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In this paper, the problem of adaptive fuzzy output-feedback control is investigated for a
class of uncertain nonlinear systems with unknown backlash-like hysteresis and unmea-
sured states. The fuzzy logic systems are used to approximate the nonlinear system func-
tions, and a fuzzy state observer is designed to estimate the unmeasured states. By utilizing
the fuzzy state observer, and combining the adaptive backstepping technique with adap-
tive fuzzy control design, an observer-based adaptive fuzzy output-feedback control
approach is developed. It is proved that the proposed control approach can guarantee that
all the signals in the closed-loop system are semi-globally uniformly ultimately bounded
(SUUB), and both observer error and tracking error can converge to a small neighborhood
of the origin. Two simulations are included to illustrate the effectiveness of the proposed
approach.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

In the past decades, the control design of nonlinear systems preceded by hysteresis has become a challenging and yet
rewarding problem. One of the main reasons is that the hysteresis phenomenon can be often encountered in a wide range
of physical systems and devices [20]. On the other hand, since the hysteresis nonlinearity is non-differentiable, the system
performance is often severely deteriorated and usually exhibits undesirable inaccuracies or oscillations and even instability
[18,32].

To address such a challenge, it is important to find a model to describe the hysteresis nonlinearity and utilize this model
for controller design. So far, various models have been proposed for hysteresis nonlinearity, for example, Ishlinskii hysteresis
operator [9], Preisach model [17], Krasnoskl’skii–Pokrovskii hysteron [9], Duhem hysteresis operator [16], backlash [22],
backlash-like hysteresis [21], and so on. Among them, the backlash-like hysteresis model was widely used due to its better
representation of the hysteresis nonlinearity and its facilitation for the control design [9,16–18,20–22,32,34]. In [34], an
adaptive state feedback control scheme was proposed for a class of nonlinear systems with unknown backlash-like hyster-
esis. Whereas in [32], two new decentralized adaptive output feedback schemes were explored for a class of interconnected
nonlinear subsystems with the input of each loop preceded by unknown backlash-like hysteresis, where the local adaptive
controllers were designed based on a general transfer function of the local subsystem with arbitrary relative degree, respec-
tively. However, the proposed adaptive control schemes in [32,34] required the assumptions that the nonlinear functions
either be known exactly or can be linearly parameterized, which are very strict and seldom satisfied in applications. Hence,
the control schemes developed in [32,34] are not applicable in practice.
. All rights reserved.
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It is well known that fuzzy logic system (FLS) has been found to be a particularly powerful tool for modeling uncertain
nonlinear systems due to their universal approximation properties. In the past decades, the issues of utilizing fuzzy logic
systems to approximate unknown nonlinear functions of systems have been well investigated, see for example, [2–
5,8,11–15,23–27,29–31,33,35,36] and the references therein. For examples, the uncertain nonlinear systems considered in
[4,5,8,11,15,31] were restricted to satisfy the matching conditions, that is, the unknown functions must appear on the same
equation with the control input channel. Accordingly, to overcome this restriction, some backstepping-based adaptive fuzzy
controllers were developed for a wide class of uncertain nonlinear systems without satisfying the matching conditions in
[2,3,13,14,23–27,29,30,33,35,36], where the stabilities of the resulting closed loop systems were guaranteed with the help
of the well-known Lyapunov direct method.

Recently, in order to control uncertain nonlinear systems with unknown backlash-like hysteresis, many adaptive fuzzy
controllers have been developed by utilizing FLS’s universal approximation properties [1,18,19,21]. For example, a stable
adaptive fuzzy control approach was proposed in [21] for a class of SISO uncertain nonlinear systems with unknown back-
lash-like hysteresis. And two adaptive fuzzy state feedback control design approaches were developed in [1,19] for a class of
interconnected uncertain systems and MIMO uncertain systems, respectively. Then, in [18], an output feedback controller
was presented for a class of uncertain nonlinear systems preceded by unknown backlash-like hysteresis, where the hyster-
esis was modeled by a differential equation. The unmeasured states are estimated by a designed state observer. However, the
aforementioned adaptive fuzzy control approaches [1,18,19,21] are only suitable for the nonlinear systems with the match-
ing condition, they cannot be applied to those uncertain nonlinear systems without satisfying the matching condition.

Motivated by the above observations, an adaptive fuzzy output-feedback control approach is presented in this paper for a
class of uncertain nonlinear systems under the conditions of unknown backlash-like hysteresis, unmeasured states and non-
matching conditions. In the proposed scheme, based on backstepping technique, the fuzzy logic systems are used to approx-
imate the nonlinear system functions, and a fuzzy state observer is designed to estimate the unmeasured states. It is proved
that the proposed control approach can guarantee that all the signals of the resulting closed-loop system are SUUB, and the
observer error and tracking error are proved to converge to a small neighborhood of the origin. The main advantages of the
proposed control scheme are as follows: (i) it can be used to deal with those uncertain nonlinear systems with unknown
backlash-like hysteresis and without satisfying the matching conditions. (ii) It does not require that all the states of the con-
trolled system be measured directly, which is a common restriction in most existing adaptive fuzzy backstepping controller,
such as [2,3,33,36]. (iii) Both the state observer and the controller are constructed simultaneously, rather than separately.

2. Problem formulations and preliminaries

2.1. System descriptions and some assumptions

Consider a class of SISO nth order nonlinear systems in the following form:
_x1 ¼ x2 þ f1ðx1Þ þ d1ðx; tÞ
_x2 ¼ x3 þ f2ðx2Þ þ d2ðx; tÞ
..
.

_xn�1 ¼ xn þ fn�1ðxn�1Þ þ dn�1ðx; tÞ
_xn ¼ /ðvÞ þ fnðxÞ þ dnðx; tÞ
y ¼ x1

8>>>>>>>>><
>>>>>>>>>:

ð1Þ
where xi = [x1, . . . , xi]T 2 Ri(x = [x1, . . . , xn]T 2 Rn) is the states vector of the system, and y 2 R is the output, respectively. fi(�) is
an unknown smooth nonlinear function; v 2 R is the control input and /(v) denotes hysteresis type of nonlinearity; di is an
unknown but bounded external disturbance. This paper assumes that the states of the system (1) are unknown and only the
output y is available for measurement.

