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Abstract A novel robust hybrid tracking control
for robotic system is proposed. This hybrid control
scheme combines computed torque control (CTC)
with neural network, variable structure control (VSC)
and nonlinear H∞ control methods. It is assumed that
the nominal system of robotic system is completely
known, which is controlled by using CTC method.
Neural network is designed to approximate parameter
uncertainties, VSC is used to eliminate the effect of
approximation error, and H∞ control is employed to
achieve a desired robust tracking performance. Based
on Lyapunov stability theorem, it can be guaranteed
that all signals in closed loop are bounded and a speci-
fied H∞ tracking performance is achieved by employ-
ing the proposed robust hybrid control. The validity of
the control scheme is shown by computer simulation
of a two-link robotic manipulator.
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1 Introduction

Tracking control for robotic system always is a chal-
lenging problem since the uncertainties, disturbances
and nonlinear system dynamics [1–3]. In the past
decades, many control approaches have been proposed
for dealing with these issues.

Computed torque control (CTC) [4] is a lineariza-
tion method to linearize and decouple robotic dynam-
ics, so that motion of each joint can be controlled
individually and many well-developed linear control
strategies can be used. However, the algorithm re-
quires linearization of the nonlinear dynamical model
of the robot and perfect knowledge of the system dy-
namics. Unfortunately, uncertainties always exist in
practice, such as plant parameter variations, modeling
errors, and unknown disturbances. These uncertainties
will degrade the control performance. Even though, as
a traditional control method, CTC is easily understood
and of good performances and could not be neglected
in designing controller for complex robotic system [5].

Variable structure control (VSC) has been investi-
gated for controlling the robotic system [6–10]. The
VSC provides a robust control method, which is insen-
sitive to parameter uncertainties, modeling errors and
external disturbances. However, there always exists
high frequency oscillation in the control input, which
is called ‘chattering.’ The high speed switching nec-
essary for the establishment of a sliding mode causes
the oscillations. In addition, the traditional VSC needs
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a plant model in the design, but it is difficult to obtain
precise parameters of the system.

Neural networks have been widely used in model-
ing and controlling of nonlinear systems because of
their capabilities of nonlinear function approximation,
learning, and fault tolerance [11, 12]. Considering the
robustness and trajectory tracking performance of dy-
namics, many adaptive neural network based control
schemes have been developed to solve highly nonlin-
ear control problems for robotic systems with uncer-
tainties [13–17]. In general, a neural network system is
employed to approximate uncertain nonlinearity of ro-
botic systems, and applying the adaptive training algo-
rithm to diminish the approximate errors, at the same
time, using a robustifying controller (e.g. VSC con-
troller) to compensate the approximate errors.

As robustness and its capability of disturbance at-
tenuation in nonlinear systems, the approach of H∞
optimal control has been widely discussed [19, 20],
also applied in robotic systems. In conventional H∞
controls, the plant models must be known, perhaps
allowing a small perturbation. However, if the plant
models have large uncertainties, the conventional H∞
tracking control will meet additional difficulties. Re-
cently, some attention has been paid to treating the ro-
bust H∞ control for uncertain systems with the pertur-
bation of dynamic uncertainties [14, 21–24].

Many researchers have tried to combine two or
more above methods for controlling robotic system.
Typically, Song et al. [5] proposed an approach of
CTC combined fuzzy systems. The nominal system is
controlled by CTC and for uncertain system, a fuzzy
controller acts as a compensator. Zuo et al. [24] used
a neural network robust controller acting as compen-
sator and assumed that the external disturbance is fi-
nite energy. But they assumed that the system acceler-
ations are measurable. Although the accelerations can
be obtained through installing accelerometers on the
robotic systems, the measurement noises and weight
of these extra utilities would both sacrifice the tracking
performance of robotic systems. Liu and Li [18] as-
sumed that the dynamic parameters of robotic system
can be expressed by the nominal parameters and the
parametric uncertainties. Then, a fuzzy CMAC neural
network was used to model the nominal system. Fur-
thermore, the bounds of uncertainty parameters are as-
sumed to be known and used to design the VSC, and an
H∞ controller is designed to achieve a certain tracking
performance. In practice, in order to sufficiently con-
sider system parameters’ variety, these bounded values

should be large enough; however, the larger bounded
values would cause a more severe chattering in VSC
design.

