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Control of a Nonholonomic Mobile
Robot Using Neural Networks

R. Fierro and F. L.

Abstract—A control structure that makes possible the inte-
gration of a kinematic controller and a neural network (NN)
computed-torque controller for nonholonomic mobile robots is
presented. A combined kinematic/torque control law is developed
using backstepping and stability is guaranteed by Lyapunov
theory. This control algorithm can be applied to the three basic
nonholonomic navigation problems: tracking a reference trajec-
tory, path following, and stabilization about a desired posture.
Moreover, the NN controller proposed in this work can deal
with unmodeled bounded disturbances and/or unstructured un-
modeled dynamics in the vehicle. On-line NN weight tuning

LewisFellow, IEEE

Traditionally the learning capability of a multilayer NN
has been applied to the navigation problem in mobile robots
[23]-[25]. In these approaches the NN is trained in a prelimi-
nary off-line learning phase with navigation pattern behaviors;
that is, the mobile robot is taught to exhibit navigation
behaviors such as obstacle avoidance, wall following and so
forth. Sensor signals (e.g., ultrasonic) are fed to the input
layer of the network, and the output provides motor control
commands (e.g., turn left). Furthermore the dynamics and

nonholonomic motion constraints of the mobile robot are
not taken into account. In contrast, the objective of this
work is to design an adaptive neuro-controller based on the
universal approximation property of NN. The NN learns the
full dynamicsof the mobile roboton-line We still need, of
course, a higher-level controller (i.e., trajectory generator) to
. INTRODUCTION carry out complex navigation behaviors; this could be provided
UCH has been written about solving the problerby techniques such as [23] and [25].
of motion under nonholonomic constraints using the Mobile robot navigation can be classified into three basic
kinematic model of a mobile robot, little about the problem gbroblems [4]: tracking a reference trajectory, following a path,
integration of the nonholonomic kinematic controller and thend point stabilization. Some nonlinear feedback controllers
dynamics of the mobile robot [19]. Moreover, the literatur@ave been proposed for solving these problems [2]—[4], [10].
on robustness and control in presence of uncertainties in fiiee main idea behind these algorithms is to find suitable
dynamical model of such systems is sparse. velocity control inputs which stabilize the closed-loop system.
Another intensive area of research has been neural-networkn the literature, the nonholonomic tracking problem is
(NN) applications in closed-loop control. In contrast to clasimplified by neglecting the vehicle dynamics and considering
sification applications, in feedback control the NN becomemly the steering system. To compute the vehicle control
part of the closed-loop system. Therefore, it is desirable hoputs, it is assumed that there is “perfect velocity tracking”
have a NN control with on-line learning algorithms that d¢10]. There are three problems with this approach: first, the
no require preliminary off-line tuning [14]. Several groups byperfect velocity tracking assumption does not hold in prac-
now are doing rigorous analysis of NN controllers using #ce, second, disturbances are ignored, and, finally, complete
variety of techniques [5], [14]-[18]. In [14] a multilayer NN knowledge of the dynamics is needed [19]. Theckstepping
controller with guaranteed performance has been developmuhtrol approach [11] proposed in this paper corrects this
and successfully applied to control of rigid robot manipulatorsmission by means of an NN controller. It provides a rigorous
flexible-link robotic systems and position/force control. In thisnethod of taking into account the specific vehicle dynamics
paper, we present an application of this NN controller to ® convert a steering system command into control inputs
mobile robot system. Due to the presence of the NN in tler the actual vehicle. First, feedback velocity control inputs
control loop, special steps must be taken to guarantee that #ine designed for the kinematic steering system to make the
entire system is stable and the NN weights stay bounded. position error asymptotically stable. Then, an NN computed-
torque controller is designed such that the mobile robot’s
velocities converge to the given velocity inputs. This control
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Fig. 1. A nonholonomic mobile platform.

tural properties of the nonholonomic dynamical equations According to (2) and (3), it is possible to find an auxiliary
are given including an important “skew-symmetry” propertyector time functionu(¢) € ®*~™ such that, for alk

Section Il discusses the nonlinear kinematic-NN backstep- .

ping controller as applied to the tracking problem. Stability ¢ = S(q)u(?). 4)

is proved by Lyapunov theory. Section IV presents sOMf,e mobile robot shown in Fig. 1 is a typical example of
simulation results. Finally, Section V gives some concluding nonholonomic mechanical system. It consists of a vehicle

remarks. with two driving wheels mounted on the same axis, and a
front free wheel. The motion and orientation are achieved by
II. PRELIMINARIES independent actuators, e.g., dc motors providing the necessary
torques to the rear wheels.
A. A Nonholonomic Mobile Robot The position of the robot in an inertial Cartesian frame

{0,X,Y} is completely specified by the vector where xc,

yc are the coordinates of the center of mass of the vehicle,

and is the orientation of the basi§’, XC,Y C} with respect

to the inertial basis.