Assumption 1. There exist an unknown positive constant diM and a large positive constant M such that jdij 6 diM, and jvj 6M,
respectively.
Assumption 2. There exists a known constant Li such that
jfiðxiÞ � fiðx̂iÞj 6 Liðjx1 � x̂1j þ � � � þ jxi � x̂ijÞ
where x̂i is the estimate of xi.
Remark 1. Both Assumptions 1 and 2 are common, which can be founded in many existing literatures [7,10,33]. Due to the
assumption of jvj 6M (M may be a large constant), the stability of the closed-loop control system of this paper is built in the
sense of semi-globally uniformly ultimately bounded [2,3,6].

According to [18], the control input v and the hysteresis type of nonlinearity /(v) in system (1) can be described by
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d/
dt
¼ a

dv
dt

����
����ðcv � /Þ þ B1

dv
dt

ð2Þ
where a, c and B1 are constants, satisfying c > B1.
The dynamics (2) can be used to model a class of backlash-like hysteresis as shown in Fig. 1. In Fig. 1 parameters a = 1,

c = 3.1635 and B1 = 0.345, the input signal v(t) = 6.5sin(2.3t) and the initial conditions v(0) = 0 and /(0) = 0 are chosen. In this
paper the parameters of the hysteresis in (2), i.e., a, c and B1 are completely unknown [18].

Now, the system (1) can be rewritten as follows
_x1 ¼ x2 þ f1ðx̂1Þ þ DF1 þ d1ðx; tÞ
_x2 ¼ x3 þ f2ðx̂2Þ þ DF2 þ d2ðx; tÞ
..
.

_xn�1 ¼ xn þ fn�1ðx̂n�1Þ þ DFn�1 þ dn�1ðx; tÞ
_xn ¼ /ðvÞ þ fnðx̂Þ þ DFn þ dnðx; tÞ
y ¼ x1

8>>>>>>>>><
>>>>>>>>>:

ð3Þ
where DFi ¼ fiðxiÞ � fiðx̂iÞ.
2.1.1. Control objective
Given a reference signal yr(t), and assume that yr(t) has up to nth derivatives which are bounded. Our control objective is

to design the output feedback controller v and parameters adaptive laws such that all the signals involved in the resulting
closed-loop system are SUUB, and the output y(t) tracks the given reference signal yr(t) as desired.

2.2. Fuzzy logic systems

A fuzzy logic system (FLS) consists of four parts: the knowledge base, the fuzzifier, the fuzzy inference engine working on
fuzzy rules, and the defuzzifier [28]. The knowledge base for FLS comprises a collection of fuzzy If-Then rules of the following
form:
Rl : If x1 is Fl
1 and x2 is Fl

2 and . . . and xn is Fl
n;

Then y is Gl; l ¼ 1;2; . . . ;N
where x = [x1, . . . , xn]T and y are the FLS input and output, respectively. Fl
i and Gl are fuzzy sets associated with the fuzzy func-

tions lFl
i
ðxiÞ and lGl ðyÞ, respectively. N is the rules number.

Selecting singleton function, center average defuzzification and product inference [28], the fuzzy logic system can be ex-
pressed as
Fig. 1. Hysteresis curve given by (2) with a = 1, c = 3.1635, B1 = 0.345 and v(t) = 6.5sin(2.3t).
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yðxÞ ¼
PN

l¼1�yl
Qn

i¼1lFl
i
ðxiÞPN

l¼1

Qn
i¼1lFl

i
ðxiÞ

h i ð4Þ
where �yl ¼maxy2RlGl ðyÞ.
Define the fuzzy basis functions as
ul ¼
Qn

i¼1lFl
i
ðxiÞPN

l¼1

Qn
i¼1lFl

i
ðxiÞ

� � ð5Þ
Denote h ¼ ½�y1; �y2; . . . ; �yN�T ¼ ½h1; h2; . . . ; hN�T and uTðxÞ ¼ ½ �u1ðxÞ; . . . ; �uNðxÞ�, then fuzzy logic system (4) can be rewritten as
yðxÞ ¼ hTuðxÞ ð6Þ
Lemma 1 (28). Let f(x) be a continuous function defined on a compact set X. Then for any constant e > 0, there exists an FLS (6)
such as
sup
x2X
jf ðxÞ � hTuðxÞj 6 e ð7Þ
By Lemma 1, the FLS (6) is a universal approximator, i.e., it can approximate any unknown continuous function on a compact
set. Therefore, it can be assumed that the unknown function fiðx̂iÞði ¼ 1; . . . ;nÞ in system (3) can be approximated by the following
fuzzy logic system
f̂ iðx̂ijhiÞ ¼ hT
i uiðx̂iÞ ð8Þ
Define the optimal parameter vector h�i as
h�i :¼ arg min
hi2RNi

sup
x̂i2D

fiðx̂iÞ � hT
i uiðx̂iÞ

�� ��( )
ð9Þ
The fuzzy minimum approximation error and fuzzy approximation error. ei and di are defined as
ei ¼ fiðx̂iÞ � h�Ti uiðx̂iÞ; di ¼ fiðx̂iÞ � hT
i uiðx̂iÞ ð10Þ
Assumption 3. jeij 6 e�i and jdij 6 d�i , where e�i > 0 and d�i > 0 are unknown constants, i = 1, . . . , n.