In this paper, without measuring the accelerations
of robotic system, a novel neural network based ro-
bust hybrid tracking control scheme, combining CTC,
neural network, VSC and H∞ control for robotic sys-
tem, is proposed. We assume that the constant parame-
ters of nominal system, which is controlled by using
CTC method matrix, are known. To avoid the prob-
lem of conservative bounds estimation in [18], a neural
network is designed to approximate the uncertainties,
VSC can eliminate the effect of approximation error,
and H∞ control is employed to achieve a certain ro-
bust tracking performance and to attenuate the effect
of external disturbances to a prescribed level. The pro-
posed robust hybrid controller can guarantee stability
of closed-loop systems and H∞ tracking performance
by using Lyapunov stability theorem.

This paper is organized as follows. In Sect. 2, some
preliminaries are addressed, which consist of mathe-
matical notations, neural networks, dynamical models
of robotic system with uncertainties, and detailed ex-
planation related to CTC for robotic system. The de-
sign of the neural network based robust hybrid con-
troller is given in Sect. 3, and the robust stability is
analyzed. The Matlab simulation results are given in
Sect. 4, and the conclusions are drawn in Sect. 5.

2 Preliminaries

Standard notations are used in this paper. Let � be the
real number set, �n be the n-dimensional vector space,
�n×n be the n×n real matrix space. The norm of vec-
tor x ∈ �n and that of matrix A ∈ �n×n are defined,
respectively, as ‖x‖ = √

xTx and ‖A‖ = tr(ATA). If
y is a scalar, then ‖y‖ denotes the absolute value.
λmin(A) and λmax(A) are the minimum and the maxi-
mum eigenvalues of matrix A, respectively. In×n is an
n × n identity matrix. And sgn(·) is a standard sign
function.

2.1 Neural network

In general, a three-layer neural network with multi-
outputs f̂ (x,W) = [f̂1(x,w1), . . . , f̂n(x,wn)]T is
usually used to approximate a continuous function
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f (x) = [f1(x), . . . , fn(x)]T, where x denotes the in-
put vector and W contains the tunable network para-
meters. The neural network can be represented in the
following form:

f̂k(x,wk) =
p∑

j=1

ωkjφ

(
m∑

i=1

vjixi + θj

)

= wT
k φk(·) (1)

with

wk =
⎡

⎣
ωk1
...

ωkp

⎤

⎦ , φk(·) =
⎡

⎢⎣
φ(
∑m

i=1 v1ixi + θ1)
...

φ(
∑m

i=1 vpixi + θp)

⎤

⎥⎦ ,

where m, p, n denote the number of input, hidden and
output neurons, respectively. The weights vji for j =
1, . . . , p and i = 1, . . . ,m are the input layer to hidden
layer interconnection weights, which are assumed to
be fixed and selected randomly. The threshold offsets
are denoted by θj for j = 1, . . . , p and ωkj for k =
1, . . . , n and j = 1, . . . , p are the hidden layer to out-
put layer interconnection weights, which are the tun-
able network parameters. φ(·) denotes the activation
function which should be a nonconstant, bounded and
monotonically increasing continuous function, here is
selected to be a bipolar sigmoid function

φ(x) = 1 − e−x

1 + e−x
. (2)

Then, the complete neural network can be denoted
by

f̂ (x,W) =
⎡

⎣
f̂1(x,w1)

...

f̂n(x,wn)

⎤

⎦ =
⎡

⎢⎣
wT

1 φ1(·)
...

wT
nφn(·)

⎤

⎥⎦

= WTΦ(·), (3)

where

W =

⎡

⎢⎢⎢⎣

wT
1

wT
2
...

wT
n

⎤

⎥⎥⎥⎦ ,

Φ(·) =

⎡

⎢⎢⎣

φ1(·) 0 · · · 0
0 φ2(·) · · · 0
...

...
. . .

...

0 0 · · · φn(·)

⎤

⎥⎥⎦ .

Here we use the smooth projection idea of Khalil
[25]: consider �0 = {W : WTW ≤ MW } and �W =
{W : WTW ≤ MW + δ} for some MW > 0 and δ > 0,
which can be arbitrarily pre-assigned by the designer.
Define the smooth projection mapping as

Proj[W,Ξ ] =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Ξ, if WTW ≤ MW

or (WTW > MW and

WTΞ ≤ 0)

Ξ − (WTW−MW )WTΞ

δWTW
W,

otherwise.

(4)

The following assumptions are used throughout this
study [22, 23]:

Assumption 1 There exists an optimal parameter
value W ∗ ∈ �W such that f̂ (x,W ∗) can approximate
f (x) as closely as possible.

