the covariance matrices of

and

,

The denoising performance of the proposed LMMSE-based
scheme varies with different wavelet filters. Ideally, a good
wavelet filter for denoising should meet the following two
requirements. One is the interscale model’s ability in extracting
signal information from noisy wavelet coefficients. The other
is a high degree of agreement between the distribution of
wavelet coefficients and Gaussian distribution. This is because
the LMMSE denoising method is optimal (i.e., equivalent
to optimal MMSE) only if the underlying signal distribution
is Gaussian, assuming that the additive noise is Gaussian.
However, for a fixed wavelet basis, the above two requirements
may be in conflict with each other. In this section we develop a
technique to strike a good balance between the two conflicting
criteria.
A. Signal Information Extraction Criterion

(17)
Let us compute the components of noise covariance matrix
first. The diagonal element
is equal to which can be
are the projections
obtained by (10). Noise variables and
of on different wavelet subspaces. They are correlated with
correlation coefficient

For denoising purpose, it is expected that the true signal
wavelet coefficients would be enhanced in the noisy environment with the interscale model. We would like to measure the
signal component in the noisy coefficients for a fixed wavelet
filter. As a good similarity metric, mutual information has
been used in several signal processing applications [27], [30]. It
computes the dependency of variables and by measuring the
, and the product
distance between the joint distribution
using Kullback–Leibler
of marginal distributions
measure [30]. The mutual information of and is defined as
(23)

(18)

and

are jointly Gaussian and their density is

(19)

The higher
is, the more information could provide to
will be
estimate or vice-versa. If is a function of ,
infinite. Otherwise, if is independent with , obviously
is zero.
We take the mutual information of
and
as a measure to
evaluate how much signal information could be exploited from
to estimate
. We have derived that
is Gaussian with
covariance matrix
(refer to (17)). The covariance matrix of

ZHANG et al.: MULTISCALE LMMSE-BASED IMAGE DENOISING WITH OPTIMAL WAVELET SELECTION

473

Fig. 2. Histograms (solid) of wavelet coefficients of Lena and the associated Gaussian functions (dash) with zero mean and standard deviation  . (a) Scale 1;
(b) Scale 2.

is

The distribution of wavelet coefficients
GGD [7]

and we assume
is also Gaussian. Since
, the mutual information of
and
is [30]

is often modeled as

(24)
(25)
represents the determinant of a matrix. The criterion
where
is proportional to the performance of the proposed denoising
scheme. A properly selected wavelet should yield a significant
, which means noisy coefficients
could give sigvalue of
nificant information to estimate original signal .
Since the image wavelet coefficients are subjected to GGD,
the distribution of
would be of some difference with bivariate
Gaussian function. The errors so caused could be generalized
into the following criterion.
B. Distribution Error Criterion
Compared with MMSE, LMMSE is suboptimal because it exploits only the second-order statistics of signal and noise .
But it is practical and simple compared to the analytic form of
MMSE which is usually impractical to implement. In the special case where and are zero-mean and jointly Gaussian,
LMMSE will be equivalent to MMSE because the Gaussian
process has only two order statistics [31]. In this paper noise is
assumed as additive Gaussian and independent of , so that the
better follows the Gaussian distribution, the better LMMSE
approximates to MMSE.

(26)

where is the standard deviation of , is the shape parameter
and
is the Gamma function. GGD is
zero-mean and degenerates to Gaussian distribution only when
. In Fig. 2 the histograms of the wavelet coefficients of
image Lena (shown in Fig. 3(a)) at the first two scales are illustrated together with the associated Gaussian function

(27)

Obviously, there exists sharp difference between the histograms
and the associated Gaussian functions. For LMMSE-based denoising, a good WT should have the histograms as close to
Gaussian as possible.
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Four 256

2 256 benchmark images for the experiments. (a) Lena. (b) Cameraman. (c) Peppers. (d) Baboon.