Denote wi = ei � di, by Assumption 3, we have jwij 6 e�i þ d�i ¼ w�i .
Remark 2. The assumption of jdij 6 d�i is reasonable. From the definitions of ei and di, one has
di ¼ fiðx̂iÞ � hT
i uiðx̂iÞ ¼ ½fiðx̂iÞ � h�Ti uiðx̂iÞ� þ ½h�Ti uiðx̂iÞ � hT

i uiðx̂iÞ� ¼ ei þ h�i � hi
� �Tuiðx̂iÞ
Since the minimum approximation error ei is bounded, hi; h
�
i 2 RNi , with RNi being a bounded compact, and fuzzy basis

function uiðx̂iÞ satisfies 0 6 uT
i ðx̂iÞuiðx̂iÞ 6 1. By Lemma 1, the FLS (6) has the approximation capability for any continuous

smooth function, thus it is generally assumed that the fuzzy minimum approximation error ei and approximation errors
di are bounded by known supper bounds e�i and d�i [2,3,23,33,36]. However, the approximation accuracy depends on the num-
ber of the fuzzy rules N, that is, the larger N is, the smaller the approximation error is. In practice, it is difficult to determine
the supper bounds of ei and di. To avoid the conservative in control design, this paper assumes that the supper bounds e�i and
d�i (or w�i ) are unknown, which can be estimated via adaptation laws designed in the next section.

By (8), the system (3) can be rewritten as follows
_x1 ¼ x2 þ h�T1 u1ðx̂1Þ þ e1ðx̂1Þ þ DF1 þ d1ðx; tÞ

_x2 ¼ x3 þ h�T2 u2ðx̂2Þ þ e2ðx̂2Þ þ DF2 þ d2ðx; tÞ

..

.

_xn�1 ¼ xn þ h�Tn�1un�1ðx̂n�1Þ þ en�1ðx̂n�1Þ þ DFn�1 þ dn�1ðx; tÞ

_xn ¼ /ðvÞ þ h�Tn unðx̂Þ þ enðx̂Þ þ DFn þ dnðx; tÞ

y ¼ x1

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð11Þ
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Based on the analysis in [18,20], (2) can be solved explicitly as
/ðvÞ ¼ cvðtÞ þ d1ðvÞ;

d1ðvÞ ¼ ½/0 � cv0�e�aðv�v0Þsgn _v þ e�avsgn _v
Z v

v0

½B1 � c�eagsgn _vdg
ð12Þ
where v(0) = v0 and /(v0) = /0.
Based on above solution it is shown in [18,20] that d1 (v) is bounded. Thus using (12) and (11) can be reformulated as

follows
_x1 ¼ x2 þ h�T1 u1ðx̂1Þ þ e1ðx̂1Þ þ DF1 þ d1ðx; tÞ
_x2 ¼ x3 þ h�T2 u2ðx̂2Þ þ e2ðx̂2Þ þ DF2 þ d2ðx; tÞ

..

.

_xn�1 ¼ xn þ h�Tn�1un�1ðx̂n�1Þ þ en�1ðx̂n�1Þ þ DFn�1 þ dn�1ðx; tÞ
_xn ¼ cvðtÞ þ h�Tn unðx̂Þ þ enðx̂Þ þ DFn þ dg

y ¼ x1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð13Þ
where dg = d1(v) + dn(x,t). Since d1 (v) and dn(x,t) are bounded, thus dg is bounded.

2.3. Fuzzy adaptive observer design

Note that the states of system (11) are not available for feedback, thus, a state observer must be designed to estimate the
unmeasured states. In this paper, a fuzzy adaptive observer is designed for (13) as follows
_̂x1 ¼ x̂2 þ hT
1u1ðx̂1Þ þ k1ðy� x̂1Þ

_̂x2 ¼ x̂3 þ hT
2u2ðx̂2Þ þ k2ðy� x̂1Þ

..

.

_̂xn�1 ¼ x̂n þ hT
n�1un�1ðx̂n�1Þ þ kn�1ðy� x̂1Þ

_̂xn ¼ ĉvðtÞ þ hT
nunðx̂Þ þ knðy� x̂1Þ

8>>>>>>>>>><
>>>>>>>>>>:

ð14Þ
Rewriting (14) in the following form:
_̂x ¼ Ax̂þ Kyþ Fðx̂jhnÞ þ EnĉvðtÞ
ŷ ¼ ET

1x̂

(
ð15Þ
where A ¼
�k1

..

. In�1

�kn � � �0

2
64

3
75, K = [k1, . . . , kn]T, Fðx̂jhnÞ ¼ hT

1u1ðx̂1Þ; . . . ; hT
nunðx̂Þ

� �T
; ET

1 ¼ ½1;0; . . . ;0�; ET
n ¼ ½0; . . . ;0;1�, and ĉ is the

estimate of c.
The coefficient ki is chosen such that the polynomial p(s) = sn + k1sn�1 + � � � + kn�1s + kn is a Hurwitz. Thus, given a

QT = Q > 0, there exists a positive definite matrix PT = P such that
ATP þ PA ¼ �Q ð16Þ
Let e ¼ x� x̂ be observer error, then from (3), (13), (14), (15), the observer error equation can be obtained as follows
_e ¼ Aeþ dþ DF þ En~cv þ d ð17Þ
where DF = [DF1, . . . , DFn]T, d = [d1, . . . , dn]T, d = [d1, . . . , dn�1, dg]T and ~c ¼ c � ĉ.
Consider the following Lyapunov candidate V0 for (17) as follows
V0 ¼ eTPe ð18Þ
Then the time derivative of V0 along the solutions of (17) is
_V0 ¼ �eTQeþ 2eTPðdþ DF þ En~cv þ dÞ ð19Þ
Utilizing Young’s inequality and considering Assumptions 1–3, one has
2eTPðDF þ dþ dÞ 6 2kekkPk
Xn

i¼1

Liðjx1 � x̂1j þ � � � þ jxi � x̂ijÞ þ d� þ dM

 !
6 ð2þ LÞkek2 þ D ð20Þ
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where L ¼ 2kPk
Pn

i¼1iLi;D ¼ kPk2ðkd�k2 þ kdMk2Þ; d� ¼ ½d�1; . . . ; d�n�
T and dM = [d1M, . . . , dnM]T.