Assumption 2 Assume that the approximation er-
ror, ε(x) = f (x) − f̂ (x,W ∗), is bounded by a state-
dependent function, that is, there exists a function
κ(x) > 0 such that |ε(x)| ≤ κ(x).

2.2 Robotic system dynamics

The dynamic equation of robotic system is usually
obtained by the Euler–Lagrange equation. Consider a
general n-link rigid robot, which takes into account
the external disturbances, with the equation of motion
given by [2]:

M(q)q̈ + C(q, q̇)q̇ + G(q) = τ + τd, (5)

where q, q̇, q̈ ∈ �n are the joint angular position, ve-
locity and acceleration vectors of the robot, respec-
tively; M(q) ∈ �n×n is the symmetric and positive
definite inertia matrix; C(q, q̇) ∈ �n×n is the effect
of Coriolis and centrifugal forces; G(q) ∈ �n is the
gravity vector; τ ∈ �n is the torque input vector, and
τd ∈ �n denotes unknown external disturbance.

For convenience, dynamical model (5) can be
rewritten in the following compact form:

M(q)q̈ + H(q, q̇) = τ + τd, (6)

where H(q, q̇) = C(q, q̇)q̇ + G(q). The parameters
M(q), C(q, q̇) and G(q) in dynamical model (5)
are functions of physical parameters of systems like
links’ masses, links’ lengths, moments of inertial,
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and so on. The precise values of these parameters
are difficult to acquire due to measuring errors, en-
vironment and payloads variations. Therefore, here
it is assumed that actual values M(q), C(q, q̇) and
G(q) can be separated as nominal parts denoted by
M0(q), C0(q, q̇) and G0(q) and uncertain parts de-
noted by 
M(q), 
C(q, q̇) and 
G(q), respectively.
These variables satisfy the following relationships:

M(q) = M0(q) + 
M(q),

C(q, q̇) = C0(q, q̇) + 
C(q, q̇),

G(q) = G0(q) + 
G(q).

Suppose that dynamical model of robotic system is
known precisely and unmodeled dynamics and distur-
bances are excluded, i.e., 
M(q), 
C(q, q̇), 
G(q)

and τd are all zeros. Dynamical model (6) can be con-
verted into the following nominal model:

M0(q)q̈ + H0(q, q̇) = τ, (7)

where H0(q, q̇) = C0(q, q̇)q̇ + G0(q).

2.3 Computed torque control method for robotic
system

The perfect knowledge of the robotic system dynam-
ics should be known in the CTC design. The corre-
sponding CTC control law for the nominal model (7)
of robotic system can be chosen as

τ = M0(q)(q̈d − Kvė − Kpe) + H0(q, q̇), (8)

where e is the tracking error defined by e = q − qd,
q and qd are the actual and desired joint trajecto-
ries, respectively. The coefficients Kv and Kp should
be chosen such that all the roots of the polynomial
h(s) = s2 + Kvs + Kp are in the open left-half plane.

Assumption 3 The desired trajectory qd is continu-
ous and bounded known function of time with bounded
known derivatives up to the second order.

Substituting (8) into (7) yields

ë + Kvė + Kpe = 0. (9)

Remark 1 Obviously, CTC approach is based on feed-
back linearization technique, which results in a linear

time-invariant closed-loop system (9), implying ac-
quirement of globally asymptotical stability. Further-
more, explicit conditions for performance indices may
be obtained in terms of controller gain matrices. More
specifically, globally asymptotical stability is guaran-
teed provided that Kv and Kp in (9) are symmetric and
positive definite constant matrices.

According to the analysis above, CTC strategy re-
lies on strong assumptions that exact knowledge of ro-
botic dynamics is precisely known and unmodeled dy-
namics has to be ignored. However, these assumptions
are impossible in practical engineering. Therefore, ap-
plying (8) to the practical robotic system (6) yields

M(q)(ë + Kvė + Kpe)

= −
M(q)(q̈d − Kvė − Kpe)

− 
H(q, q̇) + τd. (10)

Remark 2 All the parameters in the proposed scheme
may be uncertain, which is true in practical situations.

Differently from the approaches proposed by Song
et al. [5] and Zuo et al. [24] who assumed that the
system accelerations are measurable, in this paper we
assume that actual system accelerations are unmeasur-
able and a neural network based robust hybrid tracking
control scheme is designed.