M(q)j+Vm(g,9)q+ F(@) + G(g) + 74 The nonholonomic constraint states that the robot can only
— Blg)r — AT()A (1) move in the Q|rectlon no.rm_al to the aX|.s'of the driving vvheels,

4 i.e., the mobile base satisfies the conditions of pure rolling and
nonslipping [1], [21]

A mobile robot system having an-dimensional configu-
ration space’ with generalized coordinatds;, -- -, ¢,) and
subject tomn constraints can be described by [13] and [20]

where M(gq) € #**™ is a symmetric, positive definite inertia
matrix, V. (g, ¢) € ™ is the centripetal and coriolis matrix, e cosf — i, sinf — df = 0. (5)
F(g) € ®R*! denotes the surface frictio7(q) € R"*! is

the gravitational vectors, denotes bounded unknown disturdt is easy to verify thatS(q) is given by

bances including unstructured unmodeled dynami®fs;) €
R7>" is the input transformation matrix; € R"*! is the
input vector,A(g) € R™*™ is the matrix associated with the
constraints, and € ®™*! is the vector of constraint forces.

We consider that all kinematic equality constraints arghe kinematic equations of motion (4) @ in terms of its

cos! —dsin@
S(q) = |sin€é dcosf |. (6)
0 1

independent of time, and can be expressed as follows: linear velocity and angular velocity are
A(q)g=0. 2 T cos) —dsiné

i D= i |- e e |[2] @
Let S(q) be a full rank matrix(n — m) formed by a set of “ v2 6 0 1 v2
smooth and linearly independent vector fields spanning the
null space OfA(q), i.e., Where|1}1| S Vinax and|1}2| < Whax. ‘./Ilnax andWiax a-.re the

maximum linear and angular velocities of the mobile robot.
ST(AT(g) =o. (3) System (7) is called the steering system of the vehicle.
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The Lagrange formalism is used to derived the dynamiescribes the behavior of the nonholonomic system in a new
equations of the mobile robot. In this ca€&(q) = 0, set oflocal coordinates, i.e.S(q) is a Jacobian matrix that
because the trajectory of the mobile base is constrainedttansforms velocities in mobile base coordinates velocities
the horizontal plane, i.e., since the system cannot changeiitsCartesian coordinateg. Therefore, the properties of the
vertical position, its potential enerdy remains constant. The original dynamics hold for the new set of coordinates [13].

kinetic energyK is given by [13] Boundedness:M(g), the norm of theV(q,§), and are
b= 1T 4 LT bounded. L
i@ =Ml T W L Skew-SymmetryThe matrixM — 2V, is skew symmetric.
K- - s Proof. The derivative of the inertia matrix and the cen-
- ; * tripetal and coriolis matrix are given by
K =1i"M(q)q. (8) M =S8TMS + STMS + STMS
The dynamical equations of the mobile base in Fig. 1 can be Vi =S"MS"'VpS.

expressed in the matrix form (1) where _ . . . o .
P @) SinceM — 2V, is skew-symmetric [13], it is straightforward

m 0 mdsin 6 to show that (13) is skew-symmetric also
M(q) = 0 m —mdcos 6 - . . T oTx
|mdsing  —mdcosd I M -2V =S5 MS—(5"MS)" +5° (M —-2Vm)S. (13)
[0 0 mdé cos 6 n
Vin(q,§)= |0 0 mdfsind
AR 0 C. Feedforward Neural Networks

cost cos 0 A “two-layer” feedforward NN in Fig. 2 has two layers

Glg) =0, Blg=_ Si;;e Sirig of adjustable weights. The NN outpytis a vector withm
_ - components that are determined in terms oftt@dmponents
- —sind of the input vectorz by the formula
T T
T:[ }, A" (q) = | cosb
Tl —d Ny n
. Yi = Wi o Vjp®r + Oy | + Oui
A =-—m(&.cos + g.sin 0)6. 9) Jz::l [ ! <kz_:1 ! J)
t=1,--,m (14.a)

Similar dynamical models have been reported in the literature;
for instance in [21] the mass and inertia of the driving whee{ghere(-) are the activation functions anli;, is the number

are considered explicitly. of hidden-layer neuronsThe inputs-to-hidden-layer intercon-
_ _ nection weights are denoted hy; and the hidden-layer-to-
B. Structural Properties of a Mobile Platform outputs interconnection weights ly;;. The threshold offsets