Substituting the Eq. (20) into (19), one has
_V0 6 �eTQeþ ð2þ LÞkek2 þ Dþ 2eTPEn~cv ð21Þ
3. Adaptive fuzzy control design and stability analysis

In this section, an adaptive fuzzy controller and parameters adaptive laws will be developed in the framework of the
backstepping technique, so that all the signals in the closed-loop system are SUUB and, both the tracking error and the ob-
server error can be made as small as desired.

The n-step adaptive fuzzy backstepping output feedback control design is based on the following change of coordinates:
v1 ¼ y� yr

vi ¼ x̂i � ai�1; i ¼ 2; . . . ;n
ð22Þ
where ai�1 is called the intermediate control function, which will be given later.

Step1: The time derivative of v1 along the solutions of (11) is
_v1 ¼ x2 þ h�T1 u1ðx̂1Þ þ e1 þ DF1 þ d1 � _yr ¼ x̂2 þ e2 þ hT
1u1ðx̂1Þ þ e1 þ ~hT

1u1ðx̂1Þ þ DF1 þ d1 � _yr

¼ v2 þ a1 þ e2 þ hT
1u1ðx̂1Þ þ e1 þ ~hT

1u1ðx̂1Þ þ DF1 þ d1 � _yr ð23Þ
where ~h1 ¼ h�1 � h1. Consider the Lyapunov function candidate V1 as follows
V1 ¼ V0 þ v2
1 þ

1
2c1

~hT
1
~h1 þ

1
2�c1

~e2
1 ð24Þ
where c1 and �c1 are positive design constants and ~e1 ¼ e�1 � ê1. ê1 is the estimate of e�1.
The time derivative of V1 along (21) and (23) is
_V1 6 �eTQeþ ð2þ LÞkek2 þ Dþ 2eTPEn~cv þ 2v1ðv2 þ a1 þ e2 þ hT
1u1ðx̂1Þ þ DF1 þ d1 � _yrÞ þ 2jv1je�1

þ 1
c1

~hT
1ð2c1v1u1ðx̂1Þ � _̂h1Þ þ

1
�c1

~e1
_~e1

6 �eTQeþ ð2þ LÞkek2 þ Dþ 2eTPEn~cv þ 2v1 v2 þ a1 þ e2 þ hT
1u1ðx̂1Þ þ ê1 tanh

2v1

j

	 

þ DF1 þ d1 � _yr

	 


þ 2jv1je�1 � 2v1e
�
1 tanh

2v1

j

	 

þ 1

c1

~hT
1ð2c1v1u1ðx̂1Þ � _h1Þ þ

1
�c1

~e1

 
2�c1v1 tanh

2v1

j

	 

� _̂e1

!
ð25Þ
Note that for any j > 0, the following inequality holds
2jv1j � 2v1 tanhð2v1=jÞ 6 0:2785j ¼ j0 ð26Þ
By using Young’s inequality under the Assumptions 1 and 3, one has
2v1ðe2 þ DF1 þ d1Þ 6 2þ L2
1

� �
v2

1 þ 2kek2 þ d2
1M ð27Þ
Substituting (26) and (27) into (25) results in
_V1 6 �eTQeþ ð4þ LÞkek2 þ Dþ 2eTPEn~cv þ 2v1 v2 þ a1 þ hT
1u1ðx̂1Þ þ ê1 tanh

2v1

j

	 

� _yr þ

2þ L2
1

2
v1

 !

þ j0e�1 þ
1
c1

~hT
1ð2c1v1u1ðx̂1Þ � _h1Þ þ

1
�c1

~e1 2�c1v1 tanh
2v1

j

	 

� _̂e1

	 

þ d2

1M ð28Þ
Choose the intermediate control function a1, parameter adaptive laws h1 and ê1 as follows
a1 ¼ �
1
2

c1v1 � hT
1u1ðx̂1Þ � ê1 tanh

2v1

j

	 

þ _yr �

2þ L2
1

2
v1 ð29Þ

_h1 ¼ 2c1v1u1ðx̂1Þ � r1h1 ð30Þ

_̂e1 ¼ 2�c1v1 tanh
2v1

j

	 

� �r1ê1 ð31Þ
where c1, r1 and �r1 are positive design constants.
Now, substituting (29)–(31) into (28) yields
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_V1 6 �eTQeþ L1kek2 þ 2eTPEn~cv � c1v2
1 þ 2v1v2 þ

r1

c1

~hT
1h1 þ

�r1

�c1
~e1ê1 þ D1 ð32Þ
where L1 ¼ 4þ L and D1 ¼ Dþ j0e�1 þ d2
1M .

Step 2: The time derivative of v2 along the solutions of (14) and (22) is
_v2 ¼ _̂x2 � _a1 ¼ x̂3 þ hT
2u2ðx̂2Þ þ k2ðy� x̂1Þ �

@a1

@x1
_x1 �

@a1

@h1

_h1 �
@a1

@yr

_yr �
@a1

@ _yr
€yr �

@a1

@ê1

_̂e1 �
@a1

@x̂1

_̂x1

¼ v3 þ a2 þ hT
2u2ðx̂2Þ þw2 þ ~hT

2u2ðx̂2Þ þ k2ðy� x̂1Þ �
@a1

@x1
ðe2 þ d1 þ DF1 þ d1Þ þ H2 ð33Þ
where
H2 ¼ �
@a1

@x1
ðx̂2 þ hT

1u1ðx̂1ÞÞ �
@a1

@h1

_h1 �
@a1

@yr

_yr �
@a1

@ _yr
€yr �

@a1

@ê1

_̂e1 �
@a1

@x̂1

_̂x1
Remark 3. From the definitions of wi = ei � di and ~hi ¼ h�i � hi, one obtains w2 ¼ � h�2 � h2
� �Tu2ðx̂iÞ, that is, w2 þ ~hT