3 Robust hybrid control design

In this section, we will design a neural network based
robust hybrid control law such that joint motions of
robotic systems (5) can follow the desired trajectories.
This hybrid controller is defined as

τ = τ0 + u (11)

where τ0 is CTC defined like (8) and u is the neural
network based hybrid compensator to be determined
later.

Let x1 = e, x2 = ė, then the robotic system error
dynamic equation (10) can be written as

⎧
⎪⎪⎨

⎪⎪⎩

ẋ1 = x2,

ẋ2 = M−1(q){u − [M0(q)Kv + 
C(q, q̇)]
− M0(q)Kpx1 − 
M(q)q̈d

− 
C(q, q̇)q̇d − 
G(q) + τd}.
(12)



Neural network based robust hybrid control for robotic system 425

Define f (xe) = 
M(q)q̈d +
C(q, q̇)q̇d +
G(q)

as a function of joint variables and parameter varia-
tions, where xe = [qT, q̇T, q̇T

d , q̈T
d ]T. Then, the error

dynamic state-space equation has a form

ẋ = Ax + B
(
u − f (xe) + τd

)
, (13)

where x = [xT
1 , xT

2 ]T, A = A0 + 
A,B = (B0 +

B)M−1

0 (q), with

A0 =
[

0n×n In×n

−Kp −Kv

]
,


A =
[

0n×n 0n×n

M−1(q)
M(q)Kp M−1(q)(
M(q)Kv−
C(q,q̇))

]
,

B0 =
[

0n×n

In×n

]
, 
B =

[
0n×n

−M−1(q)
M(q)

]
.

Assumption 4 
A and 
B represent the time-
varying parametric uncertainties having the following
structure:

[
A,
B] = DF [Ea,Eb],
where D, Ea, Eb are known constant matrix appro-
priate dimensions, F ∈ �2n×2n is unknown Lebesgue
measurable matrix which is bounded as follows:

F TF ≤ I2n×2n.

In this paper, a three-layer neural network de-
scribed in Sect. 2.1 is used to approximate f (xe) in
(13), which can be represented as

f (xe) = W ∗TΦ(·) + ε(xe), (14)

and the neural network based hybrid compensator u in
(11) is assumed to take the following form:

u = un + ur, (15)

where un = WTΦ(·) is the neural network controller
to approximate the unknown parameter uncertainties
f (xe) online, and ur is the robust controller to elim-
inate the approximation errors of neural network and
achieve a certain robust performance.

Substituting (14) and (15) into the state-space equa-
tion (13) yields

ẋ = Ax + B
(
ur − W̃TΦ(·) − ε(xe) + τd

)
, (16)

where W̃ = W ∗ − W .

Theorem 1 Considering the robotic system dynamic
equation (5), suppose that Assumptions 1–4 are satis-
fied, and τ̄d ∈ L2[0,+∞), where τ̄d = M−1

0 (q)τd.
If there exists a matrix P = P T > 0 and positive

numbers γ , ξ , μ, ζ such that the following matrix in-
equality holds:

PA0 + AT
0 P + Q + PB0

(
1

γ 2
In×n − 2R−1

)
BT

0 P

+
(

1

ξ2
+ μ2

)
PDDTP + 1

μ2
ET

a Ea

+ ζ 2PB0R
−1ET

b EbR
−1BT

0 P

+ 1

ζ 2
PDTDP ≤ 0 (17)

and sgn(BT
0 Px) = sgn(BTPx), where Q = QT > 0 is

a prescribed weighting matrix and R is some positive
gain;

And, the control law τ is provided by (11), where
τ0 is CTC like (8) and u is the neural network based
hybrid compensator designed as (15), in which the
neural network controller un and its adaptive training
law are designed as

un = WTΦ(·), (18)

Ẇ = −ηProj[W,Ξ ], (19)

where η is the learning rate of neural network and
Ξ = Φ(·)TBT

0 Px;
And the robust controller ur in (15) is defined as

ur = uh + us + uw (20)

with

uh = −M0(q)R−1BT
0 Px, (21)

us = −κ(xe)sgn
(
BT

0 Px
)
, (22)

uw = −2MW

∥∥Φ(·)∥∥sgn
(
BT

0 Px
); (23)

Then, controllers can guarantee that (i) all the vari-
ables of the closed-loop system are bounded; (ii) the
following H∞ tracking performance is achieved:

∫ T

0

∥∥x(t)
∥∥2

Q
dt ≤ ρ2

∫ T

0
‖τ̄d‖2 dt + β, (24)

where ρ is an attenuation level and defined thereafter,
β ∈ �.
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Proof Let us select a Lyapunov function candidate,

V = 1

2
xTPx + 1

2η
W̃TW̃ . (25)

Differentiating the above equation and substituting the
state-space equation (16) yields:

V̇ = 1

2
ẋTPx + 1

2
xTP ẋ + 1

η
W̃T ˙̃

W

= 1

2

[
Ax + B

(
ur − W̃TΦ(·) − ε(xe) + τd

)]T
Px

+ 1

2
xTP

[
Ax + B

(
ur − W̃TΦ(·) − ε(xe) + τd

)]

+ 1

η
W̃T ˙̃

W

= 1

2
xT(PA0 + AT

0 P
)
x + xTPDFEax

+ (ur − W̃TΦ(·) − ε(xe)
)T

BTPx + τT
d BTPx

+ 1

η
W̃T ˙̃

W. (26)

Considering the matrix inequality (17) and the robust
controller ur , (26) can be bounded as

V̇ ≤ −1

2
xT
{
Q + PB0

(
1

γ 2
In×n − 2R−1

)
BT

0 P

+
(

1

ξ2
+ μ2

)
PDDTP + 1

μ2
ET

a Ea

+ ζ 2PB0R
−1ET

b EbR
−1BT

0 P + 1

ζ 2
PDTDP

}
x

+ xTPDFEax + uT
hBTPx

+ (us − ε(xe)
)T

BTPx + τT
d BTPx

+ (uw − W̃TΦ(·))TBTPx + 1

η
W̃T ˙̃

W. (27)

According to (4), the proof of ‖W‖ ≤ MW can be
found in [25]. Since ‖W ∗‖ ≤ MW , there is ‖W̃‖ ≤
2MW [18]. And considering the fact ˙̃

W = −Ẇ and the
controller uw in (23), the training law (19) of neural
network implies that

(
uw − W̃TΦ(·))TBTPx + 1

η
W̃T ˙̃

W ≤ 0. (28)

Then, considering the controller us in (22) and As-
sumption 2, we obtain

(
us − ε(xe)

)T
BTPx

≤ −κ(xe)
∣∣BTPx

∣∣+ ∣∣ε(xe)
∣∣∣∣BTPx

∣∣

≤ 0. (29)

Considering the H∞ controller uh in (21) and substi-
tuting (28) and (29) into (27) yields:

V̇ ≤ −1

2
xT
{
Q + PB0

(
1

γ 2
In×n − 2R−1

)
BT

0 P

+
(

1

ξ2
+ μ2

)
PDDTP + 1

μ2
ET

a Ea

+ ζ 2PB0R
−1ET

b EbR
−1BT

0 P + 1

ζ 2
PDTDP

}
x

+ xTPDFEax + uT
hBTPx + τT

d BTPx

= −1

2
xT
{
Q + PB0

(
1

γ 2
In×n − 2R−1

)
BT

0 P

+
(

1

ξ2
+ μ2

)
PDDTP + 1

μ2
ET

a Ea

+ ζ 2PB0R
−1ET

b EbR
−1BT

0 P + 1

ζ 2
PDTDP

}
x

+ xTPDFEax − xTPB0R
−1BT

0 Px

− xTPB0R
−1ET

b F TDTPx

+ τ̄T
d BT

0 Px + τ̄T
d ET

b F TDTPx

= −1

2

(
1

γ
BT

0 Px − γ τ̄d

)T( 1

γ
BT

0 Px − γ τ̄d

)

− 1

2

(
1

ξ
F TDTPx − ξEbτ̄d

)T

·
(

1

ξ
F TDTPx − ξEbτ̄d

)

− 1

2

(
μDTPx − 1

μ
FEax

)T

·
(

μDTPx − 1

μ
FEax

)

− 1

2

(
ζFEbR

−1BT
0 Px − 1

ζ
DTPx

)T

·
(

ζFEbR
−1BT

0 Px − 1

ζ
DTPx

)
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Fig. 1 Architecture of
closed-loop system

− 1

2

1

ξ2
xTPDT(I2n×2n − F TF

)
DPx

− 1

2

1

μ2
xTET

a

(
I2n×2n − F TF

)
Eax

− 1

2
ζ 2xTPB0R

−1ET
b

(
I2n×2n

− F TF
)
EbR

−1BT
0 Px

+ 1

2
γ 2τ̄T

d τ̄d + 1

2
ξ2τ̄T

d ET
b Ebτ̄d − 1

2
xTQx. (30)