The system (1) is now transformed into a more approp@re denoted by, ;. ..
ate representation for controls purposes. Differentiating (4),Many different activation functions(-) are in common use,
substituting this result in (1), and then multiplying 8/, including sigmoid, hyperbolic tangent, and Gaussian. In this
we can eliminate the constraint mata (¢)A. The complete Work we shall use the sigmoid activation function

equations of motion of the nonholonomic mobile platform are 1 14
given by ox) = [ (14.b)
q=Sv (10) By collecting all the NN weights;,, w;; into matrices of
STMSo+S"(MS+VmSw+F+7,=8"Br (11) weightsV?, W' one can write the NN equation is terms of
vectors as
where v(¢) € R"™ is a velocity vector. By appropriate r -
definitions we can rewrite (11) as follows: y=W= o(V-2) (15)

M(q)dotv + V(g ¢)v+F(v)+74 =Br (12.a) with the vector of activation functions defined ly(z) =
7=Br (12.b) _[a(zl)---o(zn)]T f(_)r a vectorz € R". The_ threshoI(_Jls are
included as the first columns of the weight matrices. To
where M(g) € R">" is a symmetric positive definite inertiaaccommodate this the vectarsindo(-) need to be augmented
matrix, Vin (g, ¢) € R™" is the centripetal and coriolis matrix, by placing a “1” as their first element (e.g:,= [l =1 72 3 -
F(v) € R is the surface friction7, denotes bounded z,,]7). Any tuning of W and V' then includes tuning of the
unknown disturbances including unstructured unmodeled dywesholds as well.
namics, andr € ®"*! is the input vector. Ifr = n — m, The main property of a NN we shall be concerned with for
it is easy to verify thatB is a constant nonsingular matrixcontrols purposes is thieinction approximation propertf6],
that depends on the distance between the driving whRels[8]. Let f(z) be a smooth function from™ to . Then, it
and the radius of the wheal (see Fig. 1). Equation (12) can be shown that, as long as x is restricted to a compact set
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Fig. 2. Multilayer feedforward NN.

U, of ®", for some number of hidden layer neuraNg, there activation function (14.b), for instance, the hidden-layer output
exist weights and thresholds such that one has gradient is

=Wio(Viz) + e 16 o
f(z) (V7x) (16) gz =o()[1—-o(z)] =0 (19)

This equation means that an NN can approximate any function

in a compact set. The value efis called theNN functional The hidden-layer output gradient or jacobian may be explicitly
approximation error In fact, for any choice of a positive computed; for the sigmoid activation functions, it is
numbere,, one can find a NN such that< ex in U,,.

For controls purposes, all one needs to know is that, for a 6’ = diag{o (VT 2 )Y — diag{o (VT z4)}] (20)
specified value ot theseideal approximating NN weights

exist. Then, an estimate gf(x) can be given by where I denotes the identity matrix, andiag{z} means a
f(a:) _ WTO_(VTx) 17) diagonal matrix Whos_e diagonal el_emer_lts are the compo_nents
of vector . One major problem in using backprop tuning
whereW and V are estimates of the ideal NN weights thain direct closed-loop control applications is that the required
are provided by some on-line weight tuning algorithms.  gradients [Jacobian (20)] depend on the unknown plant being
A common weight tuning algorithm is the gradient algocontrolled; this make them impossible or very difficult to
rithm based on thebackpropagatederror [27], where the compute. Extensive work on confronting this problem has been
NN is training off-line to match specified exemplar pairslone by a number of authors using a variety of techniques, see
(x4, ya4), With z4 the ideal NN input that yields the desired NNfor instance [14]-[18] and the references therein.
outputyy. The continuous-time version of the backpropagation
algorithm for the tvxfo layer NN is given by Il CONTROL DESIGN
W =Fo(V zs)E" An important result in controllability of nonholonomic
‘;/:G'xd( (}’TWE)T (18) systems states that the steering sy_stem (1(1)0i$trc_)llable
regardless the nature of the constraints [3]. A review of the
where F, G are positive definite design parameter matricaontrollability properties for the kinematic steering system
governing the speed of convergence of the algorithm. TK&0) can be found in [7]. The complete dynamics (10), (11)
backpropagated errat is selected as the desired NN outputonsist of the kinematic steering system (10) plus some extra
minus the actual NN outpuf’ = y,—y. For the scalar sigmoid dynamics (11).
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Backstepping DesignMany approaches exist to selectingknowledge of the dynamics of the cart is assumed. The
a velocity controlu(t) for the steering system (10). In thisfunction of the NN is to reconstruct the dynamics (11) by
section, we desire to convert such a prescribed confrgiinto learning it on-line. The contribution of this paper lies in
a torque control(¢) for the actual physical cart. Thereforederiving a suitabler(¢) from a specificu.(¢) that controls
our objective is to design an NN control algorithm so thahe steering system (10). In the literature, the nonholonomic
(10), (11) exhibits the desired behavior motivating the specificacking problem is simplified by neglecting the vehicle dy-
choice of the velocityu(t). namics (11) and considering only the steering system (10).