2u2ðx̂2Þ ¼ 0.
Consider the Lyapunov function candidate V2 as follows
V2 ¼ V1 þ v2
2 þ

1
2c2

~hT
2
~h2 þ

1
2�c2

~w2
2 ð34Þ
where ci and �ci are positive design constants. ~hi ¼ h�i � hi and ~wi ¼ w�i � ŵi. ŵi is the estimate of w�i ði ¼ 2; . . . ;nÞ. Then the
time derivative of V2 along the solutions of (33) is
_V2 ¼ _V1 þ 2v2 v3 þ a2 þ hT
2u2ðx̂2Þ þ k2ðy� x̂1Þ þw2 þ ~hT

2u2ðx̂2Þ �
@a1

@x1
ðe2 þ d1 þ DF1 þ d1Þ þ H2

	 

þ 1

c2

~hT
2

_~h2 þ
1
�c2

~w2
_~w2

ð35Þ
Similarly, one has
�2v2
@a1

@x1
ðe2 þ d1 þ DF1 þ d1Þ 6 3þ L2

1

� �
v2
@a1

@x1

	 
2

þ 2kek2 þ d�21 þ d2
1M ð36Þ
Substituting (32) and (36) into (35) results in
_V2 6 �eTQeþ L2kek2 þ 2eTPEn~cv � c1v2
1 þ

r1

c1

~hT
1h1 þ

�r1

�c1
~e1ê1 þ D1

þ 2v2 v1 þ v3 þ a2 þ hT
2u2ðx̂2Þ þ k2ðy� x̂1Þ þ

1
2

3þ L2
1

� �
v2

@a1

@x1

	 
2

þ H2 þ ŵ2 tanh
2v2

j

	 
 !
þ 2jv2jw�2

� 2v2w�2 tanh
2v2

j

	 

þ 2v2

~hT
2u2ðx̂2Þ þ d�21 þ d2

1M þ
1
c2

~hT
2

_~h2 þ
1
�c2

~w2 2�c2v2 tanh
2v2

j

	 

� _̂w2

	 


6 �eTQeþ L2kek2 þ 2eTPEn~cv � c1v2
1 þ

r1

c1

~hT
1h1 þ

�r1

�c1
~e1ê1 þ D2

þ 2v2 v1 þ v3 þ a2 þ hT
2u2ðx̂2Þ þ k2ðy� x̂1Þ þ

1
2

3þ L2
1

� �
v2

@a1

@x1

	 
2

þ H2 þ ŵ2 tanh
2v2

j

	 
 !

þ 1
c2

~hT
2ð2c2v2u2ðx̂2Þ � _h2Þ þ

1
�c2

~w2 2�c2v2 tanh
2v2

j

	 

� _̂w2

	 

ð37Þ
where L2 ¼ L1 þ 2 and D2 ¼ D1 þ j0w�2 þ d�21 þ d2
1M .

Choose the intermediate control function a2, parameter adaptive laws h2 and ŵ2 as follows
a2 ¼ �
1
2

c2v2 � v1 � hT
2u2ðx̂2Þ � k2ðy� x̂1Þ � ŵ2 tanh

2v2

j

	 

� H2 �

1
2

3þ L2
1

� �
v2

@a1

@x1

	 
2

ð38Þ

_h2 ¼ 2c2v2u2ðx̂2Þ � r2h2 ð39Þ

_̂w2 ¼ 2�c2v2 tanh
2v2

j

	 

� �r2ŵ2 ð40Þ
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where c2, r2 and �r2 are positive design constants. Then substituting (38)–(40) into (37) will result in
_V2 6 �eTQeþ L2kek2 þ 2eTPEn~cv � c1v2
1 � c2v2

2 þ
r1

c1

~hT
1h1 þ

�r1

�c1
~e1ê1 þ D2 þ 2v2v3 þ

r2

c2

~hT
2h2 þ

�r2

�c2
~w2ŵ2 ð41Þ
Step i(3 6 i 6 n � 1): The time derivative of vi along (14) and (22) is
_vi ¼ viþ1 þ ai þ hT
i uiðx̂iÞ þwi þ ~hT

i uiðx̂iÞ þ kiðy� x̂1Þ �
@ai�1

@x1
ðe2 þ d1 þ DF1 þ d1Þ þ Hi ð42Þ
where
Hi ¼ �
@ai�1

@x1
ðx̂2 þ hT

1u1ðx̂1ÞÞ �
Xi�1

l¼1

@ai�1

@hl

_hl �
Xi

l¼1

@ai�1

@yr
yðlÞr �

@ai�1

@ê1

_̂e1 �
Xi�1

l¼2

@ai�1

@ŵl

_̂wl �
Xi�1

l¼1

@ai�1

@x̂l

_̂xl
Consider the Lyapunov function candidate Vi as follows
Vi ¼ Vi�1 þ v2
i þ

1
2ci

~hT
i
~hi þ

1
2�ci

~w2
i ð43Þ
Following the similar manipulations of (35) and (36) in step 2, one can obtain the following inequality
_Vi 6 �eTQeþ Likek2 þ 2eTPEn~cv �
Xi�1

l¼1

clv2
l þ

Xi�1

l¼1

rl

cl

~hT
l hl þ

�r1

�c1
~e1ê1 þ

Xi�1

l¼2

�rl

�cl
~wlŵl þ Di

þ 2vi vi�1 þ viþ1 þ ai þ hT
i uiðx̂iÞ þ kiðy� x̂1Þ þ

1
2

3þ L2
1

� �
vi

@ai�1

@x1

	 
2

þ Hi þ ŵi tanh
2vi

j

	 
 !

þ 1
ci

~hT
i ð2civiuiðx̂iÞ � _hiÞ þ

1
�ci

~wi 2�civi tanh
2vi

j

	 

� _̂wi

	 

ð44Þ
where Li ¼ Li�1 þ 2 and Di ¼ Di�1 þ j0w�i þ d�21 þ d2
1M .