Then, according to Assumption 4, we have

V̇ ≤ 1

2
γ 2τ̄T

d τ̄d + 1

2
ξ2τ̄T

d ET
b Ebτ̄d − 1

2
xTQx

= 1

2
ρ2τ̄T

d τ̄d − 1

2
xTQx, (31)

where ρ2 = γ 2 + ξ2‖Eb‖2.
Integrating the above inequality from t = 0 to t = T

yields

V (T ) − V (0) ≤ 1

2
ρ2
∫ T

0
τ̄T

d τ̄d dt − 1

2

∫ T

0
xTQx dt.

(32)

Since V (T ) ≥ 0, the above inequality leads to

∫ T

0

∥∥x(t)
∥∥2

Q
dt ≤ 2V (0) + ρ2

∫ T

0
‖τ̄d‖2 dt. (33)

Defining β = 2V (0) = xT(0)Px(0) + 1
η
W̃T(0)W̃ (0),

then the H∞ performance is achieved.
Since τ̄d ∈ L2[0,+∞), there is a finite constant

Md > 0 such that
∫∞

0 ‖τ̄d‖2 dt ≤ Md , and then we
have

‖x‖ ≤
√

β + ρ2Md

λmin(Q)
. (34)

It can be concluded that all signals of the closed-loop
system are bounded. �

According to the above analysis, the architecture of
closed-loop system is shown in Fig. 1.

Remark 3 In this paper, the VSC us and uw are de-
signed to eliminate the effect of the approximation er-
rors of neural network and ensure system stability, and
the robust H∞ controller uh is employed to achieve the
desired H∞ tracking performance. In this way, global
stability and H∞ tracking performance of closed-loop
systems are achieved.
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Fig. 2 Diagram of a two-link robot manipulator

4 Simulation example

To verify the theoretical results, simulations were car-
ried out in two degrees of freedom robotic manipulator
as shown in Fig. 2 and described by [2]:

M(q) =
[

m1l
2
1+m2(l

2
1+l22+2l1l2c2) m2l

2
2+m2l1l2c2

m2l
2
2+m2l1l2c2 m2l

2
2

]
,

C(q, q̇) =
[−2m2l1l2s2q̇2 m2l1l2s2q̇2

m2l1l2s2q̇2 0

]
,

G(q) =
[

m2l2gc12 + (m1 + m2)l1gc1

m2l2gc12

]
,

where m1 and m2 are the masses of link 1 and link 2,
respectively; l1 and l2 are the lengths of link 1 and
link 2, respectively; si denotes sin(qi), ci denotes
cos(qi), and cij denotes cos(qi + qj ), for i = 1,2 and
j = 1,2; and g is acceleration of gravity.

4.1 Design procedure

To summarize the analysis in Sect. 3, the step-by-step
procedures of the neural network based robust hybrid
control for robotic system are outlined as follows.

Step 1. Select controller gains Kp = 100I2×2 and
Kv = 50I2×2 such as

A0 =
[

02×2 I2×2

−100I2×2 −50I2×2

]

is a Hurwitz matrix.

Step 2. Choose proper parameters:

Q = 20I4×4, R = 10I2×2, γ = 0.4,

ξ = 1, μ = 1, ζ = 1.

D = [0,0,5,5]T
1×4, Ea = [0,0,10,10]1×4,

Ea = [1,1]1×4,

solve P from matrix inequality (17):

P =
⎡

⎣
12.7806 −12.3229 0.0124 −0.0874

−12.3229 12.7806 −0.0874 0.0124
0.0124 −0.0874 0.1495 −0.0508

−0.0874 0.0124 −0.0508 0.1495

⎤

⎦ .

Step 3. Select initial weight W(0) = 012×2, design
the neural network structure as 8–12–2, and select the
learning rate as η = 0.2 in (19), set MW = 1000 and
δ = 10, then the neural network controller un can be
obtained from (18).

Step 4. According to (20)–(23) with the function
κ(xe) = 2

√‖e‖2 + ‖ė‖2 the robust controller ur can
be calculated; by using (15) we can obtain the neural
network based robust hybrid compensator u. The cor-
responding neural network based robust hybrid control
law can be obtained from Theorem 1.

