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Abstract:

In this paper, we develop a state observer in order to estimate the velocity of a ball and angular velocity of

a motor. With the observer, we propose a sliding mode controller where sliding surface consists of some measured and
estimated states. Then, a new rigorous analysis will be done to show the behavior of the system on the sliding surface.
We show the stability analysis and convergence analysis of the partial state observer. In addition, the experimental results

show the validity of the proposed controller.
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1. INTRODUCTION

In recent years, many contributions have been pre-
sented in control literature that solve the control design
problem for classes of nonlinear systems [8]. The ball
and beam system is one of the most popular models for
studying control systems because of its nonlinearity and
several control techniques have been proposed [1], [3]
- [4]. In many of results, all state variables of system
are required to be available. However, some state vari-
ables may not be measured physically or some sensors
may be too expensive to use. In order to overcome this
actual control problem, some state observers are often
utilized. Jo and Seo proposed a global nonlinear ob-
server that guarantees the estimation error converge to
zero asymptotically [5]. Also, Krener and Isidori pro-
posed the Lie-algebraic conditions under which nonlinear
observers with linearizable error dynamics can designed
[6]-[7].

In this paper, we propose a sliding mode control under
partial state feedback for ball and beam system. We use
the Quanser’s ball and beam system whose sensors only
can measure the position of ball and the angle of motor
[9]. Thus, we need to develop an observer to estimate
ball and angular velocity. In our controller, the sliding
surface consist of both of measured and estimated state.
We verify the validity of our proposed method through
experimental results.

2. MODELING

The equation of motion describing the ball and beam
system can be written as [9].

¥ = Kpsinf
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where the gain Kp;, of the system is given by
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gear shaft, r, radius of ball Lye,,, beam length, J, mo-
ment of inertia of ball.
We let the states of the system be as follows

r = T, j]l = T9, 9:1’3, 9:$4 (2)

Then, the state equation is given by (3)

$.1 = X2

o = Kppsinzs

i}3 = X4
1 K

Ty = ——x4+ —Vnp 3)
T T

Here, x1 (position of ball) and z3 (angle of motor) are
measured by using the BBO1 potentiometer sensor and
tachometer. However, z2 (ball velocity) and x4 (angular
velocity) are unmeasured. So, we need to estimate these
variables o, x4. Therefore, we propose an observer for
unmeasured variables.

3. STATE OBSERVER DESIGN

In this section, we propose a nonlinear observer for the
ball and beam system. We reconfigure the system (3) as
follows

T T2
To = Kpprz+ Kppsinaz — Kppx3
d2 (t,x,u)
T3 = T4
. 1 K
Ty = ——x4 +—Vn “)
T T
~——
da(t,z,u)

Hence, the state space equation is
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The nonlinear observer is proposed as [2],
Z2=Az+ Bu— L(ep)(y — Cz) + (¢, z,u) 6)

In
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where L(er) |7 with e, > 0 and
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0(t, z,u) = [0,02(t, z,u), 0, 04(t, z,u)]. Therefore,
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3.1 Analysis of observer stability

Defining the error e = x — z, we can write the error
dynamics as
é=Ap(er)e+o(t,x,u) — (¢, z,u) ®)
where Arp (e ) A + L(er)C, we denote E(er)
=diag[l,ep,---, €7 T, Ap A+ LC (L =
I, -, 1)) Then we have the following equation
ELAL(GL) E(EL)ilALE(EL) 9
where Ar(e) = A+ L(er)C and A, = A+ LC are
Hwritz. By Lyapunov equation AT P, + PL A, = —1I,
we obtain

AT (er)Pr(er) + Pr(er)Arn(er) = —e; "E(er)?

PL(GL) = E(GL)PLE(GL) (10)
We set V,(e) = e Py (er,)e for (8). Then, along the tra-
jectory of (8),

Va(e) ¢T'Pr(er)e + el Prler)e

—ep [[E(er)el|?

+2eTE(er)PLE(er)[6(t, x,u) — 6(t, 2, u)]
—ez [1E(ep)ell* + 2/ | Pl Eer)ell
X|[E(eL)[6(t, z,u) — 6(, 2z, u)]| (1n
We consider Ky sin z3 — Kppzz = Kppsinzy — Kppxs
from the equation (5) and (7) because x3 angle of mo-
tor can be measured using the sensor. Thus, we obtain
|1 E(eL){6(t, @, u) = 0(t, 2z, u)}| < 7l E(ep)el|.
Finally, we have

<

Vo(e) < —N,||E(er)el)?, N, (12)

V,(e) is negative definite when N, = ¢; ' — 12||P;|| >
0. The global exponentially stability easily follows from
the equation (12).

1
o= gt = 2P
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3.2 Analysis of observer convergence
We reconsider
Vs (e) el P(er)e = eTE(er)PLE(er)e

(13)
We obtain following the equation (14) from the equation
(13).
Amin (Pr)[| B (e )el|*
< Vo(€) < Amax(Pr)||Eer)el|* (14)
By the equation (12) and (14)

N
Vy(e) <V, (0)e ™ Tmx (P
Thus, by the equation (14) and (15)

(15)
Amin(PL) || E(er)el > < Vi(e) < V(0)e TP’ (16)

Equation (16) can be rewritten as (17)
)\maX(PL)

|Blen)el? < 3Bl IBle)e(O)]Pe” wmrmat )
We finally obtain
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We find that the observer error can rapidly converge to
zero by scaling factor ¢z, under the condition of N, =
e, — L2|P|| > 0.