Choose the intermediate control function ai, parameter adaptive laws hi and ŵi as follows
ai ¼ �
1
2

civi � vi�1 � hT
i uiðx̂iÞ � kiðy� x̂1Þ � ŵi tanh

2vi

j

	 

� Hi �

1
2

3þ L2
1

� �
vi

@ai�1

@x1

	 
2

ð45Þ

_hi ¼ 2civiuiðx̂iÞ � rihi ð46Þ

_̂wi ¼ 2�civi tanh
2vi

j

	 

� �riŵi ð47Þ
where ci, ri and �ri are positive design constants.
Similarly, substituting (45)–(47) into (44) yields
_Vi 6 �eTQeþ Likek2 þ 2eTPEn~cv �
Xi

l¼1

clv2
l þ

Xi

l¼1

rl

cl

~hT
l hl þ

�r1

�c1
~e1ê1 þ

Xi

l¼2

�rl

�cl
~wlŵl þ Di þ 2viviþ1 ð48Þ
Step n: The time derivative of vn along (14) and (22) is
_vn ¼ ĉvðtÞ þ hT
nunðx̂nÞ þwn þ ~hT

nunðx̂nÞ þ knðy� x̂1Þ �
@an�1

@x1
ðe2 þ d1 þ DF1 þ d1Þ þ Hn ð49Þ
where
Hn ¼ �
@an�1

@x1
ðx̂2 þ hT

1u1ðx̂1ÞÞ �
Xn�1

l¼1

@an�1

@hl

_hl �
Xn

l¼1

@an�1

@yr
yðlÞr �

@an�1

@ê1

_̂e1 �
Xn�1

l¼2

@an�1

@ŵl

_̂wl �
Xn�1

l¼1

@an�1

@x̂l

_̂xl
Consider the Lyapunov function candidate V as follows
V ¼ Vn�1 þ v2
n þ

1
2cn

~hT
n
~hn þ

1
2�cn

~w2
n þ

1
2��c

~c2 ð50Þ
where ��c is a positive design constants.
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Now, following the similar manipulations in step i yields
_V 6 �eTQeþ Lnkek2 þ 2eTPEn~cv �
Xn�1

l¼1

clv2
l þ

Xn�1

l¼1

rl

cl

~hT
l hl þ

�r1

�c1
~e1ê1 þ

Xn�1

l¼2

�rl

�cl
~wlŵl þ Dn

þ 2vn vn�1 þ ĉv þ hT
nunðx̂nÞ þ knðy� x̂1Þ þ

1
2

3þ L2
1

� �
vn

@an�1

@x1

	 
2

þ Hn þ ŵn tanh
2vn

j

	 
 !

þ 1
cn

~hT
n 2cnvnunðx̂nÞ � _hn

� �
þ 1

�cn
~wn 2�cnvn tanh

2vn

j

	 

� _̂wn

	 

� 1

��c
~c _̂c ð51Þ
where Ln ¼ Ln�1 þ 2 and Dn ¼ Dn�1 þ j0w�n þ d�21 þ d2
1M .

By using Young’s inequality, one has
2eTPEn~cv 6 1
1
kek2 þ 1~cðc � ĉÞkPk2v2

6
1
1
kek2 þ 1

2
~c2kPk2v2 þ 1

2
c2kPk2v2 � 1~cĉkPk2v2 ð52Þ
where 1 is a positive design constant. Then substituting (52) into (51) gives
_V 6 �eTQeþ ðLn þ
1
1
Þkek2 �

Xn�1

l¼1

clv2
l þ

Xn�1

l¼1

rl

cl

~hT
l hl þ

�r1

�c1
~e1ê1 þ

Xn�1

l¼2

�rl

�cl
~wlŵl þ Dn

þ 2vn vn�1 þ ĉv þ hT
nunðx̂nÞ þ knðy� x̂1Þ þ

1
2

3þ L2
1

� �
vn

@an�1

@x1

	 
2

þ Hn þ ŵn tanh
2vn

j

	 
 !

þ 1
cn

~hT
nð2cnvnunðx̂nÞ � _hnÞ þ

1
�cn

~wn 2�cnvn tanh
2vn

j

	 

� _̂wn

	 

þ 1

��c
~c � _̂c � 1��cĉkPk2v2
� �

þ 1
2

~c2kPk2v2

þ 1
2

c2kPk2v2 ð53Þ
Choose the control input v, parameter adaptive laws hn, ŵn and ĉ as follows
v ¼ 1
ĉ
�1

2
cnvn � vn�1 � hT

nunðx̂nÞ � knðy� x̂1Þ � ŵn tanh
2vn

j

	 

� Hn �

1
2

3þ L2
1

� �
vn

@an�1

@x1

	 
2
 !

ð54Þ

_hn ¼ 2cnvnunðx̂nÞ � rnhn ð55Þ

_̂wn ¼ 2�cnvn tanh
2vn

j

	 

� �rnŵn ð56Þ

_̂c ¼ �1��cĉkPk2v2 � ��rĉ ð57Þ
where cn, rn, �rn and ��r are positive design constants.
Substituting (54)–(57) into (53) results in
_V 6 � kminðQÞ � Ln �
1
1

	 

kek2 �

Xn

l¼1

clv2
l þ

Xn

l¼1

rl

cl

~hT
l hl þ

�r1

�c1
~e1ê1 þ

Xn

l¼2

�rl

�cl
~wlŵl þ

��r
��c

~cĉ þ 1
2

~c2kPk2v2 þ 1
2

c2kPk2v2 þ Dn

ð58Þ
where kmin(Q) is the minimum eigenvalue of Q.
By completing squares, one has
rl

cl

~hT
l hl ¼

rl

cl

~hT
l h�l � ~hl

� �
6 � rl

2cl

~hT
l
~hl þ

rl

2cl
h�Tl h�l ð59Þ

�r1

�c1
~e1ê1 6 �

�r1

2�c1
~e2

1 þ
�r1

2�c1
e�21 ð60Þ

�rl

�cl
~wlŵl 6 �

�rl

2�cl
~w2

l þ
�rl

2�cl
w�2l ð61Þ

��r
��c

~cĉ 6 �
��r

2��c
~c2 þ

��r
2��c

c2 ð62Þ
Then, substituting (59)–(62) into (58) yields
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_V 6 � kminðQÞ � Ln �
1
1