Similarly for our interscale wavelet model, it is desirable that
, the joint probability density function (PDF) of
and
, could be as close to jointly Gaussian as possible

inferior to the MMSE. So a good wavelet should yield a small
.
C. Tradeoff Parameter

(28)
where

is calculated as

(29)

We define the distribution error criterion as a kind of Hellinger
distance
(30)
are identical, the measurement
will reach
When and
, the higher
the minimum 0. The higher the error
, which implies that
worse approximates a
the value of
joint Gaussian distribution, and then the LMMSE will be much

As stated above, the denoising performance increases in
but decreases in
. Therefore, a good wavelet basis for
and minimizing
,
denoising should aim at maximizing
which are in general conflicting criteria. In order to balance
the criteria we introduce a tradeoff parameter . Intuitively,
. However, the metric units
one may want to set
and
differ by a logarithmic factor. Namely,
is a
of
weighted sum of logarithmic functions of the PDF of wavelet
is a direct difference function of between
coefficients, while
such that
two PDFs. Accordingly we adjust the scale of
, and define
(31)
where
ranges from 0 to 1, and when error
runs to zero
it reaches the maximum value 1. The optimal wavelet can be selected from a library of wavelets by maximizing . In this paper,
we focus on the widely used compactly supported orthogonal
and biorthogonal wavelets constructed by Daubechies et al. [1],
[2].
,
We denote Daubechies’ orthogonal wavelets [1] by
is the vanishing moment of the wavelet
where
. The biorthogonal wavelet in [2]
whose filter length will be
, where is the vanishing moment
is denoted by
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VALUES OF M , E AND r

VALUES OF M , E

FOR IMAGE
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LENA

TABLE II
AND

of analytic wavelet and
is that of synthetic wavelet. The
set of
wavelets (except for
, i.e.,
or Haar wavelet) are lack of (anti)symmetry, which is an
important property in signal and image processing. Biorthogtrade the orthogonality for
onal wavelets
the (anti-)symmetry.
256 benchmark images Lena, CamWe use four 256
eraman, Peppers, and Baboon, shown in Fig. 3, to compute
,
and
values with respect to eight wavelets:
their
,
,
,
,
,
,
, and
. In calculating
, we set the
noise level as 25 (other noise level values would reach the
for
similar analysis results). The PDF function
calculating
is taken as the histogram of image wavelet
coefficients. The noise decreases rapidly along wavelet scales
and most of its energy is concentrated at the first three scales.
In wavelet based denoising, three-scale decomposition is well

r

FOR IMAGE

CAMERAMAN

accepted because noise is greatly smoothed in the third-level
low frequency band. Decomposing an image into more than
three scales would not yield much additional improvement in
,
noise reduction. In Tables I–IV, we list the values of
and
when
and
. These results represent the
information of the first three wavelet scales. (The letters H,
V and D in Tables I–IV indicate the horizontal, vertical and
diagonal subbands, respectively.)
,
, and
are highlighted in TaThe best values of
bles I–IV. From the experimental results, it can be observed
is obviously the best of the eight wavelets. Its
that
values are almost always higher than that of other wavelets.
(i.e.,
) and
are also proper selections. Biorthogonal wavelets
,
,
are inferior. They are not suitable for the proposed
denoising scheme. The experiments in Section V validated
these observations.
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TABLE III
VALUES OF M , E AND r FOR IMAGE PEPPERS

TABLE IV
VALUES OF M , E AND r FOR IMAGE BABOON

IV. CLUSTERING THE WAVELET COEFFICIENTS BY
CONTEXT MODELING
As seen in Fig. 2, the histograms of wavelet coefficients are
not very close to the Gaussian distributions. In fact, it is not
appropriate to model all the wavelet coefficients in one subband with only one random variable. For example, the edge
pixels are of large magnitude while the background pixels being
of small magnitude. They have very different variances and it
would introduce numerous errors in PDF if considering them as
the samples of the same Gaussian variable. To estimate the statistics of wavelet coefficients more accurately and adaptively,
we model them with several variables. The context modeling
technique [8], [21]–[23], which was widely used in differentiating and gathering pixels with some similarities but not necessarily spatially adjacent, is a good technique for the classification. The statistics could then be estimated locally within each

cluster of pixels. Chang et al. [8] presented a similar work with
their BayesShrink denoising scheme. By computing the context
of each wavelet coefficient, Chang et al. estimated the standard
deviation of it with a collection of pixels whose context values
fall into a specified field.
The context value of a given coefficient is defined as a function of its neighbors. The weighted average of its adjacent pixels
, the context value of noisy
is often employed. In [8],
is calculated as the weighted avwavelet coefficient
erage of the magnitude of its neighbors
(32)
where
value of