The nonholonomic navigation problem of steerir(g) may That is, a steering system input(¢) is determined such
be divided into three basic problems: tracking a referentigat (10) tracks the reference cart trajectory. To compute the
trajectory, following a path, and point stabilization. It isvehicle torquer(¢), it is assumed that there is “perfect velocity
desirable to have a common design algorithm capable toficking” so thatv = w,., then (11) is used to compute
dealing with these three basic navigation problems. Thigt). There are three problems with this approach: first, the
algorithm can be implemented by considering that each onepafrfect velocity tracking assumption does not hold in practice,
the basic problems may be solved by using adequate smosticond, the disturbancg is ignored, and, finally, complete
velocity control inputs. If the mobile robot system can track knowledge of the dynamics is needed. A better alternative
class of velocity control inputs, then tracking, path followingo this unrealistic approach is tiN integrator backstepping
and stabilization about a desired posture may be solved undethodnow developed.
the same control structure. To be specific, it is assumed that the solution to the

The smooth steering system control, denotedbhycan be steering system tracking problem in [10] is available. This is
found by any technique in the literature. Using the algorithmlenoted as.(¢). Then, a control(¢) for (10), (11) is found
to be derived and proved in Section IlI-C, the three basibat guarantees robust trajectory tracking despite unknown

navigation problems are solved as follows. dynamical parameters and bounded unknown disturbances
Tracking: The trajectory tracking problem for nonholo-7,(t).
nomic vehicles is posed as follows. The tracking error vector is expressed in the basis of a frame
Let there be prescribed a reference cart linked to the mobile platform [4], [10] as
T, =, COS 6, ep =T, ((Ir — q)
Y =V, sin el cosf sinf O |z, —zx
6, = w, ez | = |—sinf cos® O |y-—y|. (22)
1 .-
qr = [-Tr Ur 91‘]T7 vy = [Ur wT]T (21) C3 0 0 91 0

An auxiliary velocity control input that achieves tracking for

with v, >0 for all ¢, find a smooth velocity controb, = S
(10) is given by [10]

felep, vr, K) such thatlim, _..o(g — g) = 0,, wheree,, v,

and K are the tracking position error, the reference velocity v, cos ez + kieg

vector and the control gain vector, respectively. Then compute e = Jwr + kavpes + by sines

the torque input-(¢) for (1), such thaty — v. ast — oo. 0o = fulep, vn, K) (23)
¢ —Je\¥pyry Yry -

Path Following: Given a path? in the plane and the
mobile robot linear velocityv(t), find a smooth velocity wherek;, ks, k3 > 0 are design parameters. If we considaty
control inputv, = f.(es,v,b, K), whereey and b(t) are the the kinematic model of the mobile robot (4) with velocity input
orientation error and the distance between a reference pq@8), and assume perfect velocity tracking, then the kinematic
in the mobile robot and the patR, respectively, such that model is asymptotically stable with respect toreference
limy oo(ep) = 0 andlim; .o (b(#)) = 0. Then compute the trajectory (i.e., e, — 0 ast — oc) [10], [7].
torque inputr(¢) for (1), such thatr — v. as— oc. Given the desired velocity.(¢) € ®*~™, define now the
Point Stabilization: Given an arbitrary configuration,., auxiliary velocity tracking error as
find a smooth time-varying velocity control input. =
fo(ep, v, K, t) such thatim,_..(g. — ¢) = 0.. Then compute Ce = Ve — V. (24)

the torque input(#) for (1), such thab — v, ast — co. U Differentiating (24) and using (12), the mobile robot dynamics

As an example _to lllustrate Fhe validity of the method W?nay be written in terms of the velocity tracking error as
have chosen th&ajectory trackingproblem. Note thatpath

following is a simpler problem which requires that only the M(a)é. = —Vip(q, Qe — T+ f(x) + 74 (25)
angular velocity change in order to decrease the distance ) ) ) o
between a given geometric path and the mobile roBoint where the importanhonlinear mobile robot functiots
stablllzatlpncan be solve using the same contrqller, but in this F(&) = M(q)ve + Van(q, v + F(v). (26)
case the input control velocities are time varying.

The vectorz required to computef(z) can be defined as

z=[" of WTT (27)

A. NN Control Design for Tracking a Reference Trajectory

The structure for the tracking control system to be derived
in Section llI-C is presented in Fig. 3. In this figurep which can be measured.
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Fig. 3. Tracking by a neural-net control.