4. SLIDING MODE CONTROL DESIGN
Define the regulation errors
= 0—-0.=90

T — g

€0

(19)
where 8, = 0 and x4 is a constant desired value. Also,
define the sliding surface
g + &60 + &éx + %ez
€K €2 €%
b1
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€K
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€K K

€z
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(x — xq)
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K

(1 — zq) (20)

Differentiating s in (20) with respect to time, we obtain

s = $4+&$3+%i}2+ﬂ—;$1
€K €2 €3
1
= ——174+ V +&ZE4
€K

e2y)

+6 Ky sinxsg + B_ZCQ
E E

K K
where V,,, is a control input to the ball and beam system.
Hence,
1
Vm = l < T4 — &ILA — ﬂ—Kbb smxg
K\ 7t €K eK
B
——-x2 — I'sgn(s) (22)
€K



In this time, we can use z and z, instead of x5 and x4
because we know that observer error can rapidly converge
to zero by the equation (18). Thus we reconfigure the
system (22) as follows

T (1 B3 B2 :
Vm ~ ? <;Z4 — ;,24 — %Kbb S T3
B
——-29 — I'sgn(s) (23)
€x

Substituting the controller given by (22) into the above
equation, it follows that

$ = —T'sgn(s) (24)

The equation in (24) guarantees that ss < 0
The system on the sliding surface s = 0 is given by

24 = *&;’Eg - %zg - %(xl —xq) (25)
€K €3 €3

Thus, the reduced order system is

.i]l = X2

Ty = Kppsinxg

. Bs B2 b1

3 = ——x3— 52— 5 (21— 2q) (26)
€K €% €5

Since zo = o — €9, We can write

$.1 = X2

x'g = Kbb Sil’lxg

. B3 B2 B B2

r3 = ——T3 — T.TQ — T(.Tl — .Td) + 762 (27)
€K €% €% €%

Here, ey is vanishing term because e — 0. The system in
(27) can be written in compact form as

&= fi(z) (28)
where
)
fi= Kpp sin 3 (29)
—5—;173 - 572302 - 571(171 )
K K

We will linearize the system in (28) around the origin x =
0. Therefore, we obtain the following linearized system
around the origin,

T = Al(GK).I’ (30)
where
Of1(x)
Al (GK) =
or  |,_
0 1 0
= 0 0  Kuw (31
_B _ B2 _Bs
€3 €2 €K

The characteristic equation of the linearized system is
A(s) = det(sI — Ay)

= 3+ Bs 2 + %Kbbs + B—;Kbb (32)
€K €% €5

The necessary and sufficient conditions for stability are
obtained by using the Routh-Hurwitz criterion. There-
fore, we get 31, B2, B3 > 0 and ex > 0. These conditions
guarantee that A; is a stable matrix.

5. SIMULATION RESULTS

The values of the parameters of the ball and beam sys-
tem are listed in Table 1.

Parameter | Description Value

Lpeam Beam length 42.55cm

Tarm Distance between SRVO02 | 2.54cm

output gear

T Radius of ball 1.27cm

my Mass of ball 0.064kg

g Gravitational constant 9.81 m/s?

Jp Moment of inertia of ball 4.1290 %
10~ %kg.m?

K Steady-state gain 1.76
rad/sv

T Time constant 0.0285s

Table 1 Values of the parameters of the ball and beam
system.

For the nonlinear observer, we select L = [-8, -24, -32,
-16]7. The controller parameters 31,3, and 5 are se-
lected such that the roots of the polynomial A are —1 £,
—10, and I' = 100. It can be concluded that the re-
sponses of the ball position is fast and input V,,, is within
reasonable magnitude. Figure 2 shows the simulation
results demonstrate the effects of gain-scaling factor er,
and ex. As expected, we find that the proposed control
schemes work well by scaling factor €, and ex. Figure
1 shows the simulation results when we select e;, = 0.5,
EK = 0.8.
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Fig. 1 Simulation results : ez, = 0.5, ex = 0.8
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Fig. 2 Simulation results : The effect of gain-scaling
factor e, and €.



6. EXPERIMENTAL RESULTS

The experiment is carried out on the Quanser’s ball
and beam system. The composition of equipment is
shown Fig 2. Also, the power module used is the Quanser

Fig. 3 Ball and beam system

UPM1503 with £15V and 3 A output. Figure 4 shows the
ball position and input V,,. Notice that there is high over-
shoot and slow convergence in the ball position response
xq. However, figure 5 shows better results than figure 4.
Thus, we find that The system performance is properly
adjusted by €7, and e .

Sliding mode controller under patial state feedback g =07,¢e=09
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Fig. 4 Experimental results : e, = 0.7, ex = 0.9

7. CONCLUSION

In this paper, we investigated the sliding mode control
under partial state feedback for ball and beam system.
We show that stability analysis and convergence analysis
of the observer. Moreover, it is shown that the system
response can be adjusted by using €7, and ex
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Fig. 5 Experimental results : e, = 0.5, ex = 0.8
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