	 

kek2 �

Xn

l¼1

clv2
l �

Xn

l¼1

rl

2cl

~hT
l
~hl �

�r1

2�c1
~e2

1 �
Xn

l¼2

�rl

2�cl
~w2

l �
1

2��c
ð��r� 1kPk2v2Þ~c2 þ

��r
2��c

c2

þ 1
2

c2kPk2v2 þ Dn þ
�r1

2�c1
e�21 þ

Xn

l¼1

rl

2cl
h�Tl h�l þ

Xn

l¼2

�rl

2�cl
w�2l ð63Þ
Choose q ¼ kminðQÞ � Ln � 1
1 > 0 and q1 ¼ ��r� 1kPk2M2 > 0.

Let
b ¼minfq=kmaxðPÞ; c1; . . . ; cn;r1; . . . ;rn; �r1; . . . ; �rn; ��r;q1g;

p ¼
��r

2��c
c2 þ 1

2
c2kPk2M2 þ Dn þ

�r1

2�c1
e�21 þ

Xn

l¼1

rl

2cl
h�Tl h�l þ

Xn

l¼2

�rl

2�cl
w�2l
Then (63) can be rewritten as follows
_V 6 �bV þ p ð64Þ
And (64) can be further rewritten as follows
VðtÞ 6 Vð0Þe�bt þ p
b

ð65Þ
From (65), it can be shown for each i = 1, . . . , n, that the signals x, ei, vi, hi, ê1; ŵi and u are SUUB. Meanwhile, one can also
obtain jyðtÞ � yrðtÞj 6

ffiffiffiffiffiffiffiffiffiffi
Vð0Þ

p
e�bt þ

ffiffiffiffiffiffiffiffiffi
p=b

p
and keðtÞk 6 ð

ffiffiffiffiffiffiffiffiffiffi
Vð0Þ

p
e�bt þ

ffiffiffiffiffiffiffiffiffi
p=b

p
Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kmaxðPÞ

p
. Note that as t ?1, e�bt ? 0, therefore,

it follows that limt!1jyðtÞ � yrðtÞj ¼
ffiffiffiffiffiffiffiffiffi
p=b

p
and limt!1keðtÞk ¼

ffiffiffiffiffiffiffiffiffi
p=b

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kmaxðPÞ

p
. According to [2,3,19,22,24], the observer er-

ror and tracking error can be made as small as desired by appropriate choice of the design parameters.

Theorem 1. For nonlinear systems (1), under the Assumptions 1–3, the controller (54) along with the state observer (14), the
intermediate controllers (29) and (45) and parameter adaptation laws (30), (31), (46), (47), (55), (56), (57), can guarantees that
all the signals in the closed-loop system are SUUB. Moreover, the observer error and tracking error can be made as small as desired
by appropriate choice of design parameters.
Remark 4. If the last equation in the system (1) becomes _xn ¼ gðxÞ/ðvÞ þ fnðxÞ þ dnðx; tÞ, where g(x)(g(x) – 0) is an unknown
smooth function, the above adaptive control scheme can be also applicable if the following slight modifications are made.
That is, the control (54) and parameter adaptive law (56) are modified as follows
v ¼ 1
hT

gugðx̂Þ
�1

2
cnvn � vn�1 � hT

nunðx̂nÞ � knðy� x̂1Þ � ŵn tanh
2vn

j

	 

� Hn �

1
2

3þ L2
1

� �
vn

@an�1

@x1

	 
2
 !

ð66Þ

_hg ¼ �1��chgkPk2kugk
2v2 � ��rhg ð67Þ
4. Simulation examples

In this section, the feasibility and the control performances of the proposed method will be illustrated by two examples.
Fig. 2. Inverted pendulum system with backlash-like hysteresis actuator.

Ghaemi
Highlight



140 Y. Li et al. / Information Sciences 198 (2012) 130–146
Example 1. Consider the inverted pendulum with backlash-like hysteresis actuator depicted in Fig. 2. Denoting x1 = h and
x2 ¼ _h, a second-order model of inverted pendulum can be depicted as follows [18],
_x1 ¼ x2

_x2 ¼ f ðx2Þ þ gðx2Þ/ðvÞ þ dðtÞ

�
ð68Þ
where
f ðx2Þ ¼
9:8 sin x1 � mlx2

2 cos x1 sin x1
mcþm

l 4
3�

m cos2 x1
mcþm

� � ; gðx2Þ ¼
cos x1
mcþm

l 4
3�

m cos2 x1
mcþm

� � ; dðtÞ ¼ 3þ 2 cosð2tÞ:
mc is the mass of the cart, m is the mass of the pole, 2l is the pole’s length, d(t) is the external disturbance, /(v) is the output
of the backlash-like hysteresis actuator and v(t) is the applied force (control). In the simulation that follows mc = 1 kg,
m = 0.1 kg and l = 0.5 m will be chosen. The nonlinear functions f(x2) and g(x2) are assumed to be unknown.

Choosing fuzzy membership functions as follows
Fig. 3. Trajectories of y (solid line) and yr (deshed line).