Functionf(z) contains all the mobile robot parameters sucimatrix gain K4, the estimatef, and the robustifying signal
as masses, moments of inertia, friction coefficients, and so etit) so that both the erro¢.(¢t) and the control signals are
These guantities are often imperfectly known and difficult tbounded. It is important to note that the latter conclusion

determine. hinges on showing that the estimaﬁés bounded. Moreover,
for good performance, the bound ep(t) should be in some
B. Mobile Robot Controller Structure sense “small enough” because it will affect directly the position

In applications the nonlinear robot functigifz) is at least tracking errorep(t)._ In t[ns sectFon we shall 959 an N_N
partially unknown. Therefore, a suitable control input fol® compute the estimatg. A major advantage is that this

velocity following is given by the computed-torque like controf@n @lways be accomplished, due to the NN approximation
. property (16). By contrast, in adaptive control approaches it

T=f+ Kie.—7 (28) is only possible to proceed if(x) is linear in the known
parameters; moreover, tedious analysis is needed to compute

with K4 a diagonal positive definite gain matrix, ayfige) an a “regression matrix.”

estimateof the robot functionf(x) that is provided by the Some definitions are required in order to proceed
NN. The robustifying signak(¢) is required to compensate q P :

g . ) efinition 3.3.1: We say that the solution of a nonlinear
the unmodeled unstructured disturbances. Using this contro . - . :
. System with state:(¢) € R" is uniformly ultimately bounded
in (25), the closed-loop system becomes

(UUB) if there exists a compact sét, C ™ such that for all
Me¢, = —(Ky+Vm)e. + f+Ta+n (29) z(to) = zo € Uy, there exists & >0 and a numbet’(§, z¢)
, . o __such that|jz(t)|| < 6 for all ¢ > to + T
whgre t.he velocity tracking error is driven by the functional pefinition 3.3.2: We denote byl - || any suitable vector
estimation error norm. When it is required to be specific we denotezfreorm

f=f-1 30) by Il lln- .
) Definition 3.3.3: Given A = [q;;], B € R™*" the Frobe-
In computing the control signal, the estimateean be pro- njus norm is defined by
vided by several techniques, includiaglaptive contral The
robustifying signak(¢) can be selected by several techniques, I14]|% = tr{ATA} _ Z o2, (31)
including sliding-mode methods and others under the general ”

aegis ofrobust controlmethods. "

with tr{-} the trace. The associated inner produ¢dsB) p =
tr{ATB}. The Frobenius norm cannot be defined as the

By using the controller (28), there is no guarantee that thireduced matrix norm for any vector norm, butdempatible
control7 will make the velocity tracking error small. Thus, thewith the 2-norm so thadtAz||» < ||A]|F||%]|2, with A € R™>*"
control design problem is to specify a method of selecting tlead » € R™.

C. Neural-Net Controller
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Definition 3.3.4: For notational convenience we define the Using this controller, the closed-loop velocity error dynam-

matrix of all the NN weights a¥ = diag{W, V}. ics become
_ Definition 3.3.5: Define the weight estimation errors as . _ T e
V=V-VW=W-W,Z=2-2. Mé. =—(Ey+Vi)ee + Wia(V3)

Definition 3.3.6: Define thehidden-layer output errofor a — W oV z) + (e +74) + 7. (37.a)
given z as

Adding and subtracting¥” 5 yields

- T N it _ _ -
s=0-b6=0(Vz)=oV z). B2 e, = (Kt Vm)eor W6+ W o4 (c+70) 4+~ (37.0)

The Taylor series expansion of(x) for a givenz may be with &, & defining in (32). Adding and subtracting na#” &

written as ;
yields
O’(VTaj) = O'(VT{L') + o"(VTaZ + O(VT{L') (33.3) M, = (K4t Vm)@c +WTs + wTls +WTs
with +(e+7q)+ 7. (37.c)
o'(3) = do(z) (33.b) The key step is the use now of the Taylor series approx-
0z |_. imation (33.c) fors, according to which the error system
. is
the Jacobian matrix an®(V?*z) denoting the higher-order L . o .
terms in the Taylor series. Denotirig = o’ (V?z), we have Mé.=—(Ki+Vm)e. + W (6 -6V )
- _ N +WIs'Viz +z+w+ 38
6= (VIe)Viz+0Vie + 0V ). (33.0) ey (38)

. . . . , ~ . where the disturbance terms are
The importance of this equation is that it replagesvhich is

nonlinear inV, by an expression linear i plus higher-order w(t) =WTs'Vie + WOV z) +e+74.  (39)
terms. This will allow us to determine tuning algorithms for

V in subsequent derivations. Different bounds may be put onlt iS important to note that the NN reconstruction er6r),
the Taylor series higher-order terms depending on the chotf& disturbancey, and the higher-order terms in the Taylor

for the activation functions:(-). series expansion of(x) all have exactly the same influence as
The following mild assumptions always hold in practicaqjisturbances in the error system. The next bound is required.
applications. Its importance it is in allowing one to overboundt) at each