is a 1

9 vector whose elements are the absolute
’s eight nearest neighbors plus its parent at
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Fig. 4. Clustering the diagonal wavelet coefficients of Lenna at the second scale into three clusters by the context values. Solid curves are the histograms of
each cluster, and dash curves are the associated Gaussian functions with zero mean and standard deviation  of the cluster. Compared with the curves in Fig. 2,
obviously the two curves are more closed. (a) The first cluster. (b) The second cluster. (c) The third cluster.

scale
. Weight
is a 9
1 vector. The weight
determined by the least square estimation

is

is a 16 2 weighted matrix and it is calculated by the
where
least square estimate

(33)
where
is a
matrix with each row being
and
is an
vector containing all elements of
.
With context modeling, the coefficients of similar natures can
in
be well clustered. By sorting the context values
could
the ascending order, the wavelet coefficients
be classified into several clusters, in which the coefficients are
assumed having the same statistics. Suppose each cluster has
point and denote by
the
cluster, the variance of wavelet
is estimated by
coefficients in cluster
(34)

Take the diagonal wavelet coefficients at the second scale of
Lena as an example, we calculate their context values and then
divide them into 3 clusters. In Fig. 4, the histogram of each
cluster is illustrated comparing with the corresponding Gaussian
. It can be seen that the two curves are much
function
closer than those in Fig. 2(b), in which the whole band is modeled with only one random variable. With the context-based
clustering, the statistical estimation of the coefficient is more
accurate and adaptive.
For our interscale model, calculation of the context value
is straightforward. Denote by
,
of vector
the absolute value of the 8 neighboring elements of
. And let
(35)

The context value of

is defined as
(36)

(37)

is a
a

matrix with each row being

and

is

matrix with each row being

.

is a 1

according

to the position of

2 vector. We cluster

in the 2-D Euclidean space. Let the

-coordinate represent the first element of
and -coordinate represent another. We first divide the plane into several
regions by evenly splitting -coordinate with a preset step length
(which is
in our experiments), and then evenly split each region by -coordinate. The so divided regions may have different
numbers of context data
. Each vector
that
is assumed to possess the same the
belongs to the th cluster
covariance matrix, which is estimated from all the data in .
The LMMSE scheme described in Section II-B is then applied
to each cluster .
V. EXPERIMENTS
This section compares the proposed scheme with other
popular denoising schemes. The four benchmark images in
Fig. 3 are used for the experiments. As stated in Section III,
imply that wavelet
would be
the values of
most suitable for the proposed scheme. Other four wavelets
,
,
, and
are employed
for comparison. The noisy images are simulated by adding
on the original images.
Gaussian white noise
In threshold-based (hard or soft) denoising schemes, the
wavelet coefficients whose magnitudes are below a threshold
will be set to 0. The corresponding pixels are generally noise
predominated and thus the thresholding of these coefficients is
safely a structure-preserving denoising process. We apply the
LMMSE only to those coefficients above a threshold and shrink
those below the threshold to 0. Here the threshold applied to
is set as
.
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TABLE V
PSNR (dB) RESULTS OF THE DENOISING SCHEMES
DIFFERENT NOISE LEVELS

FOR

LENA WITH

TABLE VI
PSNR (dB) RESULTS OF THE DENOISING SCHEMES FOR CAMERAMAN WITH
DIFFERENT NOISE LEVELS

The denoising schemes in [8], [17], [18] are used for comparison with the proposed scheme. It should be noted that the
256, while the images used in
images used here are 256
512. At the same noise level,
[8], [17], and [18] are 512
the denoising results of high resolution images are much better
than those of low resolution images. For convenience, we denote the spatially adaptive BayesShrink of Chang et al. [8] by
, the locally adaptive LMMSE-based scheme of Mihçak
and the LMMSE-based scheme of Li et al.
et al. [17] by
[18], which models the wavelet coefficients as nonedge and edge
. All schemes are implemented with the OWE
groups, by
,
of the five orthogonal and biorthogonal wavelets
,
,
, and
for comparison
fairness. The proposed scheme without context modeling is deand the counterpart with context modeling is
noted by
.
denoted by
Tables V–VIII list the peak signal-to-noise ratio (PSNR) results of the five schemes on the benchmark images in Fig. 3
corrupted by different levels of additive Gaussian noise. From
the first three tables we see that the context modeling would imoutperprove the denoising performance and the scheme
forms the other four schemes. For comparison of wavelet filters,
is the best one, whose denoising results
obviously