Fig. 4. Trajectories of x1 (solid line) and x̂1 (deshed line).
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lFl
1
ðx̂1Þ ¼ exp �ðx̂1 � 6þ 2lÞ2

2

" #
; lFl

2
ðx̂2Þ ¼ exp �ðx̂1 � 6þ 2lÞ2

2

" #
� exp �ðx̂2 � 3þ lÞ2

5

" #
;

lFl
g
ðx̂1Þ ¼ exp �ðx̂1 � 6þ 2lÞ2

2

" #
; l ¼ 1; . . . ;5:
And define fuzzy basis functions as follows
u1;lðx̂1Þ ¼ lFl
1

X5

k¼1

lFk
1

,
; u2;lðx̂2Þ ¼ lFl

2

X5

k¼1

lFk
2

,
and ug;lðx̂1Þ ¼ lFl

g

X5

k¼1

lFk
g

,
; l ¼ 1; . . . ;5:
Choose the first intermediate control function a1 as (29) and the input of the backlash-like v as (54) and the parameters
update laws as (30), (31), (55), (56) and (57), respectively.

Parameters in controller and adaptive laws are chosen as c1 = 20, c2 = 20, k1 = 14, k2 = 24, j1 = 0.1, j2 = 6, r1 = 0.1,
�r1 ¼ 0:1, r2 = 0.1, �r2 ¼ 0:1; 1 ¼ 0:00001; c1 ¼ 1, �c1 ¼ 4, c2 ¼ 1; �c2 ¼ 4; ��c ¼ 0:1; ��r ¼ 0:1, Q = diag{104, 104}.
Fig. 5. Trajectories of x2 (solid line) and x̂2 (deshed line).

Fig. 6. Trajectory of /.
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/(v) represents an output of the following backlash-like hysteresis:
d/
dt
¼ a

dv
dt

����
����ðcv � /Þ þ B1

dv
dt
with a = 5, c = 3.1635 and B1 = 0.345.
The initial conditions are chosen as x1ð0Þ ¼ �p=60; x2ð0Þ ¼ 0; x̂1ð0Þ ¼ �p=30; x̂2ð0Þ ¼ �1, hT

gð0Þ ¼ ½1;1;1;1;1� and the
others initial values are chosen as zeros. The reference is given as yr(t) = sin (t).

The simulation results are shown in Figs. 3–7, where Fig. 3 illustrates the trajectories of the output and tracking signal;
Figs. 4 and 5 illustrate the trajectories of the states and their estimates; Figs. 6 and 7 show the trajectory of / and v,
respectively.
Remark 5. From Figs. 3–7 it can be seen that our control scheme can achieve good control performances as those in [18].
Moreover, comparing with these two control schemes, we can find that our control scheme has removed the restrictions
imposed on [18] that the controlled systems must satisfy the strictly positive real (SPR) condition and the matching
condition.
Fig. 7. Trajectory of v.

Fig. 8. Trajectories of y (solid line) and yr (deshed line).
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Example 2. Consider a nonlinear plant with two relative degrees as follows:
_x1 ¼ x2 þ f1ðx1Þ þ d1ðx; tÞ
_x2 ¼ /ðvÞ þ f2ðx2Þ þ d2ðx; tÞ
y ¼ x1

ð69Þ
where f1(x1) = �cos(x1), f2(x2) = �sin(x1 x2), d1ðx; tÞ ¼ 0:01 sinðe�x2
1 x1Þ and d2ðx; tÞ ¼

0:01x2
1

1þx2
1

.
Choosing fuzzy membership functions as follows
lFl
1
ðx̂1Þ ¼ exp �ðx̂1 � 6þ 2lÞ2

2

" #
; lFl

2
ðx̂2Þ ¼ exp �ðx̂1 � 6þ 2lÞ2

2

" #
� exp �ðx̂2 � 3þ lÞ2

5

" #
l = 1, . . . , 5. Define fuzzy basis functions as follows
u1;lðx̂1Þ ¼ lFl
1

X5

k¼1

lFk
1

,
; u2;lðx̂2Þ ¼ lFl

2

X5

k¼1

lFk
2

,
; l ¼ 1; . . . ;5:
Fig. 9. Trajectories of x1 (solid line) and x̂1 (deshed line).

Fig. 10. Trajectories of x2 (solid line) and x̂2 (deshed line).
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Choose the first intermediate control function a1 as (29) and the input of the backlash-like v as (54) and the parameters
update laws as (30), (31), (55), (56) and (57), respectively.

Parameters in controller and adaptive laws are chosen as c1 = 4, c2 = 6, k1 = 4, k2 = 20, j1 = 0.1, j2 = 0.2, r1 = 0.1, �r1 ¼ 0:2,
r2 = 1, �r2 ¼ 0:1, 1 = 0.0001, c1 = 3, �c1 ¼ 4, c2 ¼ 4; �c2 ¼ 5; ��c ¼ 0:001; ��r ¼ 0:01, Q = diag{105, 105}.

/(v) represents an output of the following backlash-like hysteresis:
d/
dt
¼ a

dv
dt

����
����ðcv � /Þ þ B1

dv
dt
with a = 6, c = 3.1635 and B1 = 0.345.
The initial conditions are chosen as x1ð0Þ ¼ 0:1; x2ð0Þ ¼ 0:1; ĉð0Þ ¼ 15 and the others initial values are chosen as zeros. The

reference is given as yr(t) = sin(t).
The simulation results are shown in Figs. 8–12, where Fig. 8 illustrates the trajectories of the output and tracking signal;

Figs. 9 and 10 exhibit the trajectories of the states and their estimates; Figs. 11 and 12 show the trajectory of / and v,
respectively.
Fig. 11. Trajectory of /.

Fig. 12. Trajectory of v.
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5. Conclusions

For a class of uncertain nonlinear systems without the measurements of the states and with unknown backlash-like hys-
teresis, an adaptive fuzzy output-feedback control approach has been developed. The fuzzy logic systems are used to approx-
imate the nonlinear functions and a fuzzy state observer is designed for the unmeasured states. The proposed control scheme
mainly solved the following three problems, that is, the restriction of unknown backlash-like hysteresis, the unmeasurement
of the system states, and the non-matching condition of the nonlinear systems.. It is proved that the proposed control ap-
proach can guarantee that all the signals of the closed-loop system are SUUB, and both the observer and the tracking errors
can be made as small as desired by appropriate choice of design parameters.
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