Assumption 3.3.1:0n any compact subset &, the ideal time by a known computable function.
NN weights are bounded by known positive values so thatLemma 3.3.3 (Bounds on the Disturbance Terffilte dis-
Ve < Vi, |Wllr < War, or || Z]|p < Zy with Z,, turbance term (39) is bounded according to
knz\gsrhmption 3.3.2The desired reference trajectory idlw Ol < (envtdutesdn) oo Zu | Zllrter Zul| 2] Flle]
bounded so thafq.|| < ga with ¢as @ known scalar bound, g,
and the disturbances are bounded so thal] < das. . .

Lemma 3.3.1 (Bound on NN Input xJFor each time, z(¢) lw(®)]| < Co+ Cil|lZ||F + Co||Z]|Flle.l| (40)

in (27) is bounded by
with C; known positive constants. Note tha§ becomes larger

llz]] £ gar + collec(to)|| + czllec®)]] £ c1 + czllec(t)]|| (34) with increases in the NN estimation errerand the mobile
robot dynamics disturbances,;. Proofs of Lemmas 3.3.1-3
for computable positive constants. are omitted here, details are discovered in [14].
Lemma 3.3.2 (Bounds on Taylor Series Higher-Order Terms):|t remains now to show how to select the tuning algorithms
For sigmoid activation functions, the higher-order terms in tgr the NN weightsZ, and the robustifying termy(t) so that
Taylor series (33) are bounded by robust stability and tracking performance are guaranteed.
Theorem 3.3.1:Given a nonholonomic system (10), (11)
with n generalized coordinateg m independent constraints,
r = n — m actuators, let the following assumptions hold.
Assumption 3.3.3:The reference linear velocity is constant,
bounded, andv, >0 for all t. The angular velocityw,. is
bounded.
Assumption 3.3.4:A smooth auxiliary velocity control in-
T=W'o(Vi2) + Kye. — v (36) Put v.(t) is prescribed that solves the trajectory tracking
problem for the steering system (10), neglecting the dynamics
with v(¢) a function to be detailed subsequently that provid€d1). A samplev. [10] is given by (23).
robustness in the face of robot kinematics and higher-orderAssumption 3.3.5:K = [k; ko k3] is a vector of positive
terms in the Taylor series. constants.

IOV )| < es + callVIiF +esIVIpllecl  (35)

for computable positive constants.

We will use an NN to approximatg(x) for computing the
control in (28). By placing into (28) the NN approximation
equation given by (17), the control input then becomes
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Assumption 3.3.6:K, = k4I, where k4 is a sufficiently

" [ NN Dynamic
large positive constant. ¢ Computed-Torque b=
Take the controfr € " for (12) as (36) with robustifying Controller
term
N Kinematic model q
2t = ~K.(12llr + Za)ec = o (41) S -
and gain }
Kinematic % ) 4q,
Controll
KZ > 02 (42) ontroller

Fig. 4. Closed-loop model of a nonholonomic system.
with C> the known constant in (40). Let NN weight tuning be
provided by (43). Then, for large enough control gé&in, the

velocity tracking errore.(¢), the position error(t), and the the dynamic controller generates a velocity ergmwhich is

NN weight estimated/, W are UUB. Moreover, the velocity bounded by some know constant (Theorem 3.3.1). This error

tracking error may be kept as small as desired by increasi@gn be seen as a disturbance for the kinematic system, see
the gain K, Fig. 4 '

As “perfect velocity tracking” does not hold in practice,

The closed-loop kinematic system becomes
W =Féel — F6'VE el — kF|je.||W

V =Ga(6 TWe.)T - kGle||V (43) & = (ver + e4) cos§ — dsin(vez + e5)
Y = (ve1 + ea) sin € + d cos(vez + e3)
where F',G are positive definite design parameter matrices, 0 =ve2 + 5

x>0 and the hidden-layer gradient or Jacobi#nis easily
computed in terms of measurable signals—for the Sigm%ereec = [es 5] andw, = [v.; veo]” denote the velocity

activation function it is given by tracking error and the desired velocity control input, respec-
tively. The disturbance, satisfies the matching condition [28]
&' = diag{o(VI 2)}[I — diag{o(VT2)}] (44) 1.e., the nonholonomic constraint (5) is not violated. Then, by

using standard Lyapunov methods it can be shown that along a
o . system’s solutiorj|e,|| is bounded, and thug:, || is bounded.
which is just (20) with the constant exemplag replaced by The norm of the velocity error affects directly to the norm
the time functionz(z). of the position error. Note that the norm of the velocity error

Proof: See the Appendix. |ec|| depends on the NN functional approximation err@nd
The first terms of (43) are nothing but the standard bactiie matrix &. Since|c.|| can be made arbitrarily small then
propagation algorithm. The last terms correspond to ¢he llep|| can be made arbitrarily small.

modification [15] from adaptive control theory; they must be
added to ensure bounded NN weights estimates. The middle
term in (43) is anovel termneeded to prove stability.