TABLE VII
PSNR (dB) RESULTS OF THE DENOISING SCHEMES FOR PEPPERS WITH
DIFFERENT NOISE LEVELS

TABLE VIII
PSNR (dB) RESULTS OF THE DENOISING SCHEMES FOR BABOON WITH
DIFFERENT NOISE LEVELS

by SCH5 were highlighted in Tables V–VII.
and
also have better performances. The wavelet
yields the worst results. Notice that these conclusions are in accordance with the wavelet filter analyzes in Section III.
In Fig. 5, we illustrated a set of denoising results of image
.
Lena. Fig. 5(a) is the noisy Lena where the noise level is
,
, and
Fig. 5(b)–(d) are the denoised versions by
with wavelet
. Fig. 5(e), (f) are the denoised images by
and
with wavelet
. It is oband
over-smooth the image a little,
served that
the edge structures are well preserved while reand in
ducing noise.
Although the proposed scheme works well for images Lena,
Cameraman, and Peppers, it does not give satisfying results for
works worse than the
Baboon (referring to Table VIII).
. This is because image Baboon
three schemes
has many fine “hair” structures. These structures are weakly
correlated and similar to white noise to some extent. They possess little interscale dependencies in wavelet domain. For quantitative measurement, let us calculate the mutual information of
and
at adjacent scales. Referring
wavelet coefficients
to (23) and let
(38)
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Fig. 5. Denoising results of Lena. (a) Noisy Lena ( = 20). (b), (c), and (e) Denoised images by SCH 1, SCH 2, and SCH 3 with wavelet Dau(4). (e)–(f)
Denoised images by SCH 4 and SCH 5 with wavelet CDF (1; 3).

be the mutual information between
and
. In Table IX,
when
, 2 are listed for the four test imthe values of
ages. It can be noticed that the
values for Baboon are much
smaller than those for Lena, Cameraman, and Peppers. It implies that not much information would be conveyed from scale
to scale for updating the estimation of . So the proposed denoising scheme, mainly based on an interscale wavelet
model in exploiting interscale dependency information, would
not present its merits for images such as Baboon.
VI. CONCLUSION
In this paper, we presented an LMMSE-based denoising
scheme with a wavelet interscale model and discussed the

optimal wavelet basis selection for it. With OWE the wavelet
coefficients at the same spatial locations at two adjacent scales
are represented as a vector and the LMMSE is applied to the
vector. The wavelet interscale dependencies are thus exploited
to improve the signal estimation. The performance of the
scheme is wavelet filters dependent. We proposed two criteria
to determine the optimal wavelet for the scheme. One is to
measure the signal information encapsulating ability from noisy
environment. This criterion is proportional to the denoising
efficiency. The other is to measure the wavelet coefficients
distribution difference with joint Gaussian function and this
criterion is inversely proportional to denoising performance.
The optimal wavelet could be determined by optimizing the
tradeoff of the two criteria from a library of wavelets. In this
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MUTUAL INFORMATION I

OF

TABLE IX
ADJACENT TWO WAVELET SCALES FOR THE FOUR TEST IMAGES

paper, we considered eight typical wavelets and observed that
would give the best performance.
biorthogonal
This observation was validated by the experiments. Finally,
context modeling techniques were employed to cluster wavelet
coefficients. The adaptively spatial classification of wavelet
pixels reduces the statistics estimation error and subsequently
improves the denoising performance.
Although the proposed scheme outperforms other popular denoising schemes for most of the images, it may not be a suitable
method for images that are weakly correlated in scale spaces (for
example, Baboon image). For such images the wavelet interscale dependency is typically very low, and the proposed model
would be unable to take the advantage of interscale dependencies to yield reasonable gain for denoising.
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