4.2 Simulation results

In this section, the proposed control approach is
applied to the position control of a two-link ma-
nipulator. The dynamic equation and parameters of
the manipulator are similar to those in [5]. The
nominal parameters of the robot used for simula-
tion are m1 = m2 = 4 kg and l1 = l2 = 1 m, g =
9.8 m/s2, while actual parameters of robot are cho-
sen as m1 = m2 = 8 kg and l1 = l2 = 1.2 m to intro-
duce the parameter uncertainties. The desired trajec-
tories to be tracked are qd1 = 0.8 cos(t) + 0.2 sin(3t),
qd2 = −0.3 cos(2t) − 0.7 sin(t). The initial conditions
are q1(0) = q2(0) = 2 rad and q̇1(0) =
q̇2(0) = 0 rad/s. The CTC for controlling robotic sys-
tem without model uncertainties and disturbances can
be found in [5, 24]. It is obvious that CTC can track
the given trajectories perfectly under precise known
model parameters. For the purpose of comparison,
simulation studies in two cases are conducted. To show
the robustness of the controller, we choose the exoge-
nous disturbances τd = [5e−t ,−5e−t ]T.
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Fig. 3 CTC for robotic manipulator with uncertainties and disturbances

Case 1. The conventional CTC (8) for controlling
robotic system under model uncertainties and distur-
bances is demonstrated. Figure 3 shows the results. It
can be seen that the controller cannot drive the joints
to reach the desired positions and steady-state tracking
error exists.

Case 2. Under the same conditions as in Case 1, the
proposed neural network based robust hybrid tracking
controller is used to control robotic manipulator. The
control procedure is described in foregoing subsection.
Figure 4 shows the tracking results. It is observed that
the tracking error decreases quickly, and the effects of
uncertainties are successfully compensated by the ro-
bust hybrid control term.

To quantify the control performance, the root-mean
square average of tracking error (based on the L2 norm
of the tracking errors e) is given as follows [24]:

L2(e) =
√

1

T

∫ T

0
eTe dt, (35)

where T represents the total simulation time. Table 1
shows the L2 error norms for CTC method and the
proposed robust control method. Note that the smaller
L2 norm represents the better performance.

From Fig. 4 and Table 1, the results demonstrate
that the proposed robust hybrid tracking control can
effectively control the rigid robotic system with model
uncertainties and disturbances, and the proposed con-
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Fig. 4 The proposed hybrid tracking control for robotic manipulator with uncertainties and disturbances

Table 1 L2 norm for tracking errors

Controller L2(e1) L2(e2)

CTC 5.2152 10.0253

Proposed 3.5464 6.8693

troller presents a better transient response and a
smaller tracking error norm than the CTC method.

5 Conclusions

In this paper, a neural network based robust hybrid
tracking control scheme, combining CTC, neural net-

work, VSC and H∞ control for robotic manipulator
without measuring the system accelerations, is pro-
posed. In this scheme, CTC is employed to control the
completely known nominal system of robotic manip-
ulator; neural network is designed to approximate pa-
rameter uncertainties, the VSC and H∞ controller can
guarantee robustness to approximation errors and also
attenuate the effect of finite-energy, immeasurable ex-
ternal disturbances entering the system. It can be guar-
anteed that all signals in the closed loop are bounded
and ensured H∞ tracking performance by employing
the proposed robust hybrid control. The validity of the
control scheme is shown by computer simulation of a
two-link robotic manipulator.



Neural network based robust hybrid control for robotic system 431

Acknowledgements This work was partially supported by
National Natural Science Foundation of China (Nos. 60775047
and 60835004), and National High Technology Research and
Development Program (‘863 Program’) of China (Nos. 2007-
AA04Z244 and 2008AA04Z214).

References

1. Book, W.J.: Modelling design and control of flexible ma-
nipulator arms: a tutorial review. In: Proceedings of 29th
IEEE Conference on Decision and Control, pp. 500–506.
IEEE Press, San Francisco (1990)

2. Lewis, F.L., Jagannathan, S., Yesildirek, A.: Neural Net-
work Control of Robot Manipulators and Nonlinear Sys-
tems. SIAM Press, Philadelphia (2002)

3. Luh, J.Y.S.: Conventional controller design for industrial
robots—a tutorial. IEEE Trans. Syst. Man Cybern. 13, 298–
316 (1983)

4. Middleton, R.H., Goodwin, G.C.: Adaptive computed
torque control for rigid link manipulators. Syst. Control
Lett. 10(1), 9–16 (1988)