Theorem 3.3.1 guarantees that the NN weight estimation IV. SIMULATION RESULTS
errors are bounded, and the tracking error can be mad?N

arbitrarily small. As time passes the NN updates its weights _eshould like to iIIustrr_:lte the NN control s_cheme prgsented
learning the dynamics of the mobile robat-line in Fig. 3 and compare its performance with two different
approaches. For this purpose, three controllers have been

implemented and simulated in MATLAB': 1) a controller
that assumes “perfect velocity tracking;” 2) a controller that
In practical situations the velocity and tracking errors are nassumes complete knowledge of the mobile robot dynamics;
exactly equal to zero. The best we can do is to guarantee taatl 3) an NN backstepping controller which requires no
the error converges to a neighborhood of the origin. If externahowledge of the dynamics, not even their structure. We took
disturbances drive the system away from the convergeribe vehicle parameters (Fig. 1) as = 10 kg, I = 5 kg-
compact set, the derivative of the Lyapunov function beconm?, R = 0.5 m, » = 0.05 m, andv,, = 0.5 m/s. The
negative and the energy of the system decreases uniformigference trajectory is a straight line with initial coordinates
therefore, the error becomes small again. and slope of (1, 2) and 26.56, respectively. The controller gains
The robust-adaptive controller designed in the previowgere chosen so that the closed-loop system exhibits a critical
section consists of two subsystems: 1) a kinematic control@amping behaviork = [10 5 4], K, = diag{40, 40}. For
and 2) a dynamic controller. The NN-based dynamic controlldre NN, we selected the sigmoid activation functions with
provides the required torques, so that the mobile robot’¥, = 10 hidden-layer neuronsd® = G = diag{10, 10} and
velocity tracks a reference velocity input. k = 0.1.

D. Robustness Considerations
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Fig. 5. Perfect velocity tracking assumption. (a) Desired (-) and actual (0) ()
trajectories. Mobile robot initial pisition (2,18 = 10°. (b) Position errors:
Xe (—) and Ye (- -). Fig. 6. Conventional computed-torque controller. (a) Desired (-) and actual

(o) trajectories. Mobile robot initial pisition (2,18 = 10°. (b) Position

A. Controller with Perfect Velocity Tracking Assumption ~ &ors: Xe (—) and Ye (- -).

The “perfect velocity tracking” assumption is made in the
literature to convert steering system inputs into actual vehigkere included in this case. It is clear that the performance
commands. The response with a controller designed usiplg the system has been improved with respect to the
this assumption is shown in Fig. 5. Although unmodeleRrevious cases. Moreover, the NN controller requires no
disturbances were not included in this case, the performariéor information about the dynamics of the vehicle. As the
of the closed-loop system is quite poor. In fact, this resuonventional computed-torque controller, the NN controller
reveals the need of a more elaborate control system whigfpvides a velocity tracking inner loop. The robustifying term

should provide a velocity tracking inner loop. deals with unstructured unmodeled dynamics and disturbances.
The validity of the NN controller has been evidently verified.
B. Conventional Computed_Torque Controller In both cases 4.2 and 4.3, the mobile bameuver,si.e.,

The response with this controller is shown in Fig. 6. Sin exhibits forward and backward motions (Figs. 6-7), to track

bounded unmodeled disturbances and friction were includec? reference traje<_:tory. Note that there is no path planning
. . S nvolved—the mobile base naturally describes a path that
in this case, the response exhibits a steady-state error.

ot? : . .
. . .satisfies the nonholonomic constraints.
that this controller requires exact knowledge of the dynamics

of the vehicle in order to work properly. Since this controller
includes a velocity tracking inner loop, the performance of the

closed-loop system is improved with respect to the previous V. CONCLUSIONS
case. A stable control algorithm capable of dealing with the three

i basic nonholonomic navigation problems, and that does not
C. NN Backstepping Controller require knowledge of the cart dynamics has been derived using

The response with this controller is shown in Fig. 7an NN backstepping approach. This feedback servo-control
Bounded unmodeled disturbances and nonsymmetric frictiesoheme is valid as long as the velocity control inputs are
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Fig. 7. NN backstepping controller: (a) mobile robot trajectory, (b) position errors. (c) position error, (d) some NN weights. (e) NN outputsied) tor

smooth and bounded, and the disturbances acting on acthat section, one may generate a different stable behavior,
cart are bounded. for instancepath following behavior, without changing the

A key point in developing intelligent systems is tteeisabil-  structure of the controller. Moreover, if the mobile robot is
ity of the low-level control algorithms, i.e., the same contrahodified or even replaced, the NN controller is still valid.
algorithm works if the behavior or goal of the system has beenlin fact, perfect knowledge of the mobile robot parameters
modified. This is the case of the control structure reportésl unattainable, e.gfriction is very difficult to model by
in this paper. Section IlI-C considers the casetmfectory conventional techniques. To confront this, an NN controller
tracking behavior. Redefining the control velocity inputin  with guaranteed performance has been derived.
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In summary, an NN dynamic controller together with a well-
designed kinematic controller may improve the performance
of the mobile robot drastically. There is not needaopriori
information of the dynamic parameters of the mobile robot,
because the NN learns them on-the-fly.

APPENDIX
PrROOF OF THEOREM 3.3.1

Let the approximation property (16) hold with a given
accuracyey for all z in the compact set/,. Consider the
following Lyapunov function candidate:

V = ki(e? 4 e2) + 2kzv,(1 — coses) + Vi (45) 0 b,
where Fig. 8. Graphical representation of Theorem 3.3.1.

ZH

Vi=i[el Me. + te{WIF'W) +te{VTG~'V}]. (46) o o -
by substituting (51) and the derivatives of the position error

Differentiating yields in (47), we obtain
V =2k (e1é1 + eaéa) + 2kzu,Casines + Vi @4n vy < 2k1e1(vaer — v1 + vy cos €3)
DifferentiatingVy, and substituting now from the error system + 2k1ea(—v2er + v, sines) + 2kzv,.(w, — v2) sines
(38) we obtain . — el = |lecll - Kaminllel + 1l Z] (121 7 — Zn)
Vi =—el Kico + 3¢ M — 2Vip)e. — Co — C1|Z]|F] (53)

+ e {WE(FW + 667 — 6V wel)} by using (52) and defining, = (k1 /ksv,) yield

+ V@V + 2l WT6')} +cF(w+7).  (48) V < —k2e? — k2u?sin? ey — (kyer — es)?
The skew symmetry property (Section |I-B) makes the second — (kavpsines — e5)* — |lec|| - [Kaminllee|]
term zero, and sinc® = —W, V = -V, the tuning rules +&||Z|lp(|1Z)lF — Zp) — Co — C1l|Z||r]-  (54)
yield

Since the first four terms in (54) are negative, there results

V < —lec]| - { K gsminllec]| + sl Z (121l F — Zar)
—Co — C1||IZ]|r }- (55)

Vi =—cl Kyeo + rl|ec|| tt{WT (W — W)}
+allec]| tr{VI(V = V)} 4 el (w + )
=—cl'Kye. + ke tr{Z7 (Z - Z)}
+ef(w+7). (49) Thus,V is guaranteed negative as long as the term in braces
in (55) is positive. Defining”s = (1/2)(Zy + (Cy/x)) and
completing the square yields
Kaminlleell + &I Zl|r (| 2] = Zm) = Co = C1l|Z]|r
= Kiminlleel| + w(||Z]|F — 03)2 —Co — "EO??

Since
w{Z(Z - Z)} = <Z Z)p — IIZII%~
<|Z|lrllZ|lF - 1213 (50)
there results

) ~ which is guaranteed positive as long as either
Vi < —eg Kyee — hllec|| - || Z|| p(I[tildeZ|| p — Zn)

(Y2
~ K(1Zlle + Zao)leel? + llee] - fwl] — e el > S50 =, (56)
<~ Kuminlecl” = wllecl - 121121l ~ Zu) or
— K12l + Zan)ec P ~ .
+ llecllCo + CulZle + Callecl -1 Z11) — T 12> Cs /3 + 2 =b.. 57)
< lleel- Kaminllecl + w1 Z1r (121l ~ Zar) o o
_ C() _ C1||Z||F] _ GZGC (51) s gauve outside a compact set. Accor Ing

to a standard Lyapunov theory and LaSalle extension, this
where K4 in is the minimum singular value ok, Lemma demonstrates the UUB of botfe.|| and||Z||¢.
3.3.3 was used, and the last inequality holds due to (42).  Note that||e.|| can be kept arbitrarily small by increasing

The velocity tracking error is the gain K4 min in (56). Finally, the right-hand sides of (56),
c ot — v (57) can be taken as practical bounds @() and the NN
Ce = Lf} = { Clv , : UJ weight estimation errors, respectively. Moreover (56) and (57)

represent the worst case one can have. In fact, the actual

_ [ v, coses + kieg e } (52) convergence region is a subset of the set given by (56) and
wy + kavpea + kav,sines — va (57), see Fig. 8.
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