5. Song, Z., Yi, J., Zhao, D., Li, X.: A computed torque con-
troller for uncertain robotic manipulator systems: fuzzy ap-
proach. Fuzzy Sets Syst. 154, 208–226 (2005)

6. Kaynak, O., Erbatur, K., Ertugrul, M.: The fusion of com-
putationally intelligent methodologies and sliding-mode
control – a survey. IEEE Trans. Ind. Electron. 48, 4–17
(2001)

7. Yeung, K.S., Chen, Y.P.: A new controller design for ma-
nipulators using the theory of variable structure systems.
IEEE Trans. Autom. Control 33, 200–209 (1988)

8. Hu, H., Woo, P.Y.: Fuzzy supervisory sliding-mode and
neural-network control for robotic manipulators. IEEE
Trans. Ind. Electron. 53(3), 929–940 (2006)

9. Sun, F., Sun, Z., Feng, G.: An adaptive fuzzy controller
based on sliding mode for robot manipulator. IEEE Trans.
Syst. Man Cybern. 29, 661–667 (1999)

10. Hsu, Y.C., Chen, G., Li, H.X.: A fuzzy adaptive variable
structure controller with applications to robot manipulators.
IEEE Trans. Syst. Man Cybern. 31(3), 331–340 (2001)

11. Chen, M., Jiang, C., Wu, Q.: Backstepping control for a
class of uncertain nonlinear systems with neural network.
Int. J. Nonlinear Sci. 2(3), 137–143 (2007)

12. Wai, R.: Hybrid fuzzy neural-network control for nonlinear
motor-toggle servomechanism. IEEE Trans. Control Syst.
Technol. 10(4), 519–532 (2002)

13. Behera, L., Chaudhury, S., Gopal, M.: Neuro-adaptive hy-
brid controller for robot manipulator tracking control. IEE
Proc., Control Theory Appl. 143(4), 270–275 (1996)

14. Chang, Y., Chen, B.: A nonlinear adaptive H∞ tracking
control design in robotic systems via neural networks. IEEE
Trans. Control Syst. Technol. 5(2), 13–29 (1997)

15. Lewis, F.L., Liu, K., Yesildirek, A.: Neural net robot con-
troller with guaranteed tracking performance. IEEE Trans.
Neural Netw. 6, 703–715 (1995)

16. Lewis, F.L., Yesildirek, A., Liu, K.: Multilayer neural-
net robot controller with guaranteed tracking performance.
IEEE Trans. Neural Netw. 7, 388–399 (1996)

17. Kim, Y., Lewis, F.L.: Neural network output feedback con-
trol of robot manipulators. IEEE Trans. Robot. Autom.
15(2), 301–309 (1999)

18. Liu, Z., Li, C.: Fuzzy neural networks quadratic stabi-
lization output feedback control for biped robots via H∞
approach. IEEE Trans. Syst. Man Cybern. 33(1), 67–84
(2003)

19. Shen, T., Tamura, K.: Robust H∞ control of uncertain non-
linear system via state feedback. IEEE Trans. Autom. Con-
trol 40(5), 766–768 (1995)

20. Kung, C., Chen, T.: H∞ tracking-based adaptive fuzzy slid-
ing mode controller design for nonlinear systems. IET Con-
trol Theory Appl. 1(1), 82–89 (2007)

21. Chen, B.S., Lee, T.S., Feng, J.H.: A nonlinear H∞ control
design in robotic systems under parameter perturbation and
external disturbance. Int. J. Control 59(2), 439–461 (1994)

22. Siqueira, A.A.G., Terra, M.H.: Neural network-based H∞
control for fully actuated and underactuated cooperative
manipulators. Control Eng. Pract. 17, 418–425 (2009)

23. Chang, Y.C.: Neural network-based H∞ tracking con-
trol for robotic systems. IEE Proc., Control Theory Appl.
147(3), 303–311 (2000)

24. Zuo, Y., Wang, Y., Liu, X.: Neural network robust H∞
tracking control strategy for robot manipulators. Appl.
Math. Model. 34(7), 1823–1838 (2010)

25. Khalil, H.: Adaptive output feedback control of nonlinear
systems represented by input–output models. IEEE Trans.
Autom. Control 41(3), 177–188 (1996)


	Neural network based robust hybrid control for robotic system: an Hinfty approach
	Abstract
	Introduction
	Preliminaries
	Neural network
	Robotic system dynamics
	Computed torque control method for robotic system

	Robust hybrid control design
	Simulation example
	Design procedure
	Simulation results

